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Foreword

The 2007 Com?MaC International Workshop on Applications of Group Theory to Combinatorics
was held at Pohang University of Science and Technology on July 9—12, 2007 under the sponsorship
of the Combinatorial and Computational Mathematics Center. The aim of the meeting was to bring
together some foremost experts in the areas of combinatorics, group theory and combinatorial
topology in order to stimulate mutual understandings, communications and researches among all
the participants. Presented and discussed topics encompass quite a diverse spectrum, such as coding
theory, design theory, Belyi functions, distance-regular graphs, transitive graphs, regular maps, and
Hurwitz problems.

Among the about 70 participants from Australia, China, France, Japan, Korea, Netherlands, New
Zealand, Russia, Singapore, Slovakia, Slovenia, United Kingdom and United States of America,
27 invited speakers presented their results. This volume contains 11 papers of invited talks at the
workshop which mark the vitality and enthusiasm during the workshop.

Marston Conder gives a brief summary of various aspects of combinatorial group theory and
associated computational methods, with special reference to finitely-presented groups and their
applications, found useful in the study of graphs, maps and polytopes having maximal symmetry.
He discusses recent computational results and how this led to new general results in the theory
of maps.

Yan-Quan Feng, Zai-Ping Lu and Ming-Yao Xu give a brief survey of recent results on
automorphism groups of Cayley digraphs concentrating on the normality of Cayley digraphs.

Michael Giudici, Cai Heng Li and Cheryl E. Praeger introduce three new types of combinatorial
structures associated with group actions, namely symmetrical covers, symmetrical decompositions,
and symmetrical factorisations of graphs. These structures are related to and generalise various
combinatorial objects, such as 2-designs, regular maps, near-polygonal graphs, and linear spaces.
General theory is developed for each of these structures, pertinent examples and constructions are
given, and a number of open research problems are posed.

Gareth Jones surveys recent progress on the combinatorial problem of classifying the orientably
regular embeddings of complete bipartite graphs. The motivation for this problem comes from
two main areas, topological graph theory and arithmetic algebraic geometry, while the techniques
required to solve it come from a third area, finite group theory—specifically the theories of factor-
isable groups and of finite solvable groups.

Goansu Kim and C.Y. Tang discuss separability properties of groups. They discuss S-
separable groups, in particular, residually finite groups, subgroup separable groups and con-
jugacy separable groups.

Jin Ho Kwak, Jaeun Lee and Alexander Mednykh discuss the enumeration problem for
(branched) coverings of Riemann surfaces and, more generally, graphs, manifolds and orbifolds
with finitely generated fundamental group. They present some well-known results in this field,
recent developments of the problem and indicate a general approach to solve the problem in the
high-dimensional case. They cover group-theoretical, combinatorial and topological view points
on the problem.

Sergei Lando surveys recent progress in understanding Hurwitz numbers, with stress made on
their combinatorial rather than geometric nature. Hurwitz numbers enumerate ramified coverings
of two-dimensional surfaces. They have many other manifestations in other fields such as in group
theory, combinatorics, algebraic topology and mathematical physics.

VII



Huiling Li discusses the applications of finite permutation groups to combinatorial designs.
He discusses block transitive 2 — (v, k, 1) designs with & small and how classical groups act on
designs.

Martin Madaj, Jozef Siran and Maria Ipolyiové survey the algebraic background for constructing
representations of triangle groups in linear groups over algebras arising from quotients of multi-
variate polynomial rings, leading to improvements of upper bounds on the order of epimorphic
images of triangle groups with a given injectivity radius and to bounds on the size of the associated
hypermaps with a given planar width.

Tom Tucker views the various genus parameters for finite groups in the broader context of
‘sizings’ of groups, that is, order-preserving functions from the collection of all finite groups to
the natural numbers. He discusses topics like the range of a sizing and whether a sizing provides a
certificate of isomorphism. Also he discusses asymptotic behavior of several sizings.

Alexander Zvonkin studies Belyi functions, also known as dessins d’enfants. These functions
provide a link between many important theories, namely Riemann surfaces, Galois theory, and the
theory of combinatorial maps. More generally, many properties of functions, surfaces, fields, and
groups in question may be “read from” the corresponding pictures, or sometimes constructed in a
“picture form”. Group theory is related to all the above subjects and therefore plays a central role
in the theory of Belyi functions.

The organizers truly thank Ministry of Science and Technology of Korea and the Korean Science
and Engineering Foundation for their financial support for this successful workshop.

Jack Koolen

Jin Ho Kwak
Ming-Yao Xu
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Combinatorial and computational group-theoretic methods in the study
of graphs, maps and polytopes with maximal symmetry

Marston Conder!
Department of Mathematics, University of Auckland, Auckland, New Zealand

ABSTRACT: This paper gives a brief summary of various aspects of combinatorial group theory
and associated computational methods, with special reference to finitely-presented groups and
their applications, found useful in the study of graphs, maps and polytopes having maximal
symmetry. Recent results include the determination of all arc-transitive cubic graphs on up to
2048 vertices, and of all regular maps of genus 2 to 100, and construction of the first known
examples of finite chiral 5-polytopes. Moreover, patterns in the maps data have led to new
theorems about the genus spectrum of chiral maps and regular maps with simple underlying
graph.

2000 Mathematics Subject Classification: 20B25 (primary), 05C25, 20F05, 52B15, 57M60
(secondary).

1 INTRODUCTION

This paper is intended to give a brief summary of various aspects of combinatorial group theory
and associated computational methods that have proved useful (to the author, at least) in the study
of graphs, maps and polytopes having maximum possible symmetry under certain conditions.
It extends (and updates) an earlier summary given in [9], but is not intended to be a comprehensive
survey, by any means. Our aim is to provide examples of potential interest to students and others
wishing to learn about the use of such theory and methods, together with some references to places
where further details are available.

Special focus is given to finitely-presented groups and means of investigating them (and their
subgroups of finite index and quotients of finite order), with numerous applications.

We begin by giving some background on symmetries of discrete structures and their connection
with certain finitely-presented groups, in Section 2. Then in Section 3 we briefly describe some
ways in which Schreier coset diagrams can be used to depict and construct homomorphic images
of these groups, and give some applications to exhibit the remarkable power of such an approach.
We summarise a number of computational procedures for handling finitely-presented groups in
Section 4, and then look at the particular case of methods for finding subgroups of small index and
quotient of small order, in Section 5. Finally, we describe a theorem of Schur about centre-by-finite
groups and its use in these contexts in Section 6, and complete the paper by announcing some
recent results about the genus spectra of various classes of arc-transitive maps in Section 7.

' Research supported in part by the N.Z. Marsden Fund, Grant UOA 412.
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2 BACKGROUND: SYMMETRIES OF DISCRETE STRUCTURES,
AND CONNECTIONS WITH FINITELY-PRESENTED GROUPS

2.1 Symmetric graphs

An automorphism of a (combinatorial) graph X = (V, E) is any permutation of its vertices that
preserves adjacency. Under composition, the set of all automorphisms of X forms a group known as
the automorphism group of X and denoted by Aut X. A graph X is called vertex-transitive, edge-
transitive or arc-transitive automorphism group AutX has a single orbit on the set of vertices,
edges or arcs (ordered edges) of X, respectively. Graphs which are arc-transitive are also called
symmetric, and any graph that is edge-transitive but not vertex-transitive is called semisymmetric.

More generally, for any positive integer s, an s-arc in a graph X is a directed walk of length s
which never includes the reverse of an arc just crossed—that is, an ordered (s + 1)-tuple of
vertices (v, Vi, V2, ... ,Vs—1, Vs) such that any two consecutive v; are adjacent in X and any three
consecutive v; are distinct. A graph X is then called s-arc-transitive if Aut X has a single orbit on
the set of arcs of X. For example, circuit graphs are s-arc-transitive for all s, while the cube graph
Q3 and all complete graphs on more than three vertices are 2-arc-transitive but not 3-arc-transitive.

The situation for arc-transitive 3-valent graphs (also called symmetric cubic graphs) is particu-
larly interesting. In [32, 33] Tutte proved that if G is the automorphism group of a finite symmetric
cubic graph, then G is sharply-transitive on the set of s-arcs of X for some s < 5 (in which case
X is called s-arc-regular). The smallest example of a finite 5-arc-regular cubic graph is Tutte’s
8-cage, on 30 vertices, depicted in Figure 1.

By further theory of symmetric cubic graphs (developed by Tutte, Goldschmidt, et al), it is
now known that if X is a 5-arc-regular cubic graph, then Aut.X is a homomorphic image of the
finitely-presented group

Gs = (ha,p,q.rs|BP=d=p =@ =r=s>=1,
P4 = qp, pr =1p, pS = Sp, qr =14, 45 = 54, Sr = pqrs,
ap = qa, ar = sa, h~'ph=p, h~'qh =r, h~'rh = pgr, shs = h~'),

with the subgroups H = {(h,p,q,r,s), A = {(a,p,q,r,s) and H N A = (p,q,r,s) mapping to the
stabilizers of a vertex, edge and arc, respectively.

Conversely, given any epimorphism 6 : Gs — G to a finite group G, with torsion-free kernel
K, a cubic graph X may be constructed on which G acts 5-arc-regularly: Take as vertices the

Figure 1. Tutte’s 8-cage.



right cosets of V¥ = HK in Gs, and join Vx to ¥y by an edge whenever xy~!' € VaV. Under right
multiplication by Gs, the stabilizer of the vertex V' is V/, which induces S3 on the neighbourhood
{Ha, Hah, Hah~'} of H, and the group induced on X is Gs/K = G. Thus 5-arc-regular cubic graphs
correspond to non-degenerate homomorphic images of the group Gs. See [18] for further details.
Tutte’s work for symmetric 3-valent graphs was extended by Richard Weiss to the study of finite
symmetric graphs of arbitrary valency, using the classification of doubly-transitive permutation
groups. In particular, Weiss proved the following generalisation of Tutte’s theorem in [34, 35]:

Theorem 1. (Weiss, 1981 & 1987) There are no finite k-arc-transitive graphs of degree >?2
for k > 8. Moreover, if X is a finite T-arc-transitive graph of degree d > 2, then d = 3' + 1
for some positive integer t, and G = AutX is obtainable as a homomorphic image of a certain
finitely-presented group Ry 7.

For example, R4 7 has a presentation in terms of generators p, g, 7, s, t, u, v, h, b subject to defin-
ing relations that include W=pP=¢@=r=>=0°=4d =V =0r=10m=
w)? = (huv)? = [K2,u] = [2,v] = 1, [s,1] = p»> [¢,r] = 1, and so on, and the automorphism
group of every finite 7-arc-transitive 4-valent graph is a non-degenerate homomorphic image of
this group R47.

2.2 Regular maps

A map is a 2-cell embedding of a connected (multi)graph in a surface, and an automorphism of a
map M is any permutation of its edges that preserves incidence. A map M is called regular if its
automorphism group Aut M is sharply-transitive (regular) on flags, that is, on incident vertex-edge-
face triples. Similarly, a map M on an orientable surface is called rotary (or orientably-regular) if
the group of all its orientation-preserving automorphisms is transitive on the ordered edges of M.

If M is rotary or regular then every face has the same number of edges (say p) and every vertex
has the same valency (say ¢), and M has fype {p,q}. Regular maps of type {p, g} correspond to
non-degenerate homomorphic images of the full (2, p, ¢) triangle group A = (a,b,c | a*> = b* =
¢ = (ab)? = (bc)? = (ac)* = 1); the image of (a, b) gives the stabilizer of a vertex v, the image of
(a, c) gives the stabilizer of an edge e, and the image of (b, c) gives the stabilizer of a face /', where
(v,e,f) is a flag, and incidence corresponds to non-empty intersection of cosets. Similarly, rotary

A={a b, c)

A° ={ab, bc, ca)

KNKa

Figure 2. Chirality in terms of normal subgroups of A°.
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maps of type {p,q} correspond to non-degenerate homomorphic images of the ordinary (2, p, q)
triangle group A° = (x,y,z | ¥’ = y? = z? = xyz = 1), which has index 2 in A (when x, y, z are
taken as ab, bc, ca respectively). See [12] for further details.

If the rotary map M of type {p, ¢} admits no orientation-reversing automorphisms, then M is said
to be irreflexible, or chiral, and Aut M is a quotient of the ordinary (2, p, ¢) triangle group A° but
not the full (2, p, ¢) triangle group A. In that case, the kernel K of the corresponding epimorphism
0: A° — AutM isnotnormalin A. Indeed if M isrotary and 8 : A° — Aut M is the corresponding
non-degenerate homomorphism, then M is reflexible if and only if K is normalized by any element
ae A\ A%

If the subgroup X is not so normalized, then the rotary map M is chiral and K¢ is the kernel of
the corresponding epimorphism for the mirror image of M.

2.3 Abstract polytopes

An abstract polytope of rank n is a partially ordered set P endowed with a strictly monotone rank
function having range {—1, ... ,n}. The elements of rank 0,1 and n — 1 are called the vertices,
edges and facets of the polytope, respectively. For —1 < j < n, elements of P of rank j are called
the j-faces, and a typical j-face is denoted by F;. We require that 7> have a smallest (—1)-face F_4,
and a greatest n-face F},, and that each maximal chain (or flag) of P has length n + 2, and is of the
form F_1 —F()—F] —F2—~-— n—1 —F,,.

This poset P must satisfy certain combinatorial conditions which generalise the properties of
geometric polytopes. One requirement is a kind of homogeneity property, called the diamond
condition: whenever F' < G, with rank(F) = j—1 and rank(G) = j+ 1, there are exactly two
j-faces H; such that F < H; < G. It is further required that P be strongly flag-connected, which
means that any two flags ® and W of P can be joined by a sequence of flags ® = @, &q,..., Py =
W such that each two successive faces ®;_1 and ®; are adjacent (that is, differ in only one face),
and NV C @, forall i.

An automorphism of an abstract polytope P is an order-preserving bijection P — P. A polytope
P is regular if the automorphism group I'(P) is transitive on the flags of P.

When P is regular, I'(P) can be generated by » involutions pg, o1, . . . , pn—1, where each p; maps
a given base flag ® to the adjacent flag &’ (differing from ® only in its i-face). These generators
satisfy (among others) the defining relations for the Coxeter group of Schldfli type [p1, ... ,pn—11,
where p; = o(p;—1p;) for 1 <i < n.

The generators p; for I'(P) also satisfy an extra condition known as the intersection condition,
namely (p;:ie€el) N (pj:iedJ) = (pi:ielnJ)foreveryl,J € {0,1,...,n—1}.

Figure 3. Partial illustration of a 3-polytope.



Po P1 P2 Pn-2 Pn-1

Py P2 Pn1

Figure 4. Dynkin diagram for the Coxeter group [p1, ... ,pn—1].

Conversely, if I is a permutation group generated by » elements pg, p1, . . . , p»—1 Which satisfy
the defining relations for a Coxeter group of rank » and satisfy the intersection condition, then
there exists a polytope P with I'(P) = T.

Similarly, chiral polytopes of rank » are obtainable from certain non-degenerate homomorphic
images of the ‘even-word’ subgroups ( p;—10; : 1 < i < n) of these n-generator Coxeter groups.
The automorphism group of a chiral polytope has two orbits on flags, with adjacent flags always
lying in different orbits.

See [15, 29] (and references therein) for further details.

3 SCHREIER COSET DIAGRAMS

Given a transitive permutation representation of a finitely-generated group G on a set €2, the effect
of the generators of G on €2 can be depicted by a graph with 2 as vertex-set, and edges joining « to
o for each point & € €2 and every element x in some generating set for G. Such a graph is known
as a Schreier coset graph (or coset diagram) because, equivalently, given a subgroup H of G, the
effect of the generators of G by right multiplication on right cosets of H can be depicted by the same
graph, with Q taken as the coset space (G : H), and edges joining Hg to Hgx for every generator x.
(The correspondence is obtained by letting H be the stabilizer of any point of €2.) See [25, 8] for
further details.

For example, Figure 5 gives a coset diagram for an action of the ordinary (2, 3, 7) triangle group
(x,y|x*> =y = (xy)7 = 1) on 7 points, in which the triangles and heavy dot depict 3-cycles and
the fixed point of the permutation induced by the generator y:

Often two Schreier coset diagrams for the same group G on (say) m and »n points can be
composed to produce a transitive permutation representation of larger degree m + n. This technique
(attributable to Graham Higman) can be used in some instances to construct families of epimorphic
images of the given group G (and interesting objects on which they act), and to prove that G is
infinite. For example, one method of composition of coset graphs for the ordinary (2, 3, 7) triangle
group is illustrated in Figure 6.

This method was used to prove, for example, that for every integer m > 7, all but finitely
alternating and symmetric groups are epimorphic images of the (2,3,m) triangle group—and
hence for all but finitely many #, there exists a rotary map M of type {3, m} with 4, or S, as its
orientation-preserving group of automorphisms (see [5]). In fact all those maps are regular, but the
same method can be adapted to prove that for all m > 7 and for all but finitely many #» (for each
m), there exists a chiral map M of type {3, m} with Aut(M) = 4, (see [3]). More generally, Brent

x—(3,4)(6,7)

4 y—(1,2,3) (4,5,6)

5 6 7

Figure 5. Example of a coset diagram.



—
Figure 6. Composition of coset graphs for the ordinary (2, 3, 7) triangle group.

Everitt has proved that every Fuchsian group has all but finitely many 4, among its epimorphic
images; see [27].

A variant of this method of composition can be used to prove that there are infinitely many
S-arc-transitive connected finite cubic graphs [6], and infinitely many 7-arc-transitive connected
finite 4-valent graphs [24]. A more careful analysis shows even that there are infinitely many
S-arc-transitive 3-valent finite Cayley graphs, and that every such Cayley graph is a cover of one
of just six examples, and that for every positive integer ¢, there are infinitely many 7-arc-transitive
finite Cayley graphs of valency 1+3 (see [10]).

4 COMPUTATIONAL PROCEDURES

The last 40 years have seen the development of a wide range of efficient computational procedures
for investigating groups with a small number of generators and defining relations. Here we give a
brief description of some of those which are very useful in the kinds of contexts mentioned earlier
in this paper. All of these procedures are available in the MAGMA package [1]. For further details
and references, see the very helpful books on computational group theory by Sims [31] and Eick,
Holt & O’Brien [28].

e Todd-Coxeter coset enumeration: This attempts to determine the index of a given finitely-
generated subgroup H in a given finitely-presented group G = (X | R), by systematically
enumerating the right cosets of H in G; when it succeeds, the output can given in the form
of a coset table (in which the (i, j)th entry indicates the number of the coset obtained by multi-
plying the ith coset of H by the jth generator of G), or as permutations induced by the generators
of G on right cosets of H.

e Reidemeister-Schreier algorithm: This gives a defining presentation for a subgroup H of finite
index in a finitely-presented group G = (X | R), when the coset table is known; the generators
for H are Schreier generators (obtainable from a Schreier transversal for H in G, which can be
identified with a rooted spanning tree for the corresponding coset graph for (G : H)), and the
relations are easily derived from the coset table and the relations for G (or by ‘chasing’ each
relation for G around the coset diagram).

e Abelian quotient algorithm: This produces the direct factors of the abelianisation G/G’ =
G/[G, G] of a finitely-presented group G = (X | R), in Smith normal form. When taken together
with a variant of the Reidemeister-Schreier algorithm, it can also determine the abelianisation
H/H'’ of a subgroup H of finite index in G, when the coset table for H in G is known.

e Low index subgroups algorithm: This finds a representative of each conjugacy class of subgroups
of up to a given index # in a finitely-presented group G = (X | R), and will be explained further
in the next Section.



e p-quotient algorithm: This finds, for a given prime p and a given positive integer ¢, the largest
possible quotient P of the finitely-presented group G = (X | R) with the property that P is a
p-group of class at most ¢; for example, when ¢ = 1 or 2 this is the largest abelian or metabelian
p-quotient, respectively.

e Nilpotent quotient algorithm: This finds, for a given positive integer ¢, the largest possible
nilpotent quotient of the finitely-presented group G = (X | R) of class at most c; for example,
when ¢ = 1 or 2 this is the largest abelian or metabelian quotient, respectively.

5 LOW INDEX SUBGROUPS METHODS

Given a finitely-presented group G = (X | R) and a (small) positive integer n, all subgroups of
index up to #n in G can be found (up to conjugacy) by a systematic enumeration of coset tables
with up to n rows. In practice, this is achieved by using an extended coset table, which includes
the effect of multiplying cosets of the (pseudo-) subgroup by the inverses of the elements of the
generating set X for G, as depicted below:

Such tables are assumed to be in normal form, which means that lexicographically, no coset
number j appears for the first time before a coset number £ less than j. The enumeration procedure
usually defines more than # cosets, and then coincidences are forced between cosets. As cosets Hv
and Hw of a subgroup H are equal if and only if vw™! € H, forcing any coincidence gives rise to a
new element of the subgroup, which is then taken as an additional generator of the subgroup. The
fact that every subgroup of finite index in G is finitely-generated (by Schreier’s theorem) ensures
that this procedure will terminate, given sufficient time and memory. See [31, 28, 14] for further
details and references.

A key point about the low index subgroups algorithm is that it can be used to find ‘small’ finite
epimorphic images of a finitely-presented group G: for each subgroup H of index n in G, the
permutations induced by generators of G on right cosets of H generate the factor group G/K where
K is the core of H (the intersection of all conjugates of H) in G, as a subgroup of S,,.

These images can often be used as the ‘building blocks’ for the construction of larger images
(as in Section 3), or produce interesting examples in their own right. For instance, the first known
examples of arc-transitive cubic graphs admitting no edge-reversing automorphisms of order 2,
and first known 5-arc—transitive cubic graph having no s-arc-regular group of automorphisms for
s < 5, were found in this way (see [18]). The same approach was used to help construct infinite
family of 4-arc-transitive connected finite cubic graphs of girth 12, and then (unexpectedly) to a
new symmetric presentation for the special linear group SL(3,7Z); see [7]. Similarly, it enabled
the construction of a infinite family of vertex-transitive but non-Cayley finite connected 4-valent
graphs with arbitrarily large vertex-stabilizers in their automorphism groups [23], the first known
example of a finite half-arc-transitive (vertex- and edge-transitive but not arc-transitive) 4-valent
finite graph with non-abelian vertex-stabilizer [20], and the first known examples of finite chiral
polytopes of rank 5 [15].

Two drawbacks of the (standard) low index subgroups algorithm are the fact that the finite
quotients it produces can have large order but small minimal degree (as permutation groups), and

X, X, ... X x

Figure 7. An extended coset table.



the fact that it tends to be very slow for large index »n or complicated presentations. (Also for
some groups, like the modular group (x,y | x%, y3), the number of subgroups grows exponentially,
making it impossible to search very far.)

It is not difficult, however, to adapt the algorithm so that it produces only normal subgroups
(of up to a given index), and this adaptation runs much more quickly (for given maximum) index,
and hence can produce all quotients of up to a given order, not just those which have faithful
permutation representations of small degree.

Such an adaptation was developed by the author and Peter Dobcsanyi (as part of Peter’s PhD thesis
project), and applied to find all rotary and regular maps on orientable surfaces of genus 2 to 15, all
regular maps on non-orientable surfaces of genus 2 to 30, and all arc-transitive cubic graphs on up
to 768 vertices; see [12, 13]. It was also subsequently used to help find all semisymmetric cubic
graphs on up to 768 vertices [19], and to assist in obtaining a refined classification of arc-transitive
group actions on finite cubic graphs (by types of arc-transitive subgroups) [21].

Recently, a new method for finding normal subgroups of small index has been developed by
Derek Holt and his student David Firth. This systematically enumerates the possibilities for the
composition series of the factor group G/K (for any normal subgroup K of small index in G), and
works much faster, for index up to 100, 000 in many groups with straightforward presentations.
It too has been implemented in the Macma package [1].

This new method has enabled the determination of all rotary and regular maps (and hypermaps)
on orientable surfaces of genus 2 to 101, all regular maps on non-orientable surfaces of genus 2 to
202, and all arc-transitive cubic graphs on up to 2048 vertices (and thereby the accidental discovery
of largest known cubic graph of diameter 10); see [11]. Consequences of finding patterns in the
list of maps of small genus will be described in Section 7.

6 SCHUR’S THEOREM

A particularly useful (but not so well known) piece of combinatorial group theory is Schur s theorem
on centre-by-finite groups.

Theorem 2 (Schur). Ifthe centre Z(G) of the group G has finite index |G : Z(G)| = min G, then
the order of every element of G' = [G, G is finite and divides m.

Closely tied to the Schur-Zassenhaus theorem, this theorem can be proved easily using the
transfer homomorphism t: G — Z(G) (which takes g — g™ for all g € G), once it is noted that
ker T contains G’. See [30] for further background and details.

The author is grateful to Peter Neumann for pointing out the usefulness of Schur’s theorem in
order to obtain the following in some work with Ravi Kulkarni on families of automorphism groups
of compact Riemann surfaces:

Theorem 3 [16]. Let p,q and d be positive integers, with gcd(p,q) = 1. Then there are only
finitely many finite groups which can be generated by two elements x and y of orders p and q
respectively such that xy generates a subgroup of index at most d.

In turn, the above helps disprove the possibility that certain cyclic-by-finite groups might be
rotation groups of orientably-regular maps. For example, suppose the map M is a ‘central cover’
of the octahedral map, of type {3, 4t} for some ¢, with rotation group G = Aut®M = (x,y,z | x> =
y4' = (xy)2 =1, [x, y4] = 1). How large can ¢t be? Here we may note that Z(G) contains
N = (y*), with G/N = 84, s0 |G : Z(G)| divides 24. Also G/G' = C,, and G’ = (x,y 'xy,»?).
Hence by Schur’s theorem, the order of y? divides 24, so ¢ divides 12. (But furthermore, we can
use Reidemeister-Schreier theory to obtain presentations (and hence the orders) of subgroups of



G: the index 6 subgroup H = (%, (xy~")?) has order dividing 24, so |G| = |G : H||H| divides
144, so ¢t divides 6.)

7 MORE RECENT RESULTS

Some new discoveries have been made (and proved) very recently as a result of observations made
about the data produced from the computations described at the end of Section 5.

Two major breakthroughs in the study of rotary and regular maps were made possible by noticing
that there is no orientably-regular but chiral map of genus 2, 3, 4, 5, 6, 9, 13, 23, 24, 30, 36, 47,
48, 54, 60, 66, 84 or 95, and similarly that there is no regular orientable map of genus 20, 32, 38,
44, 62, 68, 74, 80 or 98 with simple underlying graph. A lot of these exceptional genera are of the
form p 4 1 where p is prime—a phenomenon that was not so easy to observe until the rotary maps
of genus 2 to 100 were known—and this observation led to the following (proved in joint work
with Jozef Siran and Tom Tucker):

Theorem 4 [22]. [f' M is an irreflexible (chiral) orientably-regular map of genus p + 1 where p
is prime, then

either p = 1mod 3 and M has type {6, 6},
or p=1mod5 and M has type {5, 10},
or p=1mod 8 and M has type {8, 8}.

In particular, there are no such maps of genus p + 1 whenever p is a prime such that p — 1 is not
divisible by 3, 5 or 8.

Theorem 5 [22]. There is no regular map M with simple underlying graph on an orientable
surface of genus p + 1 whenever p is a prime congruent to 1 mod 6, for p > 13.

In fact, what was achieved in [22] is a complete classification of all regular and orientably-regular
maps M for which |Aut M| is coprime to the map’s Euler characteristic x (if x is odd) or to x/2
(if x is even), and that leads not only to the above two theorems, but also to a simpler proof of the
following theorem of Breda, Nedela & Siran:

Theorem 6 [2]. There is no regular map M on a non-orientable surface of genus p + 1 whenever
p is a prime congruent to 1 mod 12, for p > 13.

Here is a sketch proof of the classification leading to these three results. First, let M be a rotary
map on an orientable surface of genus g, let G = Aut’°M be its group of orientation-preserving
automorphisms, and suppose |G| is coprime to g — 1. Then by the Euler-Poincaré formula, the
type {k, m} of M is restricted (by arithmetic) to one of five different families. Moreover, the group
G = Aut°M is almost Sylow-cyclic, meaning that every Sylow subgroup of odd order in G is
cyclic, and every Sylow 2-subgroup of G contains a cyclic subgroup of index 2. The Suzuki-Wong
classification of non-solvable almost Sylow-cyclic groups can be used to deduce that G = Aut®°M
is solvable, except in the case of one of the five families. It is then possible to classify those cases
where the vertex-stabilizer and face-stabilizer intersect trivially, and use Ito’s theorem and Schur’s
transfer theory to deal with the more general case. What is remarkable is that the map M turns out
to be reflexible whenever the coprime condition is satisfied.

Another outcome concerns reflexibility of Cayley maps. Briefly, a Cayley map for a group G is
an embedding of a Cayley graph for G in a surface as a rotary map—or equivalently, a rotary map



which admits the action of G as a group of automorphisms acting regularly (sharply-transitively)
on vertices. From an inspection of the rotary maps of genus 2 to 100 in [11], it was noticed that for
small genus, a rotary Cayley map for a cyclic group is reflexible if and only if it is anti-balanced
(that is, if and only if the embedding of the Cayley map sees the neighbours of the identity element
ordered in a way that is reversed by their inversion), and then this was proved in general in a piece
of joint work with Jozef Siran and Young Soo Kwon [17] just a few months before this paper was
written.
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ABSTRACT: Let G be agroup and S C G with 1 ¢ S. A Cayley digraph Cay(G, S) on G with
respect to S is the digraph with vertex set G such that, for x,y € G, there is a directed edge from
x to y whenever yx~! € S.If S™! = §, then Cay(G, S) can be viewed as an (undirected) graph by
identifying two directed edges (x,y) and (y,x) with one edge {x, y}.

Let X = Cay(G,S) be a Cayley digraph. Then every element g € G induces naturally an
automorphism R(g) of X by mapping each vertex x to xg. The Cayley digraph Cay(G, S) is said to
be normal if R(G) = {R(g)|g € G} is a normal subgroup of the automorphism group of X. In this
paper we shall give a brief survey of recent results on automorphism groups of Cayley digraphs
concentrating on the normality of Cayley digraphs.

Keywords: Cayley digraph, normal Cayley digraph, arc-transitive graph, half-arc-transitive graph.
2000 Mathematics Subject Classification: 05C25, 20B25.

1 INTRODUCTION

Throughout this paper graphs or digraphs (directed graphs) are finite and simple unless specified
otherwise. For a (di)graph X, we denote by V' (X), E(X) and Aut(X) the vertex set, the edge set
and the automorphism group of X, respectively. A (di)graph is said to be vertex-transitive or edge-
transitive if Aut(X) acts transitively on V' (X) or E(X), respectively. Note that for an (undirected)
graph X, each edge {u, v} of X gives two ordered pairs (u, v) and (v, u), called arcs of X. Thus we
sometimes, if necessary, view a graph X as a digraph.

Let G be a group and S a subset of G such that 1 ¢ S. The Cayley digraph Cay(G, S) on G with
respect to S is defined as the directed graph with vertex set G and edge set {(g,sg) | g € G,s € S}.
For a Cayley digraph X = Cay(G, S), we always call | S | the valency of X for convenience. If
S is symmetric, that is, if Sl = (s |seS}is equal to S, then Cay(G,S) can be viewed as
an undirected graph by identifying two oppositely directed edges with one undirected edge. We
sometimes call a Cayley digraph Cay(G, S) a Cayley graph if S is symmetric, and say Cay(G, S) a
directed Cayley graph to emphasize S~! # S.

Let X = Cay(G, S) be a Cayley digraph. Consider the action of G on V' (X) by right multiplica-
tion. Then every element g € G induces naturally an automorphism R(g) of X by mapping each
vertex x to xg. Set R(G) = {R(g) | g € G}. Then R(G) is a subgroup of Aut(X) and R(G) = G.
Thus X is a vertex-transitive digraph. Clearly, R(G) acts regularly on vertices, that is, R(G) is
transitive on vertices and only the identity element of R(G) fixes any given vertex. Further, it is
well-known that a digraph Y is isomorphic to a Cayley digraph on some group G if and only if its
automorphism group contains a subgroup isomorphic to G, acting regularly on the vertices of ¥
(see [5, Lemma 16.3]). Noting that R(G) is regular on V' (X), it implies Aut(X) = R(G)Aut(X);.
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For the case where R(G) < Aut(X), we have the following concept, which was fist proposed by
Xu [52].

Definition 1.1. A4 Cayley digraph X = Cay(G,S) is said to be normal if R(G) is a normal
subgroup of Aut(X).

It was conjectured in [52] that ‘most’ Cayley digraphs are normal. In the literatures, studying
normality or, equivalently, determining automorphism groups of Cayley digraphs itself has been
becoming an very active topic in the algebraic graph theory, which also play an important role in
the investigation of various symmetry properties of digraphs. We need more concepts to start our
survey on the works about normality of Cayley digraphs and its application to the symmetries of
digraphs.

Let X be a graph. An s-arc in X is an ordered (s + 1)-tuple (vo,vi,...,vs) of vertices such
that v;_; is adjacent to v; for 1 < i < s, and vi_1 # v;q| for | < i < s; in other words, it is a
directed walk of length s which never includes the reverse of an arc just crossed. A 1-arc is also
called an arc simply. The graph X is said to be s-arc-transitive if Aut(X) is transitive on the vertex
set and on the set of all s-arcs in X; and X is said to be s-transitive if it is s-arc-transitive but not
(s + 1)-arc-transitive. We also call a 1-arc-transitive graph an arc-transitive or symmetric graph.
A subgroup of the automorphism group of an s-arc-transitive graph X is said to be s-regular if it
acts regularly on the set of s-arcs of X. In particular, X is said to be s-regular if the automorphism
group Aut(X) itself is s-regular. Thus, if a graph X is s-regular then Aut(X) is transitive on s-arcs
and the only automorphism fixing an s-arc is the identity automorphism of X. Finally, the graph
X is said to be half-arc transitive if it is vertex-transitive and edge-transitive but not arc-transitive.

In this paper, we denote by Z,, or D, respectively, the cyclic group or the dihedral group of order
n, and by Z the elementary abelian p-group Z, x Zp X -+ X Zp, where p is a prime and m is

a positive integer. m times

2 THE NORMALITY OF CAYLEY DIGRAPHS

Let X = Cay(G,S) be a Cayley digraph. Let & be an automorphism of G. Then « induces a
permutation on ¥ (X) naturally. It is easily shown that « induces an automorphism of the digraph
X if and only if it preserves S, that is S¢ = {s“ | s € S} = S. Furthermore, Aut(G,S) = {« €
Aut(G) | §* = S} is a subgroup of Aut(G), and can be viewed as a subgroup of the stabilizer of
the vertex 1 in Aut(X). It is easy to show that Naytx)(R(G)) = R(G) x Aut(G, S) (see [52], for
example). Then R(G) < Aut(X) implies Aut(X); = Aut(G, S), and the converse also holds. Thus
we get a basic criteria for normal Cayley digraph.

Proposition 2.1 [52, Proposition 1.5]. Let X = Cay(G, S) be a Cayley digraph on a finite group
G with respect to S. Let A = Aut(X) and let Ay be the stabilizer of 1 in A. Then X is normal if and
only if A1 = Aut(G, S).

By Proposition 2.1, if X = Cay(G, S) is normal then Aut(X) = R(G) x Aut(G, S), which also
can be obtained from Godsil [25]. This implies that the automorphism group of a normal Cayley
digraph is known and normal Cayley digraphs are just those which have the smallest possible full
automorphism groups.

Note that being a normal Cayley digraph is not invariant under digraph isomorphisms, and so
strictly depends upon which group the digraph is a Cayley digraph on. For example, the three-
dimensional hypercube Qs is a Cayley graph on either the group Zg or the group Z4 x Zo,
and the Cayley graph on the first group is normal, but the Cayley graph on the second group
1S not.
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Let S and T be two subsets of G such that 1 € Sand 1 ¢ T. If there is an « € Aut(G) such that
S% =T, then S and T are said to be equivalent, denoted by S = T. It is easy to see that if S and
T are equivalent, then Cay(G, S) is normal if and only if Cay(G, T) is normal. Thus, to study the
normality of Cayley digraphs on a group G, it suffices to deal with all non-equivalent subsets of
G. Here we mention two results as examples.

Proposition 2.2 [21].  Let G be a nonabelian group of order 2p* for an odd prime p and S
a two-element generating subset of G. Then X = Cay(G, S) is nonnormal if and only if

G=(abc|ld=0W=c=1]abl =lacl=1c"be=b"")
and S = {ca,cba‘l};further, Aut(X) = R(G) - (Zy x Z»).

Proposition 2.3 [58]. Let X = Cay(G,S) be a connected cubic Cayley graph of order 4p for a
prime p. Then either R(G) < Aut(X), or one of the following happens:

(D) G = (a) x (b) = Z4 X Zp, S = {a,a”', b}, Aut(X) = Zg X 83, and X = Qs, the three-
dimensional hypercube of order 8;

Q) G={a,b|a*=b*=1,bab=a"%, S ={b,a,a'} or {b,ab,a?b}, and X = 05;

3) G=(ab|a?®? =b>=1,b"ab = a’l)forp > 3,8 = {b,ab,a’b} and Aut(X) = Z’; x Dap

However, for a finite group G we do not know in general whether there are two subsets S and T’
of G not containing the identity such that Cay(G, S) = Cay(G, T') and that Cay(G, S) is normal but
Cay(G, T) is nonnormal. For this reason, the non-equivalent subsets corresponding to nonnormal
(normal) Cayley digraphs are usually given when a classification of nonnormal (normal) Cayley
digraphs on a given group is done.

In most situations, it is difficult to determine the normality of Cayley digraphs. In fact the only
groups, for which the complete information about the normality of Cayley (di)graphs is available,
are the cyclic groups of prime order (see the below theorem) and the groups of order a product of
two primes (see the next section). It is well-known that every transitive permutation group of prime
degree p is either 2-transitive or solvable with a regular normal Sylow p-subgroup (for example,
see [7 Corollary 3.5B]). This implies the following proposition, which was also obtained in [1].

Theorem 2.4. A Cayley digraph on a group of prime order p is normal if the digraph is neither
the empty graph nor the complete graph of order p.

Noting that Xu [52] reviewed the results about the normality of Cayley digraphs obtained
before 1997, in what follows we shall mainly review the results obtained after 1997.

3 CAYLEY DIGRAPHS OF ORDER pgq

This section is to collect several results on the normality of Cayley digraphs of order a product of
two primes. For the convenience of statement, we need some graph notations.

Let X and Y be two digraphs. Denote by X¢ the complement of X in the complete digraph
Ky, where m = | V(X) |. The lexicographic product X[Y] is defined as the digraph with vertex
set V(X[Y]) = V(X) x V(Y) such that for any two vertices u = (x1,y1) and v = (x2,)7) in
V(XI[Y]), (u,v) is an edge in X[Y] whenever (x1,x3) € E(X) orx; = x and (y1,)2) € E(Y). Let
V(Y) = (1,2, ... ,Vu}. Then there is a natural embedding nX in X[Y], where for 1 <i < n,
the ith copy of X is the subgraph induced on the vertex subset {(x,y;) | x € V' (X)} in X[Y]. The
deleted lexicographic product X[Y] — nX is the digraph obtained by deleting all the edges of (this
natural embedding of) nX from X[Y].
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For the normality of Cayley digraphs on a group of order a prime square, Dobson and Witte [8]
proved the following result which is a complete answer for Problem 3 posed by Xu in [52].

Theorem 3.1 [8, Corollary 3]. Let p be a prime. Then a Cayley digraph X = Cay(G,S) on a
group G of order p* is nonnormal if and only if X is isomorphic to one of the following digraphs:

(1) X =K,2, wherep >3 orp=2and G = Zs;

(2) X = X1[X2], where X1 and X, are Cayley digraphs on the cyclic group of order p, p > 3;

(3) X is a Cayley digraph on Zf? but not Zp, p > '5, with S = {(i,0), (0,)) | i,j € Zp} or the
complement of this graph;

(4) X is a Cayley digraph on le, but not Z,2, p > 5, with S satisfying the following properties,
where H = {(0,1) | i € Zy},

(A HNS=0WorHNS =H —{(0,0)},
(B) for every coset (a,0) + H # H of H, ((a,0) + H) NS = (a,b) + H, 9, {(a,0)}, or
((a,0) + H) — {(a,0)}.

The normality of Cayley digraphs on a group of order 2p was determined by Du, Wang and
Xu [10]. For the convenience of statement, we need some notations. In Table 1. “Y” denotes any
transitive digraph of order p; the graph B(H (11)) is the incidence graph of the doubly transitive
Hadamard 2-(11,5,2)-design H(11); and PG(n — 1,q) denotes the point-hyperplane incidence
graph of the (d — 1)-dimensional projective geometry PG(n — 1, q).

Proposition 3.2 [10, Theorem 1.6]. A4/l Cayley digraphs on groups of order twice a prime p are
normal, except for the digraphs listed in Table 1.

We now consider the normality of Cayley graphs of order pq. By Proposition 3.2, one may let
p>q>3. All vertex-primitive or edge-transitive Cayley graphs of order pq can be extracted from [2,
45,46, 50, 51] and all vertex-primitive Cayley graphs of order pq are nonnormal (see [52, Theorem
2.12]), which can be read out from [46]. Furthermore, Lu and Xu [38] investigated the normality
of imprimitive Cayley graphs of order pq, which answered the first part of Problem 2 posed in [52].

Table 1. Nonnormal Cayley digraphs X of groups G of order 2p.

Row Digraph X Aut(X) Group G p Remark

1 Ky Sy Zy 2

2 4K, Sa Z4 2

3 2pK1 Szp Zzp and sz p > 2

4 K> 28y Zyp and Dy, p>2

5 2Y, Y # pK, Aut(Y) 2 2, ZypandDyy  p>2 For Dy, Aut(Y) > Z,
6 Y[2K1], Y # pK Z>  Aut(Y) Zyp and Dy, p>2 For D), Y undirected
7 Y[Kz], Y # pK; and K, Zy L Aut(Y) Zyp and Dy, p>2 For D), Y undirected
8 Kap Sop Zy and Doy p>2

9 KLY, Y #K, Aut(Y) 2 2 Zypand Dy,  p>2  For Dy, Aut(Y) > Z,
10 K, p — pK> Sp x 2 Zyp and Dy, p>2

11 (Kp,p — PK2)¢ Sy x Zp Zyp and Dy, p>2

12 B(H(11)) PGL(2,11) Dy 11

13 K — B(H(11)) PGL(2,11) Dy 11

14 BH(11)" PGL(2,11) Dy, 11

15 (K111 — BH(11))) PGL(2,11) Dy, 11

16 B(PG(n —1,q)) PTL(n,q) ¥Zs Dy - n>3

17 Ky, — B(PG(n — 1,q)) PTL(n,q) X7, Dy 7] n>3

18 B(PG(n—1,9)))° PT'L(n,q) X Z,  Dyp qn,_ll n>3

19 (Kp.p —B(PG(n—1,9)))°  PTL,q) X7y Dy qq"jll n>3
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Let G be a finite group of order pg, where p, g are distinct primes. By elementary group theory,
we know that G = Z, or [, where [, is the Frobenius group of order pg, that is,

Fpg ={a,b|a’ =b1=1,0"=b")

for r # 1(mod p), ! = I(mod p) andgq | p — 1.

By analyzing actions of the automorphism groups of Cayley graphs of order pg, Lu and Xu [38]
constructs all possible imprimitive nonnormal Cayley graphs of order pg. The following result is
a brief version of the main result [38, Theorem 3.1].

Proposition 3.3. Assume that p and q are distinct primes with p > q > 3. Let X be a nonnormal
Cayley graph on a group G with | G | = pq. Assume further that A = Aut(X) acts imprimitively
on V(X). Then one of the following happens.

(1) X = YulYa) or (YulYa))C, G = Zpg or Fpy, and A = Aut(Yy) 1 Aut(Yy,), where {m,n} = {p, q},
Y, and Y, are Cayley graphs of Z, and Z,, respectively, such that one of them is connected
and one of them is not complete.

(2) A > Zg x Sp and G = Zpg or Fp,.

() qg>3A=H xSy, pllH|and G = Zpg or Fpy; further, q || H | if G = Fpy.

4) (Aut(X))' = Zp,, ¢ || Aut(X) | and G = Fpy.

(5) A =PSL(2,11) and G = Fs.1;.

(6) A =PSL(3,2) and G = F3.7.

To end the section, we would like to mention that all disconnected normal Cayley digraphs have
been determined by Wang, Wang and Xu [48] (also see [52, Proposition 2.4 and 2.5])). For this
reason, it suffices to consider the connected ones when one investigates the normality of Cayley
digraphs.

4 MINIMAL CAYLEY DIGRAPHS

In this section we discuss mainly the normality of Cayley digraphs on abelian groups. Baik et al.
[4] determined all nonnormal Cayley graphs with valences less than 5 which was reviewed by Xu
[52, Theorem 2.12]. The following proposition gives all possible abelian groups on which there
exist nonnormal Cayley graphs of valency 5, and for the corresponding subsets and the graphs, see
Baik et al. [3, theorem 1.1] for details.

Proposition 4.1. Let X = Cay(G,S) be a connected Cayley graph of valency 5 on an abelian
group G with respect to S. If X is nonnormal then G is isomorphic to one of the groups: Zyn,
(m > 3), Zom X Zy (m > 2), Ly X L4 (m > 3), Zpy X Zg (Mm > 3),ZmXZ% (m > 2), L X Zg X 7o
(m > 3), Zg x Z% or Z‘Z‘.

A generating set S of a group G is called minimal if S generates G but S\{s} cannot generate
G for any s € S. A Cayley digraph Cay(G, S) is minimal if S is a minimal generating set of G.
Xu [52, Problem 6] asked whether Cay(G, S) and Cay(G,S U S~!) are normal for any minimal
generating set S of G. Feng and Gao [17] prove the following proposition.

Proposition 4.2 [17, Theorem]. Let G be a finite abelian group such that the Sylow 2-subgroup
of G is cyclic. Let S be a minimal generating set of G. Then both Cay(G, S) and Cay(G,S U )
are normal.

As for a special case of Proposition 4.2, if G is cyclic then Cay(G, S) and Cay(G, S U S—1) are
normal, which was also proved by Huang and Meng [28, 29, 30]. Furthermore, Meng and Ying [42]
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determined all finite abelian groups whose Cayley digraph with respect to any given minimal
generating subset is normal.

Theorem 4.3 [42, Theorem 3.4]. Let G be a finite abelian group.

(1) If G is a 2-group then every minimal Cayley digraph on G is normal if and only if G has no
direct factor Zy X Zom (m > 2).

(2) If G is not a 2-group then every minimal Cayley digraph on G is normal if and only if G has
no direct factor 7y X Zom (m > 1).

The following proposition gives all possible abelian groups on which there are nonnormal Cayley
digraphs with valency 2 or 3, and for the corresponding subsets and the digraphs, see Xu, Zhang
and Zhou [55, Theorem 1.1] for details.

Proposition 4.4. Let G be afinite abelian group and let X = Cay(G, S) be a connected nonnormal
digraph. If X has valency 2 then G = Zy, (n > 2) or Zy X Zy (n > 2); if X has valency 3 then
G=EZoy (n=>2),Zy xZy (n>2), Loy X Ly (n>2,m>1)orZy xZy XLy (n>2,m>1).

A digraph is said to be strongly connected if for any two vertices u and v there is a directed path
from u to v in the digraph. Cayley digraphs on infinite cyclic groups were considered by Meng and
Huang [43].

Proposition 4.5 [43, Theorem 1]. Let Z be the infinite cyclic group and S a minimal gene-
rating subset of 7. such that the Cayely digraph Cay(Z,S) is strongly connected. Then Aut
(Cay(Z,S)) = R(Z).

At the end of this section we mention the normality of Cayley graph on the symmetric group S,
with respect to a minimal generating subset of involutions, which was first considered in Godsil
and Royle [26].

Theorem 4.6 [15, Theorem 2.1]. For any minimal generating set S of transpositions of Sy, the
Cayley graph Cay(S,, S) is normal.

Many interconnection networks were constructed from those Cayley graphs Cay(S,,S). Let
Si={@+D|l<i<n—-1L,S={U)|2<i<nfandS3={@G + D|1<i<n-—1}U
(1 n). The Cayley graphs Cay(S,,S1), Cay(Sy,S2) and Cay(S,,S3) are called the bubble-sort
network BS),, the star network ST,, and the modified bubble-sort network MB,, respectively (see
[32]). Theorem 4.6 shows that the underlying graphs of those interconnection networks are normal
Cayley graphs on S, so that their automorphism groups are known.

5 CAYLEY DIGRAPHS OF NONABELIAN SIMPLE GROUPS

This section is to review mainly results about the normality of Cayley digraphs on non-abelian
simple groups. We first introduce two concepts.

For a group M, the socle of M is the product of all minimal normal subgroups of M, and M is
called almost simple if its socle is a non-abelian simple group.

Let X be a graph and M < Aut(X). For an intransitive normal subgroup K of M we define the
quotient graph Xg of X with respect to K as follows: the vertex set V' (Xx) is the set of K-orbits on
V(X), and two K-orbits B and B, are adjacent in Xx if and only if there are u; € By and uy € B>
such that u; and u, are adjacent in X.
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Table 2. The possibilities for G and 7.

G T m V(Xk)
1 Ag G 6 m?

2 M Gordy, 12 m?

3 Spa(q) G or 4,, or @*=D m?

2
g=2>2  Spar(qo)(q =gq})
4 Spar@)g=qy)  £@-D 2m?
5 P9 G or 4y, or cut-nom
(2,4-1)

Sps(go)(if g = 2)

The following result, due to Fang, Praeger and Wang [12], gives a general description of the
possibilities for the automorphism groups of connected Cayley graphs on a finite non-abelian
simple group.

Theorem 5.1 [12, Theorem 1.1].  Let G be a finite non-abelian simple group and X = Cay(G, S)
a connected Cayley graph on G. Let M be a subgroup of Aut(X) containing R(G) x Aut(G, S).
Then either M = R(G) x Aut(G, S) or one of the following holds.

(1) M is almost simple and R(G) < soc(M),
2) R(G) x Inn(G) < M = (R(G) x Aut(G, S)).2 and S is a self-inverse union of G-conjugacy
classes;
(3) there is intransitive normal subgroup K of M such that one of the following holds:
(a) M/K is almost simple and G = R(G)K/K < soc(M/K);
(b) M/K = AGL3(2), G = PSL(2,7) and Xgx = Kg;
(c) soc(M/K) =T x T, and R(G)K/K = G is a diagonal subgroup of soc(M/K), where T
and G are given in Table 2.

For the case where Cay(G, S) is an edge-transitive cubic Cayley graph on a simple group, we
may get more precise results.

A Cayley graph X = Cay(G, S) is called a normal edge transitive Cayley graph if the normalizer
of R(G) in Aut(X) is transitive on the edges of X.

Let X be a connected edge transitive cubic Cayley graph. Then X must be arc transitive. It follows
from a result of Tutte that the order of the stabilizer Aut(X); is bounded by 48 (see [5], for example).
Then this make us do something further. In fact, Praeger [44] proved that all connected normal
edge-transitive cubic Cayley graphs on non-abelian simple groups are normal Cayley graphs. One
may ask which connected arc transitive cubic Cayley graphs on non-abelian simple groups are not
normal edge transitive, or equivalently among such Cayley graphs, which one is nonnormal? This
was answered partially by Li [33], where it was showed that the only possibilities for connected
nonnormal arc-transitive cubic Cayley graphs on nonabelian simple groups must arise from one of
the groups 4s, Ly (11), M1y, A11, Ma3, A>3 and A47. Further, on the basis of Li’s work, X.G. Fang,
J. Wang, S.J. Xu and M.Y. Xu [56, 57] recently proved the following result.

Theorem 5.2. Let G be a finite nonabelian simple group and let X = Cay(G, S) be a connected
arc-transitive cubic Cayley graph on G. Then X is normal or G = Aay. Furthermore, There are
exactly two nonnormal cubic Cayley graphs on A47 which are S-regular with automorphism groups
isomorphic to Aag.

Theorem 5.2 completes the job on the normality of arc-transitive cubic Cayley graphs on non-
abelian simple groups. For the case where X = Cay(G, S) is not arc transitive or of valency more
than 3, we have no such a lucky result by now. However, a lot of progresses have been made.
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Table 3. Exceptional candidates.

s G

1 My, Mas, Jy, Suz
Aym_y form >3
PSL,(2°), PSU, (2°) for n > 4; PSp, (2°) forn > 6
E(2°), E7(2°), 2E6(29), 2G2(29)

=

2 PSLy(11), Myy, Ma3, A1y
3 PSL,(11), or 4, where n = 2732 for r € {2,3,4}
4,7 PSL4(2), PSLs(2), PSL3(9), PSL3(27), PSL4(3), PSLs(3), PSLs(3), PSU4(3)

Ap_1 where n = 273~ for r € {2,3, 4}

Fang et al. [13] proved that the vast majority of connected cubic Cayley graphs on non-abelian
simple groups are normal.

Theorem 5.3 [13, Theorem 1.1].  Let G be one of the groups satisfying:

(1) G is a sporadic simple group and G # M1, M, Ma3,J>, Suz; or

2) G = A4, wheren & {5,11,23,47} U {2™ — 1 | m > 3}, or

(3) G is a simple group of Lie type of odd characteristic with a possible exception G # Ly (11); or
(4) G =129, L3(2°), U3(2°), PSp4(2°), Eg(2°), F4(2°), 2F4(2e)’, G2(2°), or Sz(2°).

Then every connected cubic Cayley graph Cay(G, S) on G is normal, and Aut(G, S) < Ss.

For tetravalent Cayley graphs on nonabelian simple groups, we list here two results. With
assumption of edge-transitivity, Fang, Li and Xu [14] proved the following result.

Theorem 5.4 [14, Theorem 1.1]. Let G be a nonabelian simple group, and let X = Cay(G, S)
be a connected edge-transitive graph of valency 4. Then either

(1) AutX = G x Aut(G, S), Aut(G, S) = Zy, Za, Z%, Dg, Ay, or S, and further
(1) X is half-arc-transitive if and only if Aut(G, S) = Zp,
(i) X is 1-transitive if and only if Aut(G, S) = Za, Z%, or Dg;
(iii) X is 2-transitive if and only if Aut(G,S) = A4 or S4; or
(2) AutX # G x Aut(G,S), X is s-transitive, and G is one of the groups given in Table 3.

And without the assumption of edge-transitivity, Qu [47] proved the following result.

Proposition 5.5[47]. Let G be a nonabelian simple group, and let X = Cay(G, S) be a connected
graph of valency 4 which is not edge-transitive. If S contains no 2-elements and X is nonnormal
then G is one of the following groups: Aym_1 or Aym (m > 3), M2, Ma3, J2, Suz, PSL(7), PSps(3),
PSL,(2°) or PSU,(2°) (n > 3), PSp,,(2°) (n > 4), PQ;(ZQ) (n>6), PR, (2°) (n > 4), 3D4(2e),
E6(2°), E7(2%), 2E6(2°).

Recently, Zhou and Feng [59] gives two sufficient conditions for nonnormal Cayley graphs of
valency 5.

Lemma 5.6 [59, Theorem 3.1]. Let G be a finite group and S = {s1, s2, 53, 54, S5} a 5-element
subset of G with ss an involution and S = S~. Suppose that S contains at least two involutions
and that there exists an involution h in G\S such that

sy = hsy, §3 = S1h, 54 = s2h, 55 = sé‘.

Then, the Cayley graph Cay(G, S) on G is nonnormal.
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Lemma 5.7 [59, Theorem 3.2]. Let G be a finite group and S = {s1, $2, 53, S4, S5} a S-element
subsetof Gwith1 ¢ S. Let G = (S) and S = S Suppose that s1 is an involution with {1,s1, 52,53}
a subgroup of G and that {s154, 5155} = {s451,5551}. Let H = (s1,54,55) with s3,53 & H. Then,
the Cayley graph Cay(G, S) is nonnormal when | G : H | > 4.

With the help of above two lemmas, Zhou and Feng determined all nonnormal Cayley graphs
of As with valency 5. Then, combining a result of S.J. Xu and M.Y. Xu, we have the following
theorem.

Theorem 5.8 [54, 59]. All nonnormal Cayley graphs of As with valency 4 or 5 are known.

Zhou and Feng also constructed in [59] three infinite families of nonnormal Cayley graphs of
valency 5 on PSL(2, p) and 4,,, where p is a prime. Up to our best knowledge, besides these three
infinite families, there are 6 known, up to equivalence, nonnormal Cayley graphs on nonabelian
simple groups with valency no more than 5: two are cubic Cayley graphs on A47, and the other four
are tetravalent Cayley graphs on As. This suggests the following problem.

Problem 5.9. Are there infinitely many connected nonnormal Cayley graphs of valency 3 or 4 on
non-abelian simple groups.

So far, in this section, we deal only with Cayley graphs. In the following up to the end of this
section we consider the directed case. Recall that we say Cay(G, S) a directed Cayley graph of
valency k if S™! # S and | S | = k. The following result given by Li [33] (see also [34]) shows
that all connected directed Cayley graphs of valency 2 on PSL;(g) are normal.

Proposition 5.10. Let X be a connected directed Cayley graph of valency 2 on G = PSL;y(q).
Then R(G) < Aut(X).

As a more general case, for nonabelian simple groups, Fang, Lu, Wang and Xu [11] proved that,
with a list of exceptions, the connected directed Cayley graph of valency 2 are normal.

Theorem 5.11. Let X = Cay(G, S) be a connected directed Cayley graph of valency 2. Assume
that G is a nonabelian simple group except for

As, A, Ars—1 and Aps for s > 3; and

My, Mya, Jo, Suz,; and

PSL,(7), PSU4(3), and

Simple groups of Lie type over fields of characteristic 2.

Then X is normal, and Aut(X) = R(G) or R(G) x Z,.

To end this section we consider edge-transitive cubic directed Cayley graphs.

Let X = Cay(G,S) be a Cayley digraph. We define an undirected graph X := BC(G, S),
called a bi-Cayley graph of G, which has vertex set ¥ (X) x {0, 1} such that {(x, 0), (v, 1)} € E(X?®)
if and only if yx~! € S. It is easily shown that X is connected if and only if G is generated by
SS—L. For each o € Aut(X), define a bijection

x,0) > x7,0), (x,1) > (x9,1), Vx e V(X).
on V(X @), which is in fact an automorphism of X @ Further, we may view Aut(X) as a subgroup
of Aut(X®) by this way. Then the edge-transitivity of X (as a directed graph) implies the edge-
transitivity of X . See [36, 37] for more basic facts and applications of bi-Cayley graphs.
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Now let X = Cay(G, S) be an edge-transitive directed Cayley graph with G = (SS~!). Then
X @ is connected and Aut(X) acts transitively on its edge set. It follows from [27] that | Aut(X); |
is bounded by 3 - 27. Thus we have the following result, by routinely checking simple groups one
by one, which is a revised version of [11, Theorem 1.2, 1.3].

Theorem 5.12 [11]. Let G be a nonabelian simple group and let X = Cay(G,S) be an edge-
transitive cubic directed Cayley graph with G = (SS -1y, If R(G) is not normal in Aut(X), then
| G| < (3-2) and G is one of the following groups:

Ap, n=25,6,7,8,9,11,15,23,31,47,63,95,127,191,383; and

My, Myp, My, M3, Jv, Jo, and

PSL,(7), PSLy(11), PSLy(13), PSU3(3), PSU4(3), PSp,(3); and
PSL,(23), PSL,(2%), PSL,(25), PSL,(29); and

PSL3(22), PSL3(23), PSL3(2%), PSL4(4); and

PSLs(2), PSLs(2), PSLg(2), PSL7(2); and

PSU3(4), PSU4(4), PSUs(2), PSpy(4), Spe(2), PQg (2) and 2B (23).

6 CAYLEY DIGRAPHS OF SMALL VALENCIES ON p-GROUPS
AND DIHEDRAL GROUPS

In this section we discuss the normality of Cayley digraphs with small valencies on p-groups and
dihedral groups.

A finite p-group P is called a regular p-group if for any two elements x and y in P, there exist
c1, ¢, ... ,c in the derived group (x,y)” such that (xy)? = xpypcfcf ... cf. First, Feng, Wang
and Xu [22] considered the normality of directed Cayley graphs of valency 2 on regular p-groups.

Theorem 6.1. Let X = Cay(G,S) be a 2-valent connected directed Cayley graph on a regular
p-group G. Then one of the following happens:

(1) Aut(X) = R(G) x Aut(G,S);
2) X = Cw[2K4] for some n > 1, Aut(X) = Zp Zy», and either G = Zynt1 = (a) and
S={a,a®*"}, or G =Zy x Zy = (a) x (b) and S = {a, ab}.

Furthermore, the normality of Cayley graphs of valency 4 on a regular p-group was determined
by Feng and Xu [23].

Theorem 6.2. Let G be a regular p-group with p # 2,5 and X = Cay(G,S) a connected
tetravalent Cayley graph on G. Then we have Aut(Cay(G, S)) = R(G) x Aut(G,S).

Not that a regular 2-group is abelian (see [31, III. Theorem 10.3]) and the nonnormal connected
Cayley graph of valency 4 on abelian groups are classified in [4]. Clearly, Zs is a regular 5-group
and the tetravalent Cayley graph on Zs is the complete graph K5, which is nonnormal on Zs. In
fact, by using regular coverings of K5 (for a method see [39]), one may construct infinitely many
tetravalent Cayley graphs on 5-groups that are nonnormal. By Huppert [31, III. Theorem 10.2],
a p-group of order p” with n < p is regular. The following corollary is straightforward from
Theorem 6.2.

Corollary 6.3. Let G be a p-group of order p" with n < p. Then all connected tetravalent Cayley
graph on G are normal except for p = 5.

Together with the normality of Cayley graphs of valency 4 on abelian groups obtained in [4],
one has the following by Feng et al. [18, 24].
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Theorem 6.4. Let G be a p-group with p an odd prime and let X = Cay(G, S) be a tetravalent
connected Cayley graph. Then

(1) X is normal if G has nilpotent class 2;
(2) X is normal if G has order P

A proof of Theorem 6.4 (2) was also given in [53] with the help of the finite simple group
classification and the Hall-Higman’s theorem, which implies a classification of tetravalent half-
arc-transitive graphs of order p3 for odd prime p. However, the proof of Theorem 6.4 provided in
[18, 24] are independent from the finite simple group classification and the Hall-Higman’s theorem.

The 4following example shows that Theorem 6.4 is not true if G has nilpotent 3 or G has
order p*.

Example 6.5[18]. Let G = (a,b,c|a® =5 = = 1,[a,b] = &3, [a,c] = b,[b,c] = 1) and
S = {a,ac,a” ", (ac)~'}. Then G has nilpotent class 3 and X = Cay(G, S) is nonnormal. Moreover
if we set 4 = Aut(X) and 47 = {a € 4 | s* =5, Vs € §}, then 47 = Aut(G,S) = Z, and
Ay /A% = Dy.

Note that the Cayley graph in Example 6.5 is symmetric. For half-arc-transitive graphs of valency
4 on groups of order p*, we have the following theorem given by Feng, Kwak, Xu and Zhou [20].

Theorem 6.6. Let X be a connected tetravalent half-arc-transitive graph of order p* for a prime p.
Then p > 3 and X is a normal Cayley graph on a non-abelian group G of order p*.

Note that there exist connected tetravalent half-arc-transitive graphs whose stabilizers are not
isomorphic to Z; (see [6, 40, 41] for example). Since every tetravalent vertex transitive graph with
an odd prime power must be a Cayley graph (see [16]), Theorems 6.4 and 6.6 suggest the following
problem.

Problem 6.7. Does there exist a connected tetravalent half-arc-transitive Cayley graph with order
an odd-prime power which is nonnormal?

By the way, as a more general case, the automorphism groups of edge-transitive tetravalent
Cayley graphs of odd order were considered in [35], where a description of the automorphism
groups of such graphs and a lot of nonnormal examples were given.

At the end of this paper we would like to mention two results about symmetric Cayley graphs
with small valencies on the dihedral groups. One may deduce the following theorem from [9] and
[19].

Theorem 6.8. Let Dy, = (a,b | a* = b" = 1,a  ba = b~ be the dihedral group of order 2n
and let X = Cay(D»y, S) be a connected symmetric cubic Cayley graph. Assume that X is normal.
Then X is 1- or 2-regular. Furthermore, X is 2-regular if and only if X = K4 and X is 1-regular if
and only if S is equivalent to {a, ab,ab*} forn > 13, 4 <k < n, and k* — k + 1 = 0(mod n).

For Cayley graphs of valency 4 on dihedral groups, Wang and Xu [49] proved the following.

Theorem 6.9. Let Do, = (a,b | a®> = b" = 1,a~"'ba = b™') be the dihedral group of order 2n
(n > 6) and let X = Cay(D»y,S) be a 1-regular Cayley graph of valency 4. Then X is normal,
unless n = 2m, m > 4 is even, and X = Cay(G, {a, a_l,aib,a_ib}), where2 < i <m—2, and
i2 = +1(mod m). Moreover, ifi2 = —1(mod m) then m = 2(mod 4), and the vertex-stabilizer
is isomorphic to Za,; while if i = 1(mod m) then m = 0(mod 4), and the vertex-stabilizer is
isomorphic to Z%.

23



REFERENCES

(1

B. Alspach, Point-symmetric graphs and digraphs of prime order and transitive permutation groups of
prime degree, J. Combin. Theory, 15(1973), 12—-17.

B. Alspach and M.Y. Xu, 1/2-transitive graphs of order 3p, Journal of Algebraic Combinatorics, 3(1994),
347-355.

Y.G. Baik, Y.-Q. Feng and H.S. Sim, The normality of Cayley graphs of finite Abelian groups with
valency 5, Systems Science and Mathematical Sciences, 13(2000), 425-431.

Y.G. Baik, Y.-Q. Feng, H.S. Sim and M.Y. Xu, On the normality of Cayley graphs of Abelian groups,
Algebra Colloquium, 5(1998), 297-304.

N. Biggs, Algebraic Graph Theory (second edition), Cambridge University Press, Cambridge, 1993.
M.D.E. Conder and D. Marusi¢, A tetravalent half-arc-transitive with non-abelian vertex stabilizer,
J. Combin. Theory B, 88(2003), 67-76.

J.D. Dixon and B. Mortimer, Permutation Groups, New York: Springer-Verlag, 1996, 97-97.

E. Dobson and D. Witte, Transitive permutation groups of prime-squared degree, J. Algebraic Combin.,
16(2002), 43—69.

S.E Du, Y.-Q. Feng, JH. Kwak and M.Y. Xu, Cubic Cayley graphs on Dihedral groups, Mathematical
Analysis and Applications, 7(2004), 224-234.

S.FE.Du, R.J. Wang and M.Y. Xu, On the normality of Cayley digraphs of order twice a prime, Australasian
Journal of Combinatorics, 18(1998), 227-234.

X.G. Fang, Z.P. Lu, J. Wang and M.Y. Xu, Cayley digraphs of finite simple groups of small out-valency,
Commun. Algebra, 32(2004), 1201-1211.

X.G. Fang, C.E. Praeger and J. Wang, On the automorphism groups of Cayley graphs of finite simple
groups, J. London Math Soc., 66(2002), 563—578.

X.G. Fang, C.H. Li, J. Wang and M.Y. Xu, On cubic Cayley graphs of finite simple groups, Discrete
Mathematics, 244(2002), 67-75.

X.G. Fang, C.H. Liand M.Y. Xu, On finite edge-transitive Cayley graphs of valency 4, Europ. J. Combin.,
25(2004), 1107-1116.

Y.-Q. Feng, Automorphism groups of Cayley graphs on symmetric groups with generating transposition
sets, J. Combin. Theory B, 96(2006), 67-72.

Y.-Q. Feng, On vertex-transitive graphs of odd prime-power order, Discrete Mathematics, 248(2002),
265-269.

Y.-Q. Feng and T.P. Gao, Automorphism groups and isomorphisms of Cayley digraphs of abelian groups,
Australasian Journal of Combinatorics, 16(1997), 183—187.

Y.-Q. Feng, J H. Kwak and R.J. Wang, Automorphism groups of 4-valent connected Cayley graphs of
p-groups, Chin. Ann. Math., 22B(2001), 281-286.

Y.-Q. Feng, JH. Kwak and M.Y. Xu, s-Regular cubic Cayley graphs on abelian or dihedral groups,
Institute of Mathematics and School of Mathematical Sciences, Research Report No. 53, 2000.

Y.-Q. Feng, J.H. Kwak, M.Y. Xu and J.-X. Zhou, Tetravalent half-arc-transitive graphs of order p*, Europ.
J. Combin., 29(2008), 555-567.

Y.-Q. Feng, D.J. Wang and J.L. Chen, A family of nonnormal Cayley digraphs, Acta Mathematica Sinica,
English Series, 17(2001), 147-152.

Y.-Q. Feng, R.J. Wang and M.Y. Xu, Automorphism groups of 2-valent connected Cayley digraphs on
regular p-groups, Graphs and Combinatorics, 18(2002), 253-257.

Y.-Q. Feng and M.Y. Xu, Automorphism groups of tetravalent Cayley graphs on regular p-groups,
Discrete Math., 305(2005), 354-360.

Y.-Q. Feng and M.Y. Xu, Normality of tetravalent Cayley graphs of odd prime-cube order and its
application, Acta Mathematica Sinica, English Series, 21(2005), 903-912.

C.D. Godsil, On the full automorphism group of a graph, Combinatorica, 1(1981), 243-256.

C.D. Godsil, G. Royle, Algebraic graph theory, Springer-Verlag, New York, 2001.

D.M. Goldschmidt, Automorphisms of trivalent graphs, Ann. Math., 111(1980), 377—406.

Q.X. Huang and J.X. Meng, [somorphisms of circulant digraphs, Appl. Math.—JCU, 9B(1994), 405—409.
Q.X. Huang and J.X. Meng, Automorphism groups of Cayley digraphs, in Combinatorics, Graph Theory,
Algorithms and Applications, edited by Y. Alavi, D.R. Lick and Jiugiang Liu, World Scientific, Singapore,
1994; pp. 77-81.

Q.X. Huang and J.X. Meng, On the isomorphisms and automorphism groups of circulants, Graphs &
Combin., 12(1996), 179-187.

24



[31]
[32]

[33]
[34]
[35]

[36]
[37]

[38]
[39]
[40]
[41]
[42]
[43]

[44]
[45]

[46]
[47]
(48]
[49]
[50]
[51]
[52]

[53]
[54]

[55]
[56]
[57]
[58]

[59]

B. Huppert, Endliche gruppen I, Springer-Verlag, Berlin, 1979.

S. Lakshmivarahan, J.S. Jwo and S.K. Dhall, Symmetry in interconnection networks based on Cayley
graphs of permutation groups: a survey, Parallel Comput., 19(1993), 361-407.

C.H. Li, Isomorphisms of finite Cayley graphs, Ph.D. Thesis, The University of Western Australia, 1966.
C.H. Li, On isomorphisms of connected Cayley graphs I11, Bull. Austral. Math. Soc., 58(1998), 137—-145.
C.H. Li, Z.P. Lu and H. Zhang, Tetravalent edge-transitive Cayley graphs with odd number of vertices,
J. Combin. Theory B, 96(2006), 164—181.

Z.P. Lu, On the automorphism groups of biCayley graphs, Beijing Daxue Xuebao, 39(2003), no. 1, 1-5.
Z.P. Lu, C.Q. Wang and M.Y Xu, Semisymmetric cubic graphs constructed from bi-Cayley graphs of
Ay, Ars Combin., 80(2006), 177-187.

Z.P. Lu and M.Y. Xu, On the normality of Cayley graphs of order pq, Australasian Journal of
Combinatorics, 27 (2003), 81-93.

A. Malni¢, Group actions, coverings and lifts of automorphisms, Discrete Mathematics, 182(1998),
203-218.

A. Malnic¢ and D. Marusic, Constructing 4-valent 1/2-transitive graphs with a non-abelian automorphism
group, J. Combin. Theory B, 75(1999), 46-55.

A.Malni¢ and D. Marusic¢, Constructing %-arc-transitive graphs of valency 4 and vertex stabilizer Z; x Z,
Discrete Math., 245(2002), 203-216.

J.X. Meng and B. Ying, Normal minimal Cayley digraphsf of abelian groups, Europ. J. Combinatorics,
21(2000), 523-528.

J.X. Meng and Q.X. Huang, The automorphism groups of minimal infinite circulant digraphs, Europ. J.
Combin., 18(1997), 425-429.

C.E. Praeger, Finite normal edge-transitive graphs, Bull. Austral. Math. Soc., 60(1999), 207-220.

C.E. Praeger, R.J. Wang and M.Y. Xu, Symmetric graphs of order a product of two distinct primes,
J. Combin. Theory Ser. B, 58(1993), 299-318.

C.E. Praeger and M.Y. Xu, Vertex primitive graphs of order a product of two distinct primes, J. Combin.
Theory Ser. B, 59(1993), 245-266.

H.P. Qu, On symmetry of Cayley graphs of finite simple groups of valency 4, Ph.D. Thesis, Peking
University, 2001.

C.Q. Wang, D.J. Wang and M.Y. Xu, On normal Cayley graphs of finite groups, Science in China A,
28(1998), 131-139.

C.Q. Wang and M.Y. Xu, Non-normal one-regular and 4-valent Cayley graphs of dihedral groups D»,,
Europ. J. Combin., 27(2006), 750-766.

R.J. Wang, !-transitive graphs of order a product of two distinct primes, Communications in Algebra,
22(1994), 915-927.

R.J. Wang and M.Y. Xu, A classification of symmetric graphs of order 3p, J. Combin. Theory Ser. B,
58(1993), 197-216.

M.Y. Xu, Automorphism groups and isomorphisms of Cayley digraphs, Discrete Mathematics,
182(1998), 309-319.

M.Y. Xu, Half-transitive graphs of prime-cube order, J. Algebraic Combinatorics, 1(1992), 275-292.
M.Y. Xu and S.J. Xu, Symmetry properties of Cayley graphs of small valencies on the alternating group
As, Science in China A, 47(2004), 593—-604.

M.Y. Xu, Q.H. Zhang and J.X. Zhou, On the normality of Cayley digraphs on abelian groups (Chinese),
Systems Science and Mathematical Sciences, 25(2005), 700-710.

S.J. Xu, X.G. Fang, J. Wang and M..Y. Xu, On cubic s-arc transitive Cayley graphs of finite simple groups,
Europ. J. Combinatorics, 26(2005), 133-143.

S.J. Xu, X.G. Fang, J. Wang and M.Y. Xu, 5-Arc transitive cubic Cayley graphs on finite simple groups,
Europ. J. Combinatorics, 28(2007), 1023-1036.

C.X. Zhou and Y.-Q. Feng, Automorphism groups of connected cubic Cayley graphs of order 4p, Algebra
Colloquium, 14(2007), 351-359.

J.X. Zhou and Y.-Q. Feng, Two sufficient conditions for non-normal Cayley graphs and their applications,
Science in China A, 50(2007), 201-216.

25






Applications of Group Theory to Combinatorics — Koolen, Kwak & Xu (eds)
© 2008 Taylor & Francis Group, London, ISBN 978-0-415-47184-8

Symmetrical covers, decompositions and factorisations of graphs

Michael Giudici, Cai Heng Li & Cheryl E. Praeger
School of Mathematics and Statistics, The University of Western Australia Crawley, Australia

ABSTRACT: This paper introduces three new types of combinatorial structures associated with
group actions, namely symmetrical covers, symmetrical decompositions, and symmetrical factori-
sations of graphs. These structures are related to and generalise various combinatorial objects, such
as 2-designs, regular maps, near-polygonal graphs, and linear spaces. General theory is developed
for each of these structures, pertinent examples and constructions are given, and a number of open
research problems are posed.

1 INTRODUCTION TO THE CONCEPTS

In this introductory section we fix our notation and introduce the concepts of cover, decomposition
and factorisation of a graph and explain when we regard such configurations as symmetrical. The
objective of this chapter is to develop the general theory of symmetrical covers, decompositions
and factorisations of graphs. We will mainly concentrate on the arc-symmetrical case.

A graph I' = (V,E) consists of a vertex set }/ and a subset £ of unordered pairs of vertices
called edges. Its automorphism group, denoted Aut(I"), is the subgroup of all permutations of V'
that preserve E.

LetI" = (V,E) be agraph, and let Py, ..., Py with k£ > 2 be subsets of the edge set £ such that
E=P UPyU --- UP;. Then P = {Py, ..., Py} is called a cover of I", and the P; are called the
parts of P. A cover P of T is called a A-uniform cover if each edge of I is contained in a constant
number A of the P;. We usually identify a part P; with its induced subgraph [P;] = (V;, P;) of I’
where V; is the set of vertices of I' which lie on an edge in P;.

The well known cycle double cover conjecture for graphs (see [17, 18]) asserts that every 2-edge
connected graph has a 2-uniform cover by cycles. The A-uniform covers of the complete graph
K, with parts isomorphic to K correspond to the 2-(n, k, 1) designs (see for example [13]). The
vertices of K, correspond to the points of the design, while each block of the design is the set of
vertices in some part of the cover. Since each edge lies in X parts, it follows that each pair of points
lies in A blocks.

A 1l-uniform cover, that is, a cover such that every edge of I is contained in precisely one part
is called a decomposition of T'. Under the correspondence described in the previous paragraph,
decompositions of a complete graph with parts isomorphic to Kj correspond to linear spaces with
line size k. This is discussed further in Section 4.2. A decomposition is called a factorisation if
each part is a spanning subgraph. (By spanning, we mean that for every vertex v of I' there is an
edge {v, w} in the subgraph.)

For a decomposition P = {P1, P, ..., Py} of a graph I, if the subgraphs induced by each of
the P; are all isomorphic to X, then the decomposition is called an isomorphic decomposition,
and X is called a divisor of I'. An isomorphic decomposition of a graph is called an isomorphic
factorisation if it is a factorisation, and in this case the divisors are called factors. Decompo-
sitions of graphs have been widely studied, see for example [3, 13], as have isomorphic
factorisations, for example [11, 12].

Let P be a cover of I" and let G < Aut("). If G preserves P and the permutation group
GT induced on P is transitive then we say that the cover (I',P) is G-transitive. If further
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Table 1. Possibilities for X and xxx.

X Vv E A

XXX vertex edge arc

P is a decomposition or a factorisation of I', then I' is called a G-transitive decomposition
or a G-transitive factorisation, respectively. By definition, a transitive cover, decomposition or
factorisation is an isomorphic cover, decomposition or factorisation, respectively. Symmetries of
decompositions have been studied in [30, 33]. In particular, Robinson conjectured that every finite
group occurs as G7 where (I', P) is an isomorphic factorisation of a complete graph I' and G is
the largest group of automorphisms of I" preserving P. He showed [30, Proposition 3] that every
finite group does occur as a subgroup of some G* . To our knowledge this conjecture is still open.

In this paper, transitivity is required not only on the set of parts, divisors, or factors, but also on
the graphs: namely on their vertices or edges or arcs. For any graph I" we denote by VT, ET', AT
the set of vertices, edges, and arcs respectively.

Definition 1.1. Let I" be a graph, and let P be a G-transitive cover, decomposition, or factorisa-
tion, of I', where G < AutI'. Let Gp be the stabiliser in G of the part P € P and let X, xxx be as
in one of the columns of Table 1. If G is transitive on XT" and Gp is transitive on XP, then (I", P)
is called G-xxx-symmetrical.

We remark that there are 3 x 3 = 9 different objects defined in this definition; for example, if
I' is G-arc-transitive and P is Gp-arc-transitive, then (I", P) is a G-arc-symmetrical cover, decom-
position or factorisation. We see in Lemma 4.4 thatif (I", P) is a G-transitive decomposition and I" is
G-arc-transitive (respectively G-edge-transitive) then (I, P) is a G-arc-symmetrical (respectively
G-edge-symmetrical) decomposition. The following simple examples show that neither implication
is true for covers.

Example 1.2. Let ' = Cg with vertices labelled by the elements of Zg and x adjacent to x £ 1
(mod 6).

(1) Let

Py ={{0,1},{1,2},{2,3},{3,4}}
Py =1{{2,3},{3,4},{4,5}, {5, 01}
Py ={{4,5},{5,0},{0,1},{1,2}}

and P = {P1, P2, P3}. Then (", P) is a 2-uniform cover which is invariant under the group
G = Dg (the dihedral group of order 6). Now G acts transitively on P and on the set of
edges of I'. However, Gp, = C; is not transitive on the edges of P;. Hence (I", P) is not
G-edge-symmetrical.

(2) Let

Pr={{0,1}{1,2},{2,3},{3,4}}
and let P = P1C6. Then |P| = 6 and is preserved by G = Dy, and (I", P) is a G-transitive,

4-uniform cover. However, the group G acts transitively on the set of arcs of I while Gp, = C;
is not transitive on the arcs of P;. Hence (I", P) is not G-arc-symmetrical.
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Arc-symmetrical covers of graphs with no isolated vertices are both edge-symmetrical and
vertex-symmetrical. Conversely, it is a consequence of Lemma 4.4 (see Remark 4.5) that if
(T, P) is a G-edge-symmetrical decomposition and G acts arc-transitively on I' then (", P) is
G-arc-symmetrical. Similarly, if (", P) is a G-vertex-symmetrical decomposition and G acts edge-
transitively (respectively arc-transitively) on I', then (I', P) is G-edge-symmetrical (respectively
G-arc-symmetrical). We see in Examples 3.4 and 3.16 that the same is not true for covers.

In the literature, various special cases of symmetrical covers, decompositions and factorisations
have been studied. Arc-symmetrical 1-factorisations of complete graphs are classified by Cameron
and Korchmaros in [6]. Arc-symmetrical 1-factorisations of arc-transitive graphs are addressed
in [10] where a characterisation of those for 2-arc-transitive graphs is given. Arc-symmetrical
decompositions of complete graphs are studied in [31], and arc-symmetrical decompositions of
rank three graphs are investigated in [1]. The G-arc-symmetrical decompositions of Johnson graphs
where G acts primitively on the set of divisors of the decomposition are classified in [8].

If (", P) is a G-transitive decomposition and the kernel M of the action of G on P is vertex-
transitive, then (I", P) is called a (G, M)-homogeneous factorisation. In particular, homogeneous
factorisations are vertex-symmetrical. The study of homogeneous factorisations was initiated by the
second and third authors who introduced in [21] homogeneous factorisations of complete graphs.
General homogeneous factorisations were introduced and investigated in [14] and studied further
in [15, 16].

The next section gives some fundamental notions and results on permutation groups that underpin
an investigation of these symmetrical configurations. This is followed by three sections addressing
basic examples and theory for covers, decompositions and factorisations respectively. In the final
section we discuss the behaviour of covers and decompositions when we pass to the quotient graph.

2  SOME FUNDAMENTALS CONCERNING PERMUTATION GROUPS

In this section we introduce some permutation group notions needed later. The reader is referred
to [19] for more details.

Given a permutation group G actingonaset Qand o € Q, welet G, = {g € G | & = «a},
the stabiliser in G of . Let B = {oy, ... ,ax} € Q. Forg € G, B¢ = {&® | « € B} and the
setwise stabiliser ofB in G is GB ={geGCG | B8 = B}. The pointwise stabiliser of B in G is
Gp ={g € G| ocl = oq,oz2 =y, ... ozk = oy} and is also denoted by Gy, g,...., . The
following lemma will be particularly useful.

Lemma 2.1 [9, Ex 1.4.1]. Let G be a transitive subgroup of Sym(2) and H < G. Then G =
HG, if and only if H is transitive on Q.

Let G be a transitive subgroup of Sym(2). A partition B = {B, ... ,B;} of Q is called a system
of imprimitivity and its elements are called blocks of imprimitivity, if for each g € G and B; € B,
the image B‘ig € B. Trivial blocks of imprimitivity exist for any transitive group G, and are the
singleton subsets {«} (¢ € €2) and the whole set 2. All other blocks of imprimitivity are called
nontrivial and a transitive group G is said to be imprimitive if there exists a nontrivial block of
imprimitivity. Given o € €2, there is a one-to-one correspondence between the subgroups H with
Gy < H < Gandtheblocks of imprimitivity B containing , givenby B = o/ and H = Gp. See for
example [9, Theorem 1.5A]. In particular, note that the stabiliser in G of a block of imprimitivity
B is transitive on B. We say that G is primitive if it has no nontrivial systems of imprimitivity.
It follows from the correspondence between blocks and overgroups of G,, that a transitive group G
on 2 is primitive if and only if G, is maximal in G for some « € Q.

Every nontrivial normal subgroup of a primitive group is transitive, for otherwise, the set of orbits
of an intransitive normal subgroup forms a system of imprimitivity. We say that a permutation group
is quasiprimitive if every nontrivial normal subgroup is transitive. Thus every primitive group
is quasiprimitive. However, not every quasiprimitive group is primitive. For example, the right
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multiplication action of a nonabelian simple group on the set of right cosets of a nonmaximal
subgroup is quasiprimitive but not primitive.

Given two graphs I', ¥ we define the cartesian product of T' and T to be the graph denoted
by 'OX with vertex set VT x VX and {(u1,u2), (vi,v2)} is an edge if and only if either u; = v;
and {up, v} € EX, or {uj,vi} € ET and up = v. If G < Aut(l") and H < Aut(X) then G x
H < Aut('OX). The cartesian product of graphs is associative and hence the cartesian product
ror,a ... ory for graphs I'y, 'y, ..., Iy is well defined for any ¢ > 2.

3  TRANSITIVE COVERS AND SYMMETRICAL COVERS
Our first lemma shows that many covers of edge-transitive graphs are uniform.

Lemma 3.1. Let T" be a G-edge-transitive graph and P be a cover of T which is G-invariant.
Then (T, P) is a uniform cover.

Proof. Let {u,v} be an edge of I' and suppose that {u, v} is contained in precisely A parts of P.
Since G is edge-transitive and P is G-invariant, A is independent of the choice of {u, v}. Thus P is
a A-uniform cover. O

In fact every edge-transitive graph has many transitive covers. Here by a subgraph X of a graph
I we mean any graph (U, Eyy) where U C V and Ey € E N (U x U). Also, for a subset P C E,
the edge-induced subgraph [P] is the subgraph (Vp, P) where Vp is the subset of vertices incident
with at least one edge of P.

Lemma 3.2. An edge-transitive graph T has a transitive cover with parts X if and only if T has
a subgraph isomorphic to X.

Proof. Let T be a subgraph of I' and G < Aut(I") be edge-transitive. Let P = EX, and let
P = PY. Then by definition, (", P) is a G-transitive cover with parts isomorphic to X. O

Each edge-intransitive subgroup of an edge-transitive group gives rise to edge-symmetrical
uniform covers and the parameters A can be expressed group theoretically.

Lemma 3.3. LetT" = (V, E) be a connected G-edge-transitive graph and let H < G such that H
is intransitive on ET. Let P be an H-orbitin ET and P = PC. Then (', P) isa G-edge-symmetrical
A-uniform cover with

_ |G{v,w} :H{v,w}|
|Gp : H|

where {v,w} € P. Moreover, if T is G-arc-transitive and for each {v,w} € P there exists g € H
such that (v,w)8 = (w,v), then (I, P) is a G-arc-symmetrical cover.

Proof. By definition, H < Gp and the edge-induced subgraph [P] is H-edge-transitive. Since G
is edge-transitive, every edge of I" occurs in some image of P and so P is a G-transitive cover. Then
by Lemma 3.1, (I, P) is a A-uniform cover for some A and since [P] is H-edge-transitive (I, P) is
G-edge-symmetrical. Moreover, Gp = HGyy ) p, 50 |P| = |Gp : Gyyw),p| = |H : Hyy,yl. Since
‘P is a A-uniform cover, we have

_ MG :GpllGp : H||H : Hiy )l

|[H : Hywm||G : Gp| = |P||P| = AE| = AG : G| = .
) v} |G{v,w} :H{v,w}l

Hence A = |Gyw) : Hpywyl/IGp - H. O
30



As noted in the introduction, every G-arc-symmetrical cover of a graph with no isolated vertices
is G-edge-symmetrical and G-vertex-symmetrical. The following is an example of a G-edge-
symmetrical cover of a G-arc-transitive graph which is not G-arc-symmetrical. In particular, it
shows that for an arc-transitive graph, spinning an edge will not necessarily give an arc-symmetrical
cover. Moreover, it is an example of the construction underlying Lemma 3.2, and if we take H to
be a subgroup Ci; it also illustrates Lemma 3.3.

Example 3.4. LetI" = Kj; and G = Mj;. Then I is G-arc-transitive. Let ¥ be an 11-cyclein I
Since M1 N Dy = Cyy, it follows that Gy = Cp; which is edge-transitive and vertex-transitive
on X, but not arc-transitive. Let P = EX and P = PC. Then (I', P) is a G-edge-symmetrical and
G-vertex-symmetrical cover which is not G-arc-symmetrical.

We are often interested in A-covers for small values of A, so we propose the following problems.

Problem 3.5.

(i) For small values of A, characterise the arc-transitive graphs that have an arc-symmetrical
A-uniform cover.

(i1) For a given arc-transitive graph I', find the smallest value of A such that I has an arc-
symmetrical A-uniform cover.

To illustrate the theory, we will present briefly some examples of symmetrical covers of some
well known graphs, and examples of symmetrical covers with given specified parts.

3.1 Covers of complete graphs

Lemma 3.3 has the following corollary.

Corollary 3.6. For an edge-transitive graph ¥ on m vertices, a complete graph K,, with n > m
has an edge-symmetrical cover with parts isomorphic to X.

Lemma 3.3 and Corollary 3.6 lead to the following illustrative examples.

Example 3.7. LetI" = K,,, a complete graph with n vertices.

(i) Let G = Autl’ = S),, acting arc-transitively on I". Let P be a complete subgraph of I with m
vertices, where m < n. Then Gp = S, X S,—n, and acts arc-transitively on P. Let P be the
set of all complete subgraphs with m vertices. Since G is m-transitive on VT, G is transitive
on P. Thus (', P) is a G-arc-symmetrical cover of K,,. Further, P is an (;’;22) -uniform cover.

(ii) Letn = g+ 1 = p? + 1 with p prime, and let G = PGL(2, ). Let P be a 3-cycle of I'. Then
Gp = S§3. Let P be the set of all 3-cycles of I'. Since G is 3-transitive on VT, the pair (I", P)
is a G-arc-symmetrical cover. It is an (n — 2)-uniform cover.

(iii) Letn > 10and G = Autl’ = §,,. Let H = S5 be a subgroup of G acting transitively on a subset
A C Q of size 10. Then there exist two vertices v,w € A such that the induced subgraph
% = [{v,w}] is a Petersen graph. Let P = 6. Then (I, P) is a G-arc-symmetrical
A-uniform cover with A = (n — 2)!/4(n — 10)! and parts the Petersen graph.

(iv) Letn = g + 1 with ¢ = 3/ with f even. Let G = PSL(2,¢) and H < G such that H = As.
Then G is arc-transitive on I" and by [7, Lemma 11], H has an orbit A on vertices of size 10.
There exist two vertices v, w € A such that the induced subgraph ¥ := [{v, w}f]is a Petersen
graph. Let P = £¢. Then (', P) is a G-arc-symmetrical A-uniform cover with A = ‘14;1.
Note in particular, that when ¢ = 9 then A = 2.
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3.2 Covers for complete multipartite graphs

For integers m,n > 2, a complete m-partite graph with part size n is denoted by K[, = Knn,...n-
The following corollary to Lemma 3.3 for complete multipartite graphs is analogous to Corollary 3.6
for complete graphs.

Corollary 3.8. Let ¥ be an H-edge-transitive graph such that V'Y has an H-invariant partition
B with block size b and |B| = 1. Then for each m > [ and n > b, K[, has an edge-symmetrical
cover with parts isomorphic to X.

Here are some examples.

Example 3.9. Let ' = K[, and let G = Autl’ = S, wr Sj,,.

(i) For m = 2, let P be the set of all induced subgraphs of I" which are isomorphic to K;; for
i <n ForPeP,H :=(S; x S,—i)wrSy, acts arc-transitively on P. Further, G is transitive
on P, and (I", P) is a G-arc symmetrical A-uniform cover, where A = (:’:11)2

(i) Form > 3, let P be the set of all induced subgraphs of T that are isomorphic to K,,. Let P € P.
Then Gp = S,—1 wr S, acts arc-transitively on P, and (I", P) is a G-transitive n" 2 uniform
cover. Taking m = 3 and G = S, wr S3, shows that the complete tri-partite graph K, , , is

G-arc transitive and has a G-arc-symmetrical n-uniform 3-cycle cover.

3.3 Covers involving cliques

For n > k, the Johnson graph J (n, k) is the graph with V' the set of k-element subsets of an n-set
with two subsets adjacent if they have k — 1 points in common. The valency of J (n, k) is k(n — k)
and the group G = S, acts arc-transitively on J (n, k). For an edge {v, w}, we have G, = S x S,—x,
and Gy, = Sk—1 X Sy—i—1.

Example 3.10. Let ' = J(n,k) and G = S,. Let £ satisfy 1 < £ < k and let 7 be the set
of ¢-element subsets of the n-set. For each 4 € I, let 'y = (Vy4,E4) where V4 consists of
all the k-element subsets containing 4, and E4 is the subset of £ joining elements of V4. Then
r'y=Jm— 4L,k —{¢),and each edge {B, C} of I' is an edge of each of the (kzl) graphs I'4 such
that A € B N C. The stabiliser G4 of I'4 induces S,,_¢ on I'y. Thus G = {I'4 | |4] = £} is an
edge-symmetrical uniform cover with A = (kjl) and hence is a factorisation if £ = k£ — 1. In this
latter case the factors J(n — k + 1, 1) = K,k are maximal cliques of T.

The previous example was pointed out to us by Michael Orrison who uses the case / = k — 1 in
[25] for the analysis of unranked data. He also noticed that it is a special case of clique covers of
graphs, that is, covers in which the parts are cliques (complete subgraphs). These arise naturally
for edge-transitive graphs as follows. Let I" be a G-edge transitive graph and let 4 be a maximal
clique. Let G = AC = (48] g € G}. Then (T, G) is a uniform cover which is G-transitive. There are
some graphs for which each edge lies in exactly one clique in the G-class of cliques G. For these
graphs G is a G-edge-symmetrical decomposition (see Lemma 4.4).

3.4 Cycle covers, near polygonal graphs and rotary maps

Each finite arc-transitive graph of valency at least three contains cycles. The next example shows
that such graphs have edge-symmetrical cycle covers. The method presented here has been used in
[23] for constructing polygonal graphs and we discuss this below.

Construction 3.11. LetI" be aregular graph of valency at least 3, and G < Autl be such that I' is
G-arc transitive. Then there exists a set P of cycles such that (I', P) is a G-edge-symmetrical cycle
cover. The set P is constructed as follows: For a pair of adjacent vertices v and w, let g € G\ G,
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such that v& = w and w8 # v. Then the set of images of (v, w) under (g) forms a cycle C say. Let
P =CC.

The fact that the partition P produced in Construction 3.11 is a G-edge-symmetrical cover
of I" follows from [23, Lemmas 1.1 and 2.2], and further, if Gg is dihedral, then P is a G-arc-
symmetrical cover.

Example 3.12. LetI" = K4, the complete graph on 4 vertices, and let G = Autl’ = S4. Let (v, w)
be an arc. Let P be a cover of I" produced by Construction 3.11. If g € G is of order 3, then P
contains 4 triangles while if g € G is of order 4, then P contains 3 cycles of length 4. In both cases
(T, P) is a G-arc-symmetrical 2-uniform cycle cover.

A2-arcinagraph T isatriple (u, v, w) such thatu # w and both (, v) and (v, w) are arcs. Follow-
ing [27], a graph I is called a near-polygonal graph if there is a collection C of m-cycles in I" such
that each 2-arc of T is contained in exactly one cycle in C. Suppose that I is such a graph of valency &
and that G < Aut(T") preserves C and is transitive on the set of 2-arcs of I'. Then G,,, is transitive
on I'(v)\{w} and for each of the k£ — 1 vertices u € I"(v)\{w}, the 2-arc (u,v,w) lies in a unique
cycle of C. Moreover, these cycles are pairwise distinct, by definition of C, and they are the only
cycles of C containing (w, v) since each such cycle must contain (u, v, w) for some u € I'(v)\{w}.
Thus the edge {v, w} lies in exactly k — 1 cycles in C, that is, C is a (k — 1)-uniform cycle cover and
is G-arc-symmetrical. Examples of infinite families of near-polygonal graphs can be found in [23,
27, 28]. It is shown in [23] that each 2-arc-regular graph (that is, Aut(I") is regular on the 2-arcs
of I') is a near-polygonal graph, so each 2-arc-regular graph of valency & has an arc-symmetrical
(k — 1)-uniform cycle cover. In particular, 2-arc-regular cubic graphs have a 2-uniform cycle cover.

A map on a surface (2-manifold) is a 2-complex of the surface. The 0-cells, 1-cells and 2-cells of
the 2-complex are called vertices, edges and faces of the map, respectively. Incidence between these
objects is defined by inclusion. A map M may be viewed as a 2-cell embedding of the underlying
graph I' into the supporting surface. A vertex-edge incident pair is called a dart, and a pairwise
incident vertex-edge-face triple is called a flag. A permutation of flags of a map M preserving the
incidence relation is an automorphism of M, and the set of all automorphisms of M forms the map
automorphism group AutM. A map M is said to be rotary or regular if AutM acts transitively on
the darts or on the flags of M, respectively. Further, a rotary map is called chiral if it is not regular.

Example 3.13. Let M be a map with underlying graph I', and let G = AutM. Let P be the set
of cycles which are boundaries of faces of M. Then P is a 2-uniform cycle cover of the underlying
graph I". If M is regular, then P is a G-arc-symmetrical cycle cover; if M is chiral, then P is a
G-edge-symmetrical but not G-arc-symmetrical cover.

3.5 Vertex-symmetrical covers

First we note that not every vertex-symmetrical cover is a uniform cover, as seen in the following
example.

Example 3.14. Let I' = K5>[0K4 be the graph with vertex set such that {1,2} x {1,2, 3,4} and
(uy,vy) is adjacent to (u2,v7) if and only if u; = wuy or vi = vp. We saw in Example 3.12, that
K4 has an Ss-arc-symmetrical 2-uniform cover P = {P1, P>, P3, P4} consisting of four 3-cycles.
For each P; € P, let Q; be the set of edges {(u1,v1), (uz,v2)} such that vi = v, or u; = up and
{vi,v2} € Pi. Then Q = {01, 02, 03, 04} is a cover of I with edges of the form {(u,v), (u2,v)}
lying in all four parts while edges of the form {(u, v1), (u, v2)} lie in precisely two parts. The group
G = 8 x 84 is vertex-transitive on I, preserves Q and G is transitive. Moreover, for QeQ,
Gg = $, x 83 is transitive on the vertices in Q and so Q is a G-vertex-symmetrical cover.

We have the following general construction of vertex-symmetrical covers.
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Construction 3.15. LetI' = (V, E) be a G-vertex-transitive graph. Let H < G and let V) be an
orbit of H on vertices. Suppose that there exists an H-invariant nonempty subset P # E of the
edge set of the induced subgraph [V] such that P contains an edge from each G-orbit on E, and
let P = PY. Then each edge of T" lies in some P$. Also, as Vj is an H-orbit and P is H-invariant,
each vertex of V) lies in some edge of P. Thus Vp = Vp and so H < Gp is transitive on VP. Hence
(T", P) is a G-vertex-symmetrical cover.

Every G-arc-symmetrical cover is G-vertex-symmetrical and Example 3.14 shows that the con-
verse is not true in general. Moreover, the following example shows that even if " is G-arc-transitive,
a G-vertex-symmetrical cover is not necessarily G-edge-symmetrical.

Example 3.16. LetI" = K|» and G = PSL(2, 11). Then I" is G-arc-transitive. Moreover, there
exists a set Vy of 5 vertices such that Gy, = Cs. Let P be the complete graph on Vj and P = PG,
Then as seen in Construction 3.15, (I', P) is a G-vertex-symmetrical cover. Since Gy, is not
edge-transitive on P, (I", P) is not G-edge-symmetrical.

We have already seen in Section 1 that uniform covers correspond to 2-designs. This leads to
the following lemma.

Lemma 3.17. A uniform cover (I', P) of a complete graph I' = (V, E) with complete subgraph
parts is G-vertex-symmetrical if and only if (V, P) is a G-flag-transitive 2-design.

4 TRANSITIVE DECOMPOSITIONS

By definition, an xxx-symmetrical decomposition is an xxx-symmetrical 1-uniform cover for each
xxx € {vertex, edge, arc}. Any G-arc-transitive graph has a G-arc-symmetrical decomposition
with each divisor consisting of a single edge. Such a decomposition is called #rivial. We have the
following existence criterion for nontrivial transitive decompositions of edge-transitive graphs.

Lemma 4.1. Let I be a G-edge-transitive graph. Then I has a non-trivial G-transitive decom-
position if and only if G acts on ET imprimitively. More precisely, a subgraph ¥ of T is a divisor
of a G-transitive decomposition if and only if EX. is a block of imprimitivity for G acting on ET .

Proof. By definition a partition P of ET" forms a G-transitive decomposition of I" precisely if P
is G-invariant, that is to say, P is a system of imprimitivity for G on ET. O
This leads to the following general construction.

Construction 4.2. Let I' be a G-edge-transitive graph. Suppose that {v, w} is an edge of I" and
Gpwy <H < G.LetP = {v, wi . Then P = PY is a G-transitive decomposition of T".

In fact, every transitive decomposition of an edge-transitive graph arises in this w