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Foreword

The 2007 Com2MaC International Workshop on Applications of Group Theory to Combinatorics
was held at Pohang University of Science and Technology on July 9–12, 2007 under the sponsorship
of the Combinatorial and Computational Mathematics Center. The aim of the meeting was to bring
together some foremost experts in the areas of combinatorics, group theory and combinatorial
topology in order to stimulate mutual understandings, communications and researches among all
the participants. Presented and discussed topics encompass quite a diverse spectrum, such as coding
theory, design theory, Belyi functions, distance-regular graphs, transitive graphs, regular maps, and
Hurwitz problems.

Among the about 70 participants from Australia, China, France, Japan, Korea, Netherlands, New
Zealand, Russia, Singapore, Slovakia, Slovenia, United Kingdom and United States of America,
27 invited speakers presented their results. This volume contains 11 papers of invited talks at the
workshop which mark the vitality and enthusiasm during the workshop.

Marston Conder gives a brief summary of various aspects of combinatorial group theory and
associated computational methods, with special reference to finitely-presented groups and their
applications, found useful in the study of graphs, maps and polytopes having maximal symmetry.
He discusses recent computational results and how this led to new general results in the theory
of maps.

Yan-Quan Feng, Zai-Ping Lu and Ming-Yao Xu give a brief survey of recent results on
automorphism groups of Cayley digraphs concentrating on the normality of Cayley digraphs.

Michael Giudici, Cai Heng Li and Cheryl E. Praeger introduce three new types of combinatorial
structures associated with group actions, namely symmetrical covers, symmetrical decompositions,
and symmetrical factorisations of graphs. These structures are related to and generalise various
combinatorial objects, such as 2-designs, regular maps, near-polygonal graphs, and linear spaces.
General theory is developed for each of these structures, pertinent examples and constructions are
given, and a number of open research problems are posed.

Gareth Jones surveys recent progress on the combinatorial problem of classifying the orientably
regular embeddings of complete bipartite graphs. The motivation for this problem comes from
two main areas, topological graph theory and arithmetic algebraic geometry, while the techniques
required to solve it come from a third area, finite group theory—specifically the theories of factor-
isable groups and of finite solvable groups.

Goansu Kim and C.Y. Tang discuss separability properties of groups. They discuss S-
separable groups, in particular, residually finite groups, subgroup separable groups and con-
jugacy separable groups.

Jin Ho Kwak, Jaeun Lee and Alexander Mednykh discuss the enumeration problem for
(branched) coverings of Riemann surfaces and, more generally, graphs, manifolds and orbifolds
with finitely generated fundamental group. They present some well-known results in this field,
recent developments of the problem and indicate a general approach to solve the problem in the
high-dimensional case. They cover group-theoretical, combinatorial and topological view points
on the problem.

Sergei Lando surveys recent progress in understanding Hurwitz numbers, with stress made on
their combinatorial rather than geometric nature. Hurwitz numbers enumerate ramified coverings
of two-dimensional surfaces. They have many other manifestations in other fields such as in group
theory, combinatorics, algebraic topology and mathematical physics.
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Huiling Li discusses the applications of finite permutation groups to combinatorial designs.
He discusses block transitive 2 − (v, k , 1) designs with k small and how classical groups act on
designs.

Martin Mačaj, Jozef Širáň and Mária Ipolyiová survey the algebraic background for constructing
representations of triangle groups in linear groups over algebras arising from quotients of multi-
variate polynomial rings, leading to improvements of upper bounds on the order of epimorphic
images of triangle groups with a given injectivity radius and to bounds on the size of the associated
hypermaps with a given planar width.

Tom Tucker views the various genus parameters for finite groups in the broader context of
‘sizings’ of groups, that is, order-preserving functions from the collection of all finite groups to
the natural numbers. He discusses topics like the range of a sizing and whether a sizing provides a
certificate of isomorphism. Also he discusses asymptotic behavior of several sizings.

Alexander Zvonkin studies Belyi functions, also known as dessins d’enfants. These functions
provide a link between many important theories, namely Riemann surfaces, Galois theory, and the
theory of combinatorial maps. More generally, many properties of functions, surfaces, fields, and
groups in question may be ‘‘read from’’ the corresponding pictures, or sometimes constructed in a
‘‘picture form’’. Group theory is related to all the above subjects and therefore plays a central role
in the theory of Belyi functions.

The organizers truly thank Ministry of Science and Technology of Korea and the Korean Science
and Engineering Foundation for their financial support for this successful workshop.

Jack Koolen
Jin Ho Kwak
Ming-Yao Xu
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Combinatorial and computational group-theoretic methods in the study
of graphs, maps and polytopes with maximal symmetry

Marston Conder1

Department of Mathematics, University of Auckland, Auckland, New Zealand

ABSTRACT: This paper gives a brief summary of various aspects of combinatorial group theory
and associated computational methods, with special reference to finitely-presented groups and
their applications, found useful in the study of graphs, maps and polytopes having maximal
symmetry. Recent results include the determination of all arc-transitive cubic graphs on up to
2048 vertices, and of all regular maps of genus 2 to 100, and construction of the first known
examples of finite chiral 5-polytopes. Moreover, patterns in the maps data have led to new
theorems about the genus spectrum of chiral maps and regular maps with simple underlying
graph.

2000 Mathematics Subject Classification: 20B25 (primary), 05C25, 20F05, 52B15, 57M60
(secondary).

1 INTRODUCTION

This paper is intended to give a brief summary of various aspects of combinatorial group theory
and associated computational methods that have proved useful (to the author, at least) in the study
of graphs, maps and polytopes having maximum possible symmetry under certain conditions.
It extends (and updates) an earlier summary given in [9], but is not intended to be a comprehensive
survey, by any means. Our aim is to provide examples of potential interest to students and others
wishing to learn about the use of such theory and methods, together with some references to places
where further details are available.

Special focus is given to finitely-presented groups and means of investigating them (and their
subgroups of finite index and quotients of finite order), with numerous applications.

We begin by giving some background on symmetries of discrete structures and their connection
with certain finitely-presented groups, in Section 2. Then in Section 3 we briefly describe some
ways in which Schreier coset diagrams can be used to depict and construct homomorphic images
of these groups, and give some applications to exhibit the remarkable power of such an approach.
We summarise a number of computational procedures for handling finitely-presented groups in
Section 4, and then look at the particular case of methods for finding subgroups of small index and
quotient of small order, in Section 5. Finally, we describe a theorem of Schur about centre-by-finite
groups and its use in these contexts in Section 6, and complete the paper by announcing some
recent results about the genus spectra of various classes of arc-transitive maps in Section 7.

1 Research supported in part by the N.Z. Marsden Fund, Grant UOA 412.
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2 BACKGROUND: SYMMETRIES OF DISCRETE STRUCTURES,
AND CONNECTIONS WITH FINITELY-PRESENTED GROUPS

2.1 Symmetric graphs

An automorphism of a (combinatorial) graph X = (V , E) is any permutation of its vertices that
preserves adjacency. Under composition, the set of all automorphisms of X forms a group known as
the automorphism group of X and denoted by Aut X . A graph X is called vertex-transitive, edge-
transitive or arc-transitive automorphism group Aut X has a single orbit on the set of vertices,
edges or arcs (ordered edges) of X , respectively. Graphs which are arc-transitive are also called
symmetric, and any graph that is edge-transitive but not vertex-transitive is called semisymmetric.

More generally, for any positive integer s, an s-arc in a graph X is a directed walk of length s
which never includes the reverse of an arc just crossed—that is, an ordered (s + 1)-tuple of
vertices (v0, v1, v2, . . . , vs−1, vs) such that any two consecutive vi are adjacent in X and any three
consecutive vi are distinct. A graph X is then called s-arc-transitive if Aut X has a single orbit on
the set of arcs of X . For example, circuit graphs are s-arc-transitive for all s, while the cube graph
Q3 and all complete graphs on more than three vertices are 2-arc-transitive but not 3-arc-transitive.

The situation for arc-transitive 3-valent graphs (also called symmetric cubic graphs) is particu-
larly interesting. In [32, 33] Tutte proved that if G is the automorphism group of a finite symmetric
cubic graph, then G is sharply-transitive on the set of s-arcs of X for some s ≤ 5 (in which case
X is called s-arc-regular). The smallest example of a finite 5-arc-regular cubic graph is Tutte’s
8-cage, on 30 vertices, depicted in Figure 1.

By further theory of symmetric cubic graphs (developed by Tutte, Goldschmidt, et al), it is
now known that if X is a 5-arc-regular cubic graph, then Aut X is a homomorphic image of the
finitely-presented group

G5 = 〈 h, a, p, q, r, s | h3 = a2 = p2 = q2 = r2 = s2 = 1,
pq = qp, pr = rp, ps = sp, qr = rq, qs = sq, sr = pqrs,
ap = qa, ar = sa, h−1ph = p, h−1qh = r, h−1rh = pqr, shs = h−1 〉,

with the subgroups H = 〈h, p, q, r, s〉, A = 〈a, p, q, r, s〉 and H ∩ A = 〈p, q, r, s〉 mapping to the
stabilizers of a vertex, edge and arc, respectively.

Conversely, given any epimorphism θ : G5 → G to a finite group G, with torsion-free kernel
K , a cubic graph X may be constructed on which G acts 5-arc-regularly: Take as vertices the

Figure 1. Tutte’s 8-cage.
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right cosets of V = HK in G5, and join Vx to Vy by an edge whenever xy−1 ∈ VaV . Under right
multiplication by G5, the stabilizer of the vertex V is V , which induces S3 on the neighbourhood
{Ha, Hah, Hah−1} of H , and the group induced on X is G5/K ∼= G. Thus 5-arc-regular cubic graphs
correspond to non-degenerate homomorphic images of the group G5. See [18] for further details.

Tutte’s work for symmetric 3-valent graphs was extended by Richard Weiss to the study of finite
symmetric graphs of arbitrary valency, using the classification of doubly-transitive permutation
groups. In particular, Weiss proved the following generalisation of Tutte’s theorem in [34, 35]:

Theorem 1. (Weiss, 1981 & 1987) There are no finite k-arc-transitive graphs of degree > 2
for k ≥ 8. Moreover, if X is a finite 7-arc-transitive graph of degree d > 2, then d = 3t + 1
for some positive integer t, and G = Aut X is obtainable as a homomorphic image of a certain
finitely-presented group Rd,7.

For example, R4,7 has a presentation in terms of generators p, q, r, s, t, u, v, h, b subject to defin-
ing relations that include h4 = p3 = q3 = r3 = s3 = t3 = u3 = v2 = b2 = 1, (hu)3 =
(uv)2 = (huv)2 = [h2, u] = [h2, v] = 1, [s, t] = p, [q, r] = 1, and so on, and the automorphism
group of every finite 7-arc-transitive 4-valent graph is a non-degenerate homomorphic image of
this group R4,7.

2.2 Regular maps

A map is a 2-cell embedding of a connected (multi)graph in a surface, and an automorphism of a
map M is any permutation of its edges that preserves incidence. A map M is called regular if its
automorphism group Aut M is sharply-transitive (regular) on flags, that is, on incident vertex-edge-
face triples. Similarly, a map M on an orientable surface is called rotary (or orientably-regular) if
the group of all its orientation-preserving automorphisms is transitive on the ordered edges of M .

If M is rotary or regular then every face has the same number of edges (say p) and every vertex
has the same valency (say q), and M has type {p, q}. Regular maps of type {p, q} correspond to
non-degenerate homomorphic images of the full (2, p, q) triangle group � = 〈 a, b, c | a2 = b2 =
c2 = (ab)p = (bc)q = (ac)2 = 1〉; the image of 〈a, b〉 gives the stabilizer of a vertex v, the image of
〈a, c〉 gives the stabilizer of an edge e, and the image of 〈b, c〉 gives the stabilizer of a face f , where
(v, e, f ) is a flag, and incidence corresponds to non-empty intersection of cosets. Similarly, rotary

a
K Ka

o

Figure 2. Chirality in terms of normal subgroups of �o.
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maps of type {p, q} correspond to non-degenerate homomorphic images of the ordinary (2, p, q)
triangle group �o = 〈 x, y, z | xp = yq = z2 = xyz = 1 〉, which has index 2 in � (when x, y, z are
taken as ab, bc, ca respectively). See [12] for further details.

If the rotary map M of type {p, q} admits no orientation-reversing automorphisms, then M is said
to be irreflexible, or chiral, and Aut M is a quotient of the ordinary (2, p, q) triangle group �o but
not the full (2, p, q) triangle group�. In that case, the kernel K of the corresponding epimorphism
θ : �o → Aut M is not normal in�. Indeed if M is rotary and θ : �o → Aut M is the corresponding
non-degenerate homomorphism, then M is reflexible if and only if K is normalized by any element
a ∈ � \�o:

If the subgroup K is not so normalized, then the rotary map M is chiral and Ka is the kernel of
the corresponding epimorphism for the mirror image of M .

2.3 Abstract polytopes

An abstract polytope of rank n is a partially ordered set P endowed with a strictly monotone rank
function having range {−1, . . . , n}. The elements of rank 0, 1 and n − 1 are called the vertices,
edges and facets of the polytope, respectively. For −1 ≤ j ≤ n, elements of P of rank j are called
the j-faces, and a typical j-face is denoted by Fj . We require that P have a smallest (−1)-face F−1,
and a greatest n-face Fn, and that each maximal chain (or flag) of P has length n+ 2, and is of the
form F−1 − F0 − F1 − F2 − · · · − Fn−1 − Fn.

This poset P must satisfy certain combinatorial conditions which generalise the properties of
geometric polytopes. One requirement is a kind of homogeneity property, called the diamond
condition: whenever F ≤ G, with rank(F) = j−1 and rank(G) = j+1, there are exactly two
j-faces Hi such that F ≤ Hi ≤ G. It is further required that P be strongly flag-connected, which
means that any two flags� and� of P can be joined by a sequence of flags� = �0,�1, . . . ,�k =
� such that each two successive faces �i−1 and �i are adjacent (that is, differ in only one face),
and � ∩� ⊆ �i for all i.

An automorphism of an abstract polytope P is an order-preserving bijection P → P . A polytope
P is regular if the automorphism group �(P) is transitive on the flags of P .

When P is regular, �(P) can be generated by n involutions ρ0, ρ1, . . . , ρn−1, where each ρi maps
a given base flag � to the adjacent flag �i (differing from � only in its i-face). These generators
satisfy (among others) the defining relations for the Coxeter group of Schläfli type [p1, . . . , pn−1],
where pi = o(ρi−1ρi) for 1 ≤ i < n.

The generators ρi for �(P) also satisfy an extra condition known as the intersection condition,
namely 〈 ρi : i ∈ I 〉 ∩ 〈 ρi : i ∈ J 〉 = 〈 ρi : i ∈ I ∩ J 〉 for every I , J ⊆ {0, 1, . . . , n− 1}.

3

2

1

0

Figure 3. Partial illustration of a 3-polytope.
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p1 p2 p

n

Figure 4. Dynkin diagram for the Coxeter group [p1, . . . , pn−1].

Conversely, if � is a permutation group generated by n elements ρ0, ρ1, . . . , ρn−1 which satisfy
the defining relations for a Coxeter group of rank n and satisfy the intersection condition, then
there exists a polytope P with �(P) ∼= �.

Similarly, chiral polytopes of rank n are obtainable from certain non-degenerate homomorphic
images of the ‘even-word’ subgroups 〈 ρi−1ρi : 1 ≤ i < n 〉 of these n-generator Coxeter groups.
The automorphism group of a chiral polytope has two orbits on flags, with adjacent flags always
lying in different orbits.

See [15, 29] (and references therein) for further details.

3 SCHREIER COSET DIAGRAMS

Given a transitive permutation representation of a finitely-generated group G on a set�, the effect
of the generators of G on� can be depicted by a graph with� as vertex-set, and edges joining α to
αx for each point α ∈ � and every element x in some generating set for G. Such a graph is known
as a Schreier coset graph (or coset diagram) because, equivalently, given a subgroup H of G, the
effect of the generators of G by right multiplication on right cosets of H can be depicted by the same
graph, with� taken as the coset space (G :H ), and edges joining Hg to Hgx for every generator x.
(The correspondence is obtained by letting H be the stabilizer of any point of �.) See [25, 8] for
further details.

For example, Figure 5 gives a coset diagram for an action of the ordinary (2, 3, 7) triangle group
〈 x, y | x2 = y3 = (xy)7 = 1〉 on 7 points, in which the triangles and heavy dot depict 3-cycles and
the fixed point of the permutation induced by the generator y:

Often two Schreier coset diagrams for the same group G on (say) m and n points can be
composed to produce a transitive permutation representation of larger degree m+n. This technique
(attributable to Graham Higman) can be used in some instances to construct families of epimorphic
images of the given group G (and interesting objects on which they act), and to prove that G is
infinite. For example, one method of composition of coset graphs for the ordinary (2, 3, 7) triangle
group is illustrated in Figure 6.

This method was used to prove, for example, that for every integer m ≥ 7, all but finitely
alternating and symmetric groups are epimorphic images of the (2, 3, m) triangle group—and
hence for all but finitely many n, there exists a rotary map M of type {3, m} with An or Sn as its
orientation-preserving group of automorphisms (see [5]). In fact all those maps are regular, but the
same method can be adapted to prove that for all m ≥ 7 and for all but finitely many n (for each
m), there exists a chiral map M of type {3, m} with Aut(M ) ∼= An (see [3]). More generally, Brent

2

3

4

5 6 7

1

Figure 5. Example of a coset diagram.
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Figure 6. Composition of coset graphs for the ordinary (2, 3, 7) triangle group.

Everitt has proved that every Fuchsian group has all but finitely many An among its epimorphic
images; see [27].

A variant of this method of composition can be used to prove that there are infinitely many
5-arc-transitive connected finite cubic graphs [6], and infinitely many 7-arc-transitive connected
finite 4-valent graphs [24]. A more careful analysis shows even that there are infinitely many
5-arc-transitive 3-valent finite Cayley graphs, and that every such Cayley graph is a cover of one
of just six examples, and that for every positive integer t, there are infinitely many 7-arc-transitive
finite Cayley graphs of valency 1+3t (see [10]).

4 COMPUTATIONAL PROCEDURES

The last 40 years have seen the development of a wide range of efficient computational procedures
for investigating groups with a small number of generators and defining relations. Here we give a
brief description of some of those which are very useful in the kinds of contexts mentioned earlier
in this paper. All of these procedures are available in the MAGMA package [1]. For further details
and references, see the very helpful books on computational group theory by Sims [31] and Eick,
Holt & O’Brien [28].

• Todd-Coxeter coset enumeration: This attempts to determine the index of a given finitely-
generated subgroup H in a given finitely-presented group G = 〈X |R〉, by systematically
enumerating the right cosets of H in G; when it succeeds, the output can given in the form
of a coset table (in which the (i, j)th entry indicates the number of the coset obtained by multi-
plying the ith coset of H by the jth generator of G), or as permutations induced by the generators
of G on right cosets of H .
• Reidemeister-Schreier algorithm: This gives a defining presentation for a subgroup H of finite

index in a finitely-presented group G = 〈X |R〉, when the coset table is known; the generators
for H are Schreier generators (obtainable from a Schreier transversal for H in G, which can be
identified with a rooted spanning tree for the corresponding coset graph for (G : H )), and the
relations are easily derived from the coset table and the relations for G (or by ‘chasing’ each
relation for G around the coset diagram).
• Abelian quotient algorithm: This produces the direct factors of the abelianisation G/G′ =

G/[G, G] of a finitely-presented group G = 〈X |R〉, in Smith normal form. When taken together
with a variant of the Reidemeister-Schreier algorithm, it can also determine the abelianisation
H/H ′ of a subgroup H of finite index in G, when the coset table for H in G is known.
• Low index subgroups algorithm: This finds a representative of each conjugacy class of subgroups

of up to a given index n in a finitely-presented group G = 〈X |R〉, and will be explained further
in the next Section.
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• p-quotient algorithm: This finds, for a given prime p and a given positive integer c, the largest
possible quotient P of the finitely-presented group G = 〈X |R〉 with the property that P is a
p-group of class at most c; for example, when c = 1 or 2 this is the largest abelian or metabelian
p-quotient, respectively.
• Nilpotent quotient algorithm: This finds, for a given positive integer c, the largest possible

nilpotent quotient of the finitely-presented group G = 〈X |R〉 of class at most c; for example,
when c = 1 or 2 this is the largest abelian or metabelian quotient, respectively.

5 LOW INDEX SUBGROUPS METHODS

Given a finitely-presented group G = 〈X |R〉 and a (small) positive integer n, all subgroups of
index up to n in G can be found (up to conjugacy) by a systematic enumeration of coset tables
with up to n rows. In practice, this is achieved by using an extended coset table, which includes
the effect of multiplying cosets of the (pseudo-) subgroup by the inverses of the elements of the
generating set X for G, as depicted below:

Such tables are assumed to be in normal form, which means that lexicographically, no coset
number j appears for the first time before a coset number k less than j. The enumeration procedure
usually defines more than n cosets, and then coincidences are forced between cosets. As cosets Hv
and Hw of a subgroup H are equal if and only if vw−1 ∈ H , forcing any coincidence gives rise to a
new element of the subgroup, which is then taken as an additional generator of the subgroup. The
fact that every subgroup of finite index in G is finitely-generated (by Schreier’s theorem) ensures
that this procedure will terminate, given sufficient time and memory. See [31, 28, 14] for further
details and references.

A key point about the low index subgroups algorithm is that it can be used to find ‘small’ finite
epimorphic images of a finitely-presented group G: for each subgroup H of index n in G, the
permutations induced by generators of G on right cosets of H generate the factor group G/K where
K is the core of H (the intersection of all conjugates of H ) in G, as a subgroup of Sn.

These images can often be used as the ‘building blocks’ for the construction of larger images
(as in Section 3), or produce interesting examples in their own right. For instance, the first known
examples of arc-transitive cubic graphs admitting no edge-reversing automorphisms of order 2,
and first known 5-arc–transitive cubic graph having no s-arc-regular group of automorphisms for
s < 5, were found in this way (see [18]). The same approach was used to help construct infinite
family of 4-arc-transitive connected finite cubic graphs of girth 12, and then (unexpectedly) to a
new symmetric presentation for the special linear group SL(3, Z); see [7]. Similarly, it enabled
the construction of a infinite family of vertex-transitive but non-Cayley finite connected 4-valent
graphs with arbitrarily large vertex-stabilizers in their automorphism groups [23], the first known
example of a finite half-arc-transitive (vertex- and edge-transitive but not arc-transitive) 4-valent
finite graph with non-abelian vertex-stabilizer [20], and the first known examples of finite chiral
polytopes of rank 5 [15].

Two drawbacks of the (standard) low index subgroups algorithm are the fact that the finite
quotients it produces can have large order but small minimal degree (as permutation groups), and

x1 x2 . . . x
1

1
x

1

2
. . .

1 2 3 4

2 1

3 1

4 1

:

Figure 7. An extended coset table.
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the fact that it tends to be very slow for large index n or complicated presentations. (Also for
some groups, like the modular group 〈 x, y | x2, y3〉, the number of subgroups grows exponentially,
making it impossible to search very far.)

It is not difficult, however, to adapt the algorithm so that it produces only normal subgroups
(of up to a given index), and this adaptation runs much more quickly (for given maximum) index,
and hence can produce all quotients of up to a given order, not just those which have faithful
permutation representations of small degree.

Such an adaptation was developed by the author and Peter Dobcsányi (as part of Peter’s PhD thesis
project), and applied to find all rotary and regular maps on orientable surfaces of genus 2 to 15, all
regular maps on non-orientable surfaces of genus 2 to 30, and all arc-transitive cubic graphs on up
to 768 vertices; see [12, 13]. It was also subsequently used to help find all semisymmetric cubic
graphs on up to 768 vertices [19], and to assist in obtaining a refined classification of arc-transitive
group actions on finite cubic graphs (by types of arc-transitive subgroups) [21].

Recently, a new method for finding normal subgroups of small index has been developed by
Derek Holt and his student David Firth. This systematically enumerates the possibilities for the
composition series of the factor group G/K (for any normal subgroup K of small index in G), and
works much faster, for index up to 100, 000 in many groups with straightforward presentations.
It too has been implemented in the MAGMA package [1].

This new method has enabled the determination of all rotary and regular maps (and hypermaps)
on orientable surfaces of genus 2 to 101, all regular maps on non-orientable surfaces of genus 2 to
202, and all arc-transitive cubic graphs on up to 2048 vertices (and thereby the accidental discovery
of largest known cubic graph of diameter 10); see [11]. Consequences of finding patterns in the
list of maps of small genus will be described in Section 7.

6 SCHUR’S THEOREM

A particularly useful (but not so well known) piece of combinatorial group theory is Schur’s theorem
on centre-by-finite groups.

Theorem 2 (Schur). If the centre Z(G) of the group G has finite index |G :Z(G)| = m in G, then
the order of every element of G′ = [G, G] is finite and divides m.

Closely tied to the Schur-Zassenhaus theorem, this theorem can be proved easily using the
transfer homomorphism τ : G→ Z(G) (which takes g �→ gm for all g ∈ G), once it is noted that
ker τ contains G′. See [30] for further background and details.

The author is grateful to Peter Neumann for pointing out the usefulness of Schur’s theorem in
order to obtain the following in some work with Ravi Kulkarni on families of automorphism groups
of compact Riemann surfaces:

Theorem 3 [16]. Let p, q and d be positive integers, with gcd(p, q) = 1. Then there are only
finitely many finite groups which can be generated by two elements x and y of orders p and q
respectively such that xy generates a subgroup of index at most d.

In turn, the above helps disprove the possibility that certain cyclic-by-finite groups might be
rotation groups of orientably-regular maps. For example, suppose the map M is a ‘central cover’
of the octahedral map, of type {3, 4t} for some t, with rotation group G = AutoM ∼= 〈 x, y, z | x3 =
y4t = (xy)2 = 1, [x, y4] = 1〉. How large can t be? Here we may note that Z(G) contains
N = 〈 y4〉, with G/N ∼= S4, so |G : Z(G)| divides 24. Also G/G′ ∼= C2, and G′ = 〈x, y−1xy, y2〉.
Hence by Schur’s theorem, the order of y2 divides 24, so t divides 12. (But furthermore, we can
use Reidemeister-Schreier theory to obtain presentations (and hence the orders) of subgroups of
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G: the index 6 subgroup H = 〈 y2, (xy−1)2〉 has order dividing 24, so |G| = |G : H ||H | divides
144, so t divides 6.)

7 MORE RECENT RESULTS

Some new discoveries have been made (and proved) very recently as a result of observations made
about the data produced from the computations described at the end of Section 5.

Two major breakthroughs in the study of rotary and regular maps were made possible by noticing
that there is no orientably-regular but chiral map of genus 2, 3, 4, 5, 6, 9, 13, 23, 24, 30, 36, 47,
48, 54, 60, 66, 84 or 95, and similarly that there is no regular orientable map of genus 20, 32, 38,
44, 62, 68, 74, 80 or 98 with simple underlying graph. A lot of these exceptional genera are of the
form p+ 1 where p is prime—a phenomenon that was not so easy to observe until the rotary maps
of genus 2 to 100 were known—and this observation led to the following (proved in joint work
with Jozef Siráň and Tom Tucker):

Theorem 4 [22]. If M is an irreflexible (chiral) orientably-regular map of genus p + 1 where p
is prime, then

either p ≡ 1 mod 3 and M has type {6, 6},
or p ≡ 1 mod 5 and M has type {5, 10},
or p ≡ 1 mod 8 and M has type {8, 8}.

In particular, there are no such maps of genus p+ 1 whenever p is a prime such that p− 1 is not
divisible by 3, 5 or 8.

Theorem 5 [22]. There is no regular map M with simple underlying graph on an orientable
surface of genus p+ 1 whenever p is a prime congruent to 1 mod 6, for p > 13.

In fact, what was achieved in [22] is a complete classification of all regular and orientably-regular
maps M for which |Aut M | is coprime to the map’s Euler characteristic χ (if χ is odd) or to χ /2
(if χ is even), and that leads not only to the above two theorems, but also to a simpler proof of the
following theorem of Breda, Nedela & Siráň:

Theorem 6 [2]. There is no regular map M on a non-orientable surface of genus p+ 1 whenever
p is a prime congruent to 1 mod 12, for p > 13.

Here is a sketch proof of the classification leading to these three results. First, let M be a rotary
map on an orientable surface of genus g, let G = AutoM be its group of orientation-preserving
automorphisms, and suppose |G| is coprime to g − 1. Then by the Euler-Poincaré formula, the
type {k , m} of M is restricted (by arithmetic) to one of five different families. Moreover, the group
G = AutoM is almost Sylow-cyclic, meaning that every Sylow subgroup of odd order in G is
cyclic, and every Sylow 2-subgroup of G contains a cyclic subgroup of index 2. The Suzuki-Wong
classification of non-solvable almost Sylow-cyclic groups can be used to deduce that G = AutoM
is solvable, except in the case of one of the five families. It is then possible to classify those cases
where the vertex-stabilizer and face-stabilizer intersect trivially, and use Ito’s theorem and Schur’s
transfer theory to deal with the more general case. What is remarkable is that the map M turns out
to be reflexible whenever the coprime condition is satisfied.

Another outcome concerns reflexibility of Cayley maps. Briefly, a Cayley map for a group G is
an embedding of a Cayley graph for G in a surface as a rotary map—or equivalently, a rotary map
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which admits the action of G as a group of automorphisms acting regularly (sharply-transitively)
on vertices. From an inspection of the rotary maps of genus 2 to 100 in [11], it was noticed that for
small genus, a rotary Cayley map for a cyclic group is reflexible if and only if it is anti-balanced
(that is, if and only if the embedding of the Cayley map sees the neighbours of the identity element
ordered in a way that is reversed by their inversion), and then this was proved in general in a piece
of joint work with Jozef Siráň and Young Soo Kwon [17] just a few months before this paper was
written.
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ABSTRACT: Let G be a group and S ⊂ G with 1 �∈ S. A Cayley digraph Cay(G, S) on G with
respect to S is the digraph with vertex set G such that, for x, y ∈ G , there is a directed edge from
x to y whenever yx−1 ∈ S. If S−1 = S, then Cay(G, S) can be viewed as an (undirected) graph by
identifying two directed edges (x, y) and ( y, x) with one edge {x, y}.

Let X = Cay(G, S) be a Cayley digraph. Then every element g ∈ G induces naturally an
automorphism R(g) of X by mapping each vertex x to xg. The Cayley digraph Cay(G, S) is said to
be normal if R(G) = {R(g)|g ∈ G} is a normal subgroup of the automorphism group of X . In this
paper we shall give a brief survey of recent results on automorphism groups of Cayley digraphs
concentrating on the normality of Cayley digraphs.

Keywords: Cayley digraph, normal Cayley digraph, arc-transitive graph, half-arc-transitive graph.
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1 INTRODUCTION

Throughout this paper graphs or digraphs (directed graphs) are finite and simple unless specified
otherwise. For a (di)graph X , we denote by V (X ), E(X ) and Aut(X ) the vertex set, the edge set
and the automorphism group of X , respectively. A (di)graph is said to be vertex-transitive or edge-
transitive if Aut(X ) acts transitively on V (X ) or E(X ), respectively. Note that for an (undirected)
graph X , each edge {u, v} of X gives two ordered pairs (u, v) and (v, u), called arcs of X . Thus we
sometimes, if necessary, view a graph X as a digraph.

Let G be a group and S a subset of G such that 1 �∈ S. The Cayley digraph Cay(G, S) on G with
respect to S is defined as the directed graph with vertex set G and edge set {(g, sg) | g ∈ G, s ∈ S}.
For a Cayley digraph X = Cay(G, S), we always call | S | the valency of X for convenience. If
S is symmetric, that is, if S−1 = {s−1 | s ∈ S} is equal to S, then Cay(G, S) can be viewed as
an undirected graph by identifying two oppositely directed edges with one undirected edge. We
sometimes call a Cayley digraph Cay(G, S) a Cayley graph if S is symmetric, and say Cay(G, S) a
directed Cayley graph to emphasize S−1 �= S.

Let X = Cay(G, S) be a Cayley digraph. Consider the action of G on V (X ) by right multiplica-
tion. Then every element g ∈ G induces naturally an automorphism R(g) of X by mapping each
vertex x to xg. Set R(G) = {R( g) | g ∈ G}. Then R(G) is a subgroup of Aut(X ) and R(G) ∼= G.
Thus X is a vertex-transitive digraph. Clearly, R(G) acts regularly on vertices, that is, R(G) is
transitive on vertices and only the identity element of R(G) fixes any given vertex. Further, it is
well-known that a digraph Y is isomorphic to a Cayley digraph on some group G if and only if its
automorphism group contains a subgroup isomorphic to G, acting regularly on the vertices of Y
(see [5, Lemma 16.3]). Noting that R(G) is regular on V (X ), it implies Aut(X ) = R(G)Aut(X )1.
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For the case where R(G) � Aut(X ), we have the following concept, which was fist proposed by
Xu [52].

Definition 1.1. A Cayley digraph X = Cay(G, S) is said to be normal if R(G) is a normal
subgroup of Aut(X ).

It was conjectured in [52] that ‘most’ Cayley digraphs are normal. In the literatures, studying
normality or, equivalently, determining automorphism groups of Cayley digraphs itself has been
becoming an very active topic in the algebraic graph theory, which also play an important role in
the investigation of various symmetry properties of digraphs. We need more concepts to start our
survey on the works about normality of Cayley digraphs and its application to the symmetries of
digraphs.

Let X be a graph. An s-arc in X is an ordered (s + 1)-tuple (v0, v1, . . . , vs) of vertices such
that vi−1 is adjacent to vi for 1 ≤ i ≤ s, and vi−1 �= vi+1 for 1 ≤ i < s; in other words, it is a
directed walk of length s which never includes the reverse of an arc just crossed. A 1-arc is also
called an arc simply. The graph X is said to be s-arc-transitive if Aut(X ) is transitive on the vertex
set and on the set of all s-arcs in X ; and X is said to be s-transitive if it is s-arc-transitive but not
(s + 1)-arc-transitive. We also call a 1-arc-transitive graph an arc-transitive or symmetric graph.
A subgroup of the automorphism group of an s-arc-transitive graph X is said to be s-regular if it
acts regularly on the set of s-arcs of X . In particular, X is said to be s-regular if the automorphism
group Aut(X ) itself is s-regular. Thus, if a graph X is s-regular then Aut(X ) is transitive on s-arcs
and the only automorphism fixing an s-arc is the identity automorphism of X . Finally, the graph
X is said to be half-arc transitive if it is vertex-transitive and edge-transitive but not arc-transitive.

In this paper, we denote by Zn or Dn, respectively, the cyclic group or the dihedral group of order
n, and by Z

m
p the elementary abelian p-group Zp × Zp × · · · × Zp

︸ ︷︷ ︸

m times

, where p is a prime and m is

a positive integer.

2 THE NORMALITY OF CAYLEY DIGRAPHS

Let X = Cay(G, S) be a Cayley digraph. Let α be an automorphism of G. Then α induces a
permutation on V (X ) naturally. It is easily shown that α induces an automorphism of the digraph
X if and only if it preserves S, that is Sα = {sα | s ∈ S} = S. Furthermore, Aut(G, S) = {α ∈
Aut(G) | Sα = S} is a subgroup of Aut(G), and can be viewed as a subgroup of the stabilizer of
the vertex 1 in Aut(X ). It is easy to show that NAut(X )(R(G)) = R(G) � Aut(G, S) (see [52], for
example). Then R(G)� Aut(X ) implies Aut(X )1 = Aut(G, S), and the converse also holds. Thus
we get a basic criteria for normal Cayley digraph.

Proposition 2.1 [52, Proposition 1.5]. Let X = Cay(G, S) be a Cayley digraph on a finite group
G with respect to S. Let A = Aut(X ) and let A1 be the stabilizer of 1 in A. Then X is normal if and
only if A1 = Aut(G, S).

By Proposition 2.1, if X = Cay(G, S) is normal then Aut(X ) = R(G)� Aut(G, S), which also
can be obtained from Godsil [25]. This implies that the automorphism group of a normal Cayley
digraph is known and normal Cayley digraphs are just those which have the smallest possible full
automorphism groups.

Note that being a normal Cayley digraph is not invariant under digraph isomorphisms, and so
strictly depends upon which group the digraph is a Cayley digraph on. For example, the three-
dimensional hypercube Q3 is a Cayley graph on either the group Z

3
2 or the group Z4 × Z2,

and the Cayley graph on the first group is normal, but the Cayley graph on the second group
is not.
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Let S and T be two subsets of G such that 1 �∈ S and 1 �∈ T . If there is an α ∈ Aut(G) such that
Sα = T , then S and T are said to be equivalent, denoted by S ≡ T . It is easy to see that if S and
T are equivalent, then Cay(G, S) is normal if and only if Cay(G, T ) is normal. Thus, to study the
normality of Cayley digraphs on a group G, it suffices to deal with all non-equivalent subsets of
G. Here we mention two results as examples.

Proposition 2.2 [21]. Let G be a nonabelian group of order 2p2 for an odd prime p and S
a two-element generating subset of G. Then X = Cay(G, S) is nonnormal if and only if

G = 〈a, b, c | ap = bp = c2 = 1, [a, b] = [a, c] = 1, c−1bc = b−1〉

and S ≡ {ca, cba−1}; further, Aut(X ) ∼= R(G) · (Z2 × Z2).

Proposition 2.3 [58]. Let X = Cay(G, S) be a connected cubic Cayley graph of order 4p for a
prime p. Then either R(G)� Aut(X ), or one of the following happens:

(1) G = 〈a〉 × 〈b〉 ∼= Z4 × Z2, S ≡ {a, a−1, b}, Aut(X ) ∼= Z
3
2 � S3, and X ∼= Q3, the three-

dimensional hypercube of order 8;
(2) G = 〈a, b | a4 = b2 = 1, bab = a−a〉, S ≡ {b, a, a−1} or {b, ab, a2b}, and X ∼= Q3;
(3) G = 〈a, b | a2p = b2 = 1, b−1ab = a−1〉 for p ≥ 3, S ≡ {b, ab, apb} and Aut(X ) ∼= Z

p
2 � D2p

However, for a finite group G we do not know in general whether there are two subsets S and T
of G not containing the identity such that Cay(G, S) ∼= Cay(G, T ) and that Cay(G, S) is normal but
Cay(G, T ) is nonnormal. For this reason, the non-equivalent subsets corresponding to nonnormal
(normal) Cayley digraphs are usually given when a classification of nonnormal (normal) Cayley
digraphs on a given group is done.

In most situations, it is difficult to determine the normality of Cayley digraphs. In fact the only
groups, for which the complete information about the normality of Cayley (di)graphs is available,
are the cyclic groups of prime order (see the below theorem) and the groups of order a product of
two primes (see the next section). It is well-known that every transitive permutation group of prime
degree p is either 2-transitive or solvable with a regular normal Sylow p-subgroup (for example,
see [7 Corollary 3.5B]). This implies the following proposition, which was also obtained in [1].

Theorem 2.4. A Cayley digraph on a group of prime order p is normal if the digraph is neither
the empty graph nor the complete graph of order p.

Noting that Xu [52] reviewed the results about the normality of Cayley digraphs obtained
before 1997, in what follows we shall mainly review the results obtained after 1997.

3 CAYLEY DIGRAPHS OF ORDER pq

This section is to collect several results on the normality of Cayley digraphs of order a product of
two primes. For the convenience of statement, we need some graph notations.

Let X and Y be two digraphs. Denote by X c the complement of X in the complete digraph
Km, where m = | V (X ) |. The lexicographic product X [Y ] is defined as the digraph with vertex
set V (X [Y ]) = V (X ) × V (Y ) such that for any two vertices u = (x1, y1) and v = (x2, y2) in
V (X [Y ]), (u, v) is an edge in X [Y ] whenever (x1, x2) ∈ E(X ) or x1 = x2 and (y1, y2) ∈ E(Y ). Let
V (Y ) = {y1, y2, . . . , yn}. Then there is a natural embedding nX in X [Y ], where for 1 ≤ i ≤ n,
the ith copy of X is the subgraph induced on the vertex subset {(x, yi) | x ∈ V (X )} in X [Y ]. The
deleted lexicographic product X [Y ] − nX is the digraph obtained by deleting all the edges of (this
natural embedding of) nX from X [Y ].
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For the normality of Cayley digraphs on a group of order a prime square, Dobson and Witte [8]
proved the following result which is a complete answer for Problem 3 posed by Xu in [52].

Theorem 3.1 [8, Corollary 3]. Let p be a prime. Then a Cayley digraph X = Cay(G, S) on a
group G of order p2 is nonnormal if and only if X is isomorphic to one of the following digraphs:

(1) X = Kp2 , where p ≥ 3 or p = 2 and G = Z4;
(2) X = X1[X2], where X1 and X2 are Cayley digraphs on the cyclic group of order p, p ≥ 3;
(3) X is a Cayley digraph on Z

2
p but not Zp2 , p ≥ 5, with S = {(i, 0), (0, j) | i, j ∈ Zp} or the

complement of this graph;
(4) X is a Cayley digraph on Z

2
p but not Zp2 , p ≥ 5, with S satisfying the following properties,

where H = {(0, i) | i ∈ Zp},
(A) H ∩ S = ∅ or H ∩ S = H − {(0, 0)},
(B) for every coset (a, 0) + H �= H of H, ((a, 0) + H ) ∩ S = (a, b) + H, ∅, {(a, 0)}, or

((a, 0)+ H )− {(a, 0)}.
The normality of Cayley digraphs on a group of order 2p was determined by Du, Wang and

Xu [10]. For the convenience of statement, we need some notations. In Table 1. ‘‘Y ’’ denotes any
transitive digraph of order p; the graph B(H (11)) is the incidence graph of the doubly transitive
Hadamard 2-(11, 5, 2)-design H (11); and PG(n − 1, q) denotes the point-hyperplane incidence
graph of the (d − 1)-dimensional projective geometry PG(n− 1, q).

Proposition 3.2 [10, Theorem 1.6]. All Cayley digraphs on groups of order twice a prime p are
normal, except for the digraphs listed in Table 1.

We now consider the normality of Cayley graphs of order pq. By Proposition 3.2, one may let
p>q≥3. All vertex-primitive or edge-transitive Cayley graphs of order pq can be extracted from [2,
45, 46, 50, 51] and all vertex-primitive Cayley graphs of order pq are nonnormal (see [52, Theorem
2.12]), which can be read out from [46]. Furthermore, Lu and Xu [38] investigated the normality
of imprimitive Cayley graphs of order pq, which answered the first part of Problem 2 posed in [52].

Table 1. Nonnormal Cayley digraphs X of groups G of order 2p.

Row Digraph X Aut(X ) Group G p Remark

1 K4 S4 Z4 2
2 4K1 S4 Z4 2
3 2pK1 S2p Z2p and D2p p > 2
4 pK2 Z2 
 Sp Z2p and D2p p > 2
5 2Y , Y �= pK1 Aut(Y ) 
 Z2 Z2p and D2p p > 2 For D2p, Aut(Y ) > Zp
6 Y [2K1], Y �= pK1 Z2 
 Aut(Y ) Z2p and D2p p > 2 For D2p, Y undirected
7 Y [K2], Y �= pK1 and Kp Z2 
 Aut(Y ) Z2p and D2p p > 2 For D2p, Y undirected
8 K2p S2p Z2p and D2p p > 2
9 K2[Y ], Y �= Kp Aut(Y ) 
 Z2 Z2p and D2p p > 2 For D2p, Aut(Y ) > Zp
10 Kp, p − pK2 Sp × Z2 Z2p and D2p p > 2
11 (Kp, p − pK2)

c Sp × Z2 Z2p and D2p p > 2
12 B(H (11)) PGL(2, 11) D2p 11
13 K11,11 − B(H (11)) PGL(2, 11) D2p 11
14 (B(H (11)))c PGL(2, 11) D2p 11
15 (K11,11 − B(H (11)))c PGL(2, 11) D2p 11
16 B(PG(n− 1, q)) P�L(n, q)� Z2 D2p

qn−1
q−1 n ≥ 3

17 Kp, p − B(PG(n− 1, q)) P�L(n, q)� Z2 D2p
qn−1
q−1 n ≥ 3

18 (B(PG(n− 1, q)))c P�L(n, q)� Z2 D2p
qn−1
q−1 n ≥ 3

19 (Kp, p − B(PG(n− 1, q)))c P�L(n, q)� Z2 D2p
qn−1
q−1 n ≥ 3
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Let G be a finite group of order pq, where p, q are distinct primes. By elementary group theory,
we know that G ∼= Zpq or Fpq, where Fpq is the Frobenius group of order pq, that is,

Fpq = 〈a, b | a p = bq = 1, ba = br〉
for r �≡ 1(mod p), rq ≡ 1(mod p) and q | p− 1.

By analyzing actions of the automorphism groups of Cayley graphs of order pq, Lu and Xu [38]
constructs all possible imprimitive nonnormal Cayley graphs of order pq. The following result is
a brief version of the main result [38, Theorem 3.1].

Proposition 3.3. Assume that p and q are distinct primes with p > q ≥ 3. Let X be a nonnormal
Cayley graph on a group G with | G | = pq. Assume further that A = Aut(X ) acts imprimitively
on V (X ). Then one of the following happens.

(1) X ∼= Ym[Yn] or (Ym[Yn])c, G = Zpq or Fpq, and A = Aut(Yn) 
Aut(Ym), where {m, n} = {p, q},
Yp and Yq are Cayley graphs of Zp and Zq, respectively, such that one of them is connected
and one of them is not complete.

(2) A ≥ Zq × Sp and G = Zpq or Fpq.
(3) q > 3, A = H × Sq, p || H | and G = Zpq or Fpq; further, q || H | if G = Fpq.
(4) (Aut(X ))′ ∼= Zpq, q2 || Aut(X ) | and G = Fpq.
(5) A = PSL(2, 11) and G = F5·11.
(6) A = PSL(3, 2) and G = F3·7.

To end the section, we would like to mention that all disconnected normal Cayley digraphs have
been determined by Wang, Wang and Xu [48] (also see [52, Proposition 2.4 and 2.5])). For this
reason, it suffices to consider the connected ones when one investigates the normality of Cayley
digraphs.

4 MINIMAL CAYLEY DIGRAPHS

In this section we discuss mainly the normality of Cayley digraphs on abelian groups. Baik et al.
[4] determined all nonnormal Cayley graphs with valences less than 5 which was reviewed by Xu
[52, Theorem 2.12]. The following proposition gives all possible abelian groups on which there
exist nonnormal Cayley graphs of valency 5, and for the corresponding subsets and the graphs, see
Baik et al. [3, theorem 1.1] for details.

Proposition 4.1. Let X = Cay(G, S) be a connected Cayley graph of valency 5 on an abelian
group G with respect to S. If X is nonnormal then G is isomorphic to one of the groups: Z2m
(m ≥ 3), Z2m×Z2 (m ≥ 2), Zm×Z4 (m ≥ 3), Zm×Z6 (m ≥ 3), Zm×Z

2
2 (m ≥ 2), Zm×Z4×Z2

(m ≥ 3), Z4 × Z
3
2 or Z

4
2.

A generating set S of a group G is called minimal if S generates G but S\{s} cannot generate
G for any s ∈ S. A Cayley digraph Cay(G, S) is minimal if S is a minimal generating set of G.
Xu [52, Problem 6] asked whether Cay(G, S) and Cay(G, S ∪ S−1) are normal for any minimal
generating set S of G. Feng and Gao [17] prove the following proposition.

Proposition 4.2 [17, Theorem]. Let G be a finite abelian group such that the Sylow 2-subgroup
of G is cyclic. Let S be a minimal generating set of G. Then both Cay(G, S) and Cay(G, S ∪ S−1)

are normal.

As for a special case of Proposition 4.2, if G is cyclic then Cay(G, S) and Cay(G, S ∪ S−1) are
normal, which was also proved by Huang and Meng [28, 29, 30]. Furthermore, Meng and Ying [42]
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determined all finite abelian groups whose Cayley digraph with respect to any given minimal
generating subset is normal.

Theorem 4.3 [42, Theorem 3.4]. Let G be a finite abelian group.

(1) If G is a 2-group then every minimal Cayley digraph on G is normal if and only if G has no
direct factor Z2 × Z2m (m ≥ 2).

(2) If G is not a 2-group then every minimal Cayley digraph on G is normal if and only if G has
no direct factor Z2 × Z2m (m ≥ 1).

The following proposition gives all possible abelian groups on which there are nonnormal Cayley
digraphs with valency 2 or 3, and for the corresponding subsets and the digraphs, see Xu, Zhang
and Zhou [55, Theorem 1.1] for details.

Proposition 4.4. Let G be a finite abelian group and let X = Cay(G, S)be a connected nonnormal
digraph. If X has valency 2 then G ∼= Z2n (n > 2) or Zn × Z2 (n > 2); if X has valency 3 then
G ∼= Z2n (n ≥ 2), Zn × Z2 (n > 2), Z2n × Zm (n > 2, m > 1) or Zn × Z2 × Zm (n > 2, m > 1).

A digraph is said to be strongly connected if for any two vertices u and v there is a directed path
from u to v in the digraph. Cayley digraphs on infinite cyclic groups were considered by Meng and
Huang [43].

Proposition 4.5 [43, Theorem 1]. Let Z be the infinite cyclic group and S a minimal gene-
rating subset of Z such that the Cayely digraph Cay(Z, S) is strongly connected. Then Aut
(Cay(Z, S)) = R(Z).

At the end of this section we mention the normality of Cayley graph on the symmetric group Sn
with respect to a minimal generating subset of involutions, which was first considered in Godsil
and Royle [26].

Theorem 4.6 [15, Theorem 2.1]. For any minimal generating set S of transpositions of Sn, the
Cayley graph Cay(Sn, S) is normal.

Many interconnection networks were constructed from those Cayley graphs Cay(Sn, S). Let
S1 = {(ii + 1) | 1 ≤ i ≤ n − 1}, S2 = {(1 i) | 2 ≤ i ≤ n} and S3 = {(ii + 1) | 1 ≤ i ≤ n− 1} ∪
(1 n). The Cayley graphs Cay(Sn, S1), Cay(Sn, S2) and Cay(Sn, S3) are called the bubble-sort
network BSn, the star network STn, and the modified bubble-sort network MBn respectively (see
[32]). Theorem 4.6 shows that the underlying graphs of those interconnection networks are normal
Cayley graphs on Sn, so that their automorphism groups are known.

5 CAYLEY DIGRAPHS OF NONABELIAN SIMPLE GROUPS

This section is to review mainly results about the normality of Cayley digraphs on non-abelian
simple groups. We first introduce two concepts.

For a group M , the socle of M is the product of all minimal normal subgroups of M , and M is
called almost simple if its socle is a non-abelian simple group.

Let X be a graph and M ≤ Aut(X ). For an intransitive normal subgroup K of M we define the
quotient graph XK of X with respect to K as follows: the vertex set V (XK ) is the set of K-orbits on
V (X ), and two K-orbits B1 and B2 are adjacent in XK if and only if there are u1 ∈ B1 and u2 ∈ B2
such that u1 and u2 are adjacent in X .
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Table 2. The possibilities for G and T.

G T m V (XK )

1 A6 G 6 m2

2 M12 G or Am 12 m2

3 Sp4(q) G or Am or q2(q2−1)
2

m2

q = 2a > 2 Sp4r(q0)(q = qr
0)

4 Sp4r(q0)(q = qr
0) q2(q2−1)

2
2m2

5 P�+8 (q) G or Am or q3(q4−1)
(2,q−1)

m2

Sp8(q0)(if q = 2)

The following result, due to Fang, Praeger and Wang [12], gives a general description of the
possibilities for the automorphism groups of connected Cayley graphs on a finite non-abelian
simple group.

Theorem 5.1 [12, Theorem 1.1]. Let G be a finite non-abelian simple group and X = Cay(G, S)
a connected Cayley graph on G. Let M be a subgroup of Aut(X ) containing R(G) � Aut(G, S).
Then either M = R(G)� Aut(G, S) or one of the following holds.

(1) M is almost simple and R(G) ≤ soc(M );
(2) R(G) � Inn(G) ≤ M = (R(G) � Aut(G, S)).2 and S is a self-inverse union of G-conjugacy

classes;
(3) there is intransitive normal subgroup K of M such that one of the following holds:

(a) M/K is almost simple and G ∼= R(G)K/K ≤ soc(M/K);
(b) M/K = AGL3(2), G = PSL(2, 7) and XK ∼= K8;
(c) soc(M/K) ∼= T × T , and R(G)K/K ∼= G is a diagonal subgroup of soc(M/K), where T

and G are given in Table 2.

For the case where Cay(G, S) is an edge-transitive cubic Cayley graph on a simple group, we
may get more precise results.

A Cayley graph X = Cay(G, S) is called a normal edge transitive Cayley graph if the normalizer
of R(G) in Aut(X ) is transitive on the edges of X .

Let X be a connected edge transitive cubic Cayley graph. Then X must be arc transitive. It follows
from a result of Tutte that the order of the stabilizer Aut(X )1 is bounded by 48 (see [5], for example).
Then this make us do something further. In fact, Praeger [44] proved that all connected normal
edge-transitive cubic Cayley graphs on non-abelian simple groups are normal Cayley graphs. One
may ask which connected arc transitive cubic Cayley graphs on non-abelian simple groups are not
normal edge transitive, or equivalently among such Cayley graphs, which one is nonnormal? This
was answered partially by Li [33], where it was showed that the only possibilities for connected
nonnormal arc-transitive cubic Cayley graphs on nonabelian simple groups must arise from one of
the groups A5, L2(11), M11, A11, M23, A23 and A47. Further, on the basis of Li’s work, X.G. Fang,
J. Wang, S.J. Xu and M.Y. Xu [56, 57] recently proved the following result.

Theorem 5.2. Let G be a finite nonabelian simple group and let X = Cay(G, S) be a connected
arc-transitive cubic Cayley graph on G. Then X is normal or G = A47. Furthermore, There are
exactly two nonnormal cubic Cayley graphs on A47 which are 5-regular with automorphism groups
isomorphic to A48.

Theorem 5.2 completes the job on the normality of arc-transitive cubic Cayley graphs on non-
abelian simple groups. For the case where X = Cay(G, S) is not arc transitive or of valency more
than 3, we have no such a lucky result by now. However, a lot of progresses have been made.
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Table 3. Exceptional candidates.

s G

1
2 , 1 M12, M22, J2, Suz

A2m−1 for m ≥ 3
PSLn(2e), PSUn(2e) for n ≥ 4; PSpn(2

e) for n ≥ 6
E6(2e), E7(2e), 2E6(2e), 2G2(2e)

2 PSL2(11), M11, M23, A11
3 PSL2(11), or An−1 where n = 2r32 for r ∈ {2, 3, 4}
4, 7 PSL4(2), PSL5(2), PSL3(9), PSL3(27), PSL4(3), PSL5(3), PSL6(3), PSU4(3)

An−1 where n = 2r3s−1 for r ∈ {2, 3, 4}

Fang et al. [13] proved that the vast majority of connected cubic Cayley graphs on non-abelian
simple groups are normal.

Theorem 5.3 [13, Theorem 1.1]. Let G be one of the groups satisfying:

(1) G is a sporadic simple group and G �= M11, M22, M23, J2, Suz; or
(2) G = An, where n �∈ {5, 11, 23, 47} ∪ {2m − 1 | m ≥ 3}; or
(3) G is a simple group of Lie type of odd characteristic with a possible exception G �= L2(11); or
(4) G = L2(2e), L3(2e), U3(2e), PSp4(2

e), E8(2e), F4(2e), 2F4(2e)′, G2(2e), or Sz(2e).

Then every connected cubic Cayley graph Cay(G, S) on G is normal, and Aut(G, S) ≤ S3.

For tetravalent Cayley graphs on nonabelian simple groups, we list here two results. With
assumption of edge-transitivity, Fang, Li and Xu [14] proved the following result.

Theorem 5.4 [14, Theorem 1.1]. Let G be a nonabelian simple group, and let X = Cay(G, S)
be a connected edge-transitive graph of valency 4. Then either

(1) Aut X = G � Aut(G, S), Aut(G, S) = Z2, Z4, Z
2
2, D8, A4, or S4, and further

(i) X is half-arc-transitive if and only if Aut(G, S) = Z2;
(ii) X is 1-transitive if and only if Aut(G, S) = Z4, Z

2
2, or D8;

(iii) X is 2-transitive if and only if Aut(G, S) = A4 or S4; or
(2) Aut X �= G � Aut(G, S), X is s-transitive, and G is one of the groups given in Table 3.

And without the assumption of edge-transitivity, Qu [47] proved the following result.

Proposition 5.5 [47]. Let G be a nonabelian simple group, and let X = Cay(G, S) be a connected
graph of valency 4 which is not edge-transitive. If S contains no 2-elements and X is nonnormal
then G is one of the following groups: A2m−1 or A2m (m ≥ 3), M12, M22, J2, Suz, PSL2(7), PSp4(3),
PSLn(2e) or PSUn(2e) (n ≥ 3), PSpn(2

e) (n ≥ 4), P�+n (2e) (n ≥ 6), P�−n (2e) (n ≥ 4), 3D4(2e),
E6(2e), E7(2e), 2E6(2e).

Recently, Zhou and Feng [59] gives two sufficient conditions for nonnormal Cayley graphs of
valency 5.

Lemma 5.6 [59, Theorem 3.1]. Let G be a finite group and S = {s1, s2, s3, s4, s5} a 5-element
subset of G with s5 an involution and S = S−1. Suppose that S contains at least two involutions
and that there exists an involution h in G\S such that

s2 = hs1, s3 = s1h, s4 = s2h, s5 = sh
5.

Then, the Cayley graph Cay(G, S) on G is nonnormal.
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Lemma 5.7 [59, Theorem 3.2]. Let G be a finite group and S = {s1, s2, s3, s4, s5} a 5-element
subset of G with 1 /∈ S. Let G = 〈S〉 and S = S−1. Suppose that s1 is an involution with {1, s1, s2, s3}
a subgroup of G and that {s1s4, s1s5} = {s4s1, s5s1}. Let H = 〈s1, s4, s5〉 with s2, s3 �∈ H. Then,
the Cayley graph Cay(G, S) is nonnormal when | G : H | ≥ 4.

With the help of above two lemmas, Zhou and Feng determined all nonnormal Cayley graphs
of A5 with valency 5. Then, combining a result of S.J. Xu and M.Y. Xu, we have the following
theorem.

Theorem 5.8 [54, 59]. All nonnormal Cayley graphs of A5 with valency 4 or 5 are known.

Zhou and Feng also constructed in [59] three infinite families of nonnormal Cayley graphs of
valency 5 on PSL(2, p) and Ap, where p is a prime. Up to our best knowledge, besides these three
infinite families, there are 6 known, up to equivalence, nonnormal Cayley graphs on nonabelian
simple groups with valency no more than 5: two are cubic Cayley graphs on A47, and the other four
are tetravalent Cayley graphs on A5. This suggests the following problem.

Problem 5.9. Are there infinitely many connected nonnormal Cayley graphs of valency 3 or 4 on
non-abelian simple groups.

So far, in this section, we deal only with Cayley graphs. In the following up to the end of this
section we consider the directed case. Recall that we say Cay(G, S) a directed Cayley graph of
valency k if S−1 �= S and | S | = k . The following result given by Li [33] (see also [34]) shows
that all connected directed Cayley graphs of valency 2 on PSL2(q) are normal.

Proposition 5.10. Let X be a connected directed Cayley graph of valency 2 on G = PSL2(q).
Then R(G)� Aut(X ).

As a more general case, for nonabelian simple groups, Fang, Lu, Wang and Xu [11] proved that,
with a list of exceptions, the connected directed Cayley graph of valency 2 are normal.

Theorem 5.11. Let X = Cay(G, S) be a connected directed Cayley graph of valency 2. Assume
that G is a nonabelian simple group except for

A5, A6, A2s−1 and A2s for s ≥ 3; and
M11, M12, J2, Suz; and
PSL2(7), PSU4(3); and
Simple groups of Lie type over fields of characteristic 2.

Then X is normal, and Aut(X ) = R(G) or R(G)� Z2.

To end this section we consider edge-transitive cubic directed Cayley graphs.
Let X = Cay(G, S) be a Cayley digraph. We define an undirected graph X (2) := BC(G, S),

called a bi-Cayley graph of G, which has vertex set V (X )×{0, 1} such that {(x, 0), (y, 1)} ∈ E(X (2))

if and only if yx−1 ∈ S. It is easily shown that X (2) is connected if and only if G is generated by
SS−1. For each σ ∈ Aut(X ), define a bijection

(x, 0) �→ (xσ , 0), (x, 1) �→ (xσ , 1), ∀x ∈ V (X ).

on V (X (2)), which is in fact an automorphism of X (2). Further, we may view Aut(X ) as a subgroup
of Aut(X (2)) by this way. Then the edge-transitivity of X (as a directed graph) implies the edge-
transitivity of X (2). See [36, 37] for more basic facts and applications of bi-Cayley graphs.
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Now let X = Cay(G, S) be an edge-transitive directed Cayley graph with G = 〈SS−1〉. Then
X (2) is connected and Aut(X ) acts transitively on its edge set. It follows from [27] that | Aut(X )1 |
is bounded by 3 · 27. Thus we have the following result, by routinely checking simple groups one
by one, which is a revised version of [11, Theorem 1.2, 1.3].

Theorem 5.12 [11]. Let G be a nonabelian simple group and let X = Cay(G, S) be an edge-
transitive cubic directed Cayley graph with G = 〈SS−1〉. If R(G) is not normal in Aut(X ), then
| G | ≤ (3 · 27)! and G is one of the following groups:

An, n = 5, 6, 7, 8, 9, 11, 15, 23, 31, 47, 63, 95, 127, 191, 383; and
M11, M12, M22, M23, J1, J2; and
PSL2(7), PSL2(11), PSL2(13), PSU3(3), PSU4(3), PSp4(3); and
PSL2(23), PSL2(24), PSL2(25), PSL2(26); and
PSL3(22), PSL3(23), PSL3(24), PSL4(4); and
PSL5(2), PSL5(2), PSL6(2), PSL7(2); and
PSU3(4), PSU4(4), PSU5(2), PSp4(4), Sp6(2), P�−8 (2) and 2B2(23).

6 CAYLEY DIGRAPHS OF SMALL VALENCIES ON p-GROUPS
AND DIHEDRAL GROUPS

In this section we discuss the normality of Cayley digraphs with small valencies on p-groups and
dihedral groups.

A finite p-group P is called a regular p-group if for any two elements x and y in P, there exist
c1, c2, . . . , cr in the derived group 〈x, y〉′ such that (xy) p = x py pc p

1 c p
2 · · · c p

r . First, Feng, Wang
and Xu [22] considered the normality of directed Cayley graphs of valency 2 on regular p-groups.

Theorem 6.1. Let X = Cay(G, S) be a 2-valent connected directed Cayley graph on a regular
p-group G. Then one of the following happens:

(1) Aut(X ) = R(G)� Aut(G, S);
(2) X ∼= C2n [2K1] for some n > 1, Aut(X ) ∼= Z2 
 Z2n , and either G = Z2n+1 = 〈a〉 and

S ≡ {a, a2n+1}, or G = Z2n × Z2 = 〈a〉 × 〈b〉 and S ≡ {a, ab}.

Furthermore, the normality of Cayley graphs of valency 4 on a regular p-group was determined
by Feng and Xu [23].

Theorem 6.2. Let G be a regular p-group with p �= 2, 5 and X = Cay(G, S) a connected
tetravalent Cayley graph on G. Then we have Aut(Cay(G, S)) = R(G)� Aut(G, S).

Not that a regular 2-group is abelian (see [31, III. Theorem 10.3]) and the nonnormal connected
Cayley graph of valency 4 on abelian groups are classified in [4]. Clearly, Z5 is a regular 5-group
and the tetravalent Cayley graph on Z5 is the complete graph K5, which is nonnormal on Z5. In
fact, by using regular coverings of K5 (for a method see [39]), one may construct infinitely many
tetravalent Cayley graphs on 5-groups that are nonnormal. By Huppert [31, III. Theorem 10.2],
a p-group of order pn with n ≤ p is regular. The following corollary is straightforward from
Theorem 6.2.

Corollary 6.3. Let G be a p-group of order pn with n ≤ p. Then all connected tetravalent Cayley
graph on G are normal except for p = 5.

Together with the normality of Cayley graphs of valency 4 on abelian groups obtained in [4],
one has the following by Feng et al. [18, 24].
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Theorem 6.4. Let G be a p-group with p an odd prime and let X = Cay(G, S) be a tetravalent
connected Cayley graph. Then

(1) X is normal if G has nilpotent class 2;
(2) X is normal if G has order p3.

A proof of Theorem 6.4 (2) was also given in [53] with the help of the finite simple group
classification and the Hall-Higman’s theorem, which implies a classification of tetravalent half-
arc-transitive graphs of order p3 for odd prime p. However, the proof of Theorem 6.4 provided in
[18, 24] are independent from the finite simple group classification and the Hall-Higman’s theorem.

The following example shows that Theorem 6.4 is not true if G has nilpotent 3 or G has
order p4.

Example 6.5 [18]. Let G = 〈a, b, c | a9 = b3 = c3 = 1, [a, b] = a3, [a, c] = b, [b, c] = 1〉 and
S = {a, ac, a−1, (ac)−1}. Then G has nilpotent class 3 and X = Cay(G, S) is nonnormal. Moreover
if we set A = Aut(X ) and A∗1 = {α ∈ A1 | sα = s, ∀s ∈ S}, then A∗1 ∼= Aut(G, S) ∼= Z2 and
A1/A∗1 ∼= D8.

Note that the Cayley graph in Example 6.5 is symmetric. For half-arc-transitive graphs of valency
4 on groups of order p4, we have the following theorem given by Feng, Kwak, Xu and Zhou [20].

Theorem 6.6. Let X be a connected tetravalent half-arc-transitive graph of order p4 for a prime p.
Then p ≥ 3 and X is a normal Cayley graph on a non-abelian group G of order p4.

Note that there exist connected tetravalent half-arc-transitive graphs whose stabilizers are not
isomorphic to Z2 (see [6, 40, 41] for example). Since every tetravalent vertex transitive graph with
an odd prime power must be a Cayley graph (see [16]), Theorems 6.4 and 6.6 suggest the following
problem.

Problem 6.7. Does there exist a connected tetravalent half-arc-transitive Cayley graph with order
an odd-prime power which is nonnormal?

By the way, as a more general case, the automorphism groups of edge-transitive tetravalent
Cayley graphs of odd order were considered in [35], where a description of the automorphism
groups of such graphs and a lot of nonnormal examples were given.

At the end of this paper we would like to mention two results about symmetric Cayley graphs
with small valencies on the dihedral groups. One may deduce the following theorem from [9] and
[19].

Theorem 6.8. Let D2n = 〈a, b | a2 = bn = 1, a−1ba = b−1〉 be the dihedral group of order 2n
and let X = Cay(D2n, S) be a connected symmetric cubic Cayley graph. Assume that X is normal.
Then X is 1- or 2-regular. Furthermore, X is 2-regular if and only if X ∼= K4 and X is 1-regular if
and only if S is equivalent to {a, ab, abk } for n ≥ 13, 4 ≤ k < n, and k2 − k + 1 ≡ 0(mod n).

For Cayley graphs of valency 4 on dihedral groups, Wang and Xu [49] proved the following.

Theorem 6.9. Let D2n = 〈a, b | a2 = bn = 1, a−1ba = b−1〉 be the dihedral group of order 2n
(n > 6) and let X = Cay(D2n, S) be a 1-regular Cayley graph of valency 4. Then X is normal,
unless n = 2m, m ≥ 4 is even, and X ∼= Cay(G, {a, a−1, aib, a−ib}), where 2 ≤ i ≤ m − 2, and
i2 = ±1(mod m). Moreover, if i2 = −1(mod m) then m = 2(mod 4), and the vertex-stabilizer
is isomorphic to Z4; while if i2 = 1(mod m) then m = 0(mod 4), and the vertex-stabilizer is
isomorphic to Z

2
2.
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2 -arc-transitive graphs of valency 4 and vertex stabilizer Z2×Z2,
Discrete Math., 245(2002), 203–216.

[42] J.X. Meng and B. Ying, Normal minimal Cayley digraphsf of abelian groups, Europ. J. Combinatorics,
21(2000), 523–528.

[43] J.X. Meng and Q.X. Huang, The automorphism groups of minimal infinite circulant digraphs, Europ. J.
Combin., 18(1997), 425–429.

[44] C.E. Praeger, Finite normal edge-transitive graphs, Bull. Austral. Math. Soc., 60(1999), 207–220.
[45] C.E. Praeger, R.J. Wang and M.Y. Xu, Symmetric graphs of order a product of two distinct primes,

J. Combin. Theory Ser. B, 58(1993), 299–318.
[46] C.E. Praeger and M.Y. Xu, Vertex primitive graphs of order a product of two distinct primes, J. Combin.

Theory Ser. B, 59(1993), 245–266.
[47] H.P. Qu, On symmetry of Cayley graphs of finite simple groups of valency 4, Ph.D. Thesis, Peking

University, 2001.
[48] C.Q. Wang, D.J. Wang and M.Y. Xu, On normal Cayley graphs of finite groups, Science in China A,

28(1998), 131–139.
[49] C.Q. Wang and M.Y. Xu, Non-normal one-regular and 4-valent Cayley graphs of dihedral groups D2n,

Europ. J. Combin., 27(2006), 750–766.
[50] R.J. Wang, 1

2 -transitive graphs of order a product of two distinct primes, Communications in Algebra,
22(1994), 915–927.

[51] R.J. Wang and M.Y. Xu, A classification of symmetric graphs of order 3p, J. Combin. Theory Ser. B,
58(1993), 197–216.

[52] M.Y. Xu, Automorphism groups and isomorphisms of Cayley digraphs, Discrete Mathematics,
182(1998), 309–319.

[53] M.Y. Xu, Half-transitive graphs of prime-cube order, J. Algebraic Combinatorics, 1(1992), 275–292.
[54] M.Y. Xu and S.J. Xu, Symmetry properties of Cayley graphs of small valencies on the alternating group

A5, Science in China A, 47(2004), 593–604.
[55] M.Y. Xu, Q.H. Zhang and J.X. Zhou, On the normality of Cayley digraphs on abelian groups (Chinese),

Systems Science and Mathematical Sciences, 25(2005), 700–710.
[56] S.J. Xu, X.G. Fang, J. Wang and M.Y. Xu, On cubic s-arc transitive Cayley graphs of finite simple groups,

Europ. J. Combinatorics, 26(2005), 133–143.
[57] S.J. Xu, X.G. Fang, J. Wang and M.Y. Xu, 5-Arc transitive cubic Cayley graphs on finite simple groups,

Europ. J. Combinatorics, 28(2007), 1023–1036.
[58] C.X. Zhou and Y.-Q. Feng, Automorphism groups of connected cubic Cayley graphs of order 4p, Algebra

Colloquium, 14(2007), 351–359.
[59] J.X. Zhou and Y.-Q. Feng, Two sufficient conditions for non-normal Cayley graphs and their applications,

Science in China A, 50(2007), 201–216.

25





Applications of Group Theory to Combinatorics – Koolen, Kwak & Xu (eds)
© 2008 Taylor & Francis Group, London, ISBN 978-0-415-47184-8
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ABSTRACT: This paper introduces three new types of combinatorial structures associated with
group actions, namely symmetrical covers, symmetrical decompositions, and symmetrical factori-
sations of graphs. These structures are related to and generalise various combinatorial objects, such
as 2-designs, regular maps, near-polygonal graphs, and linear spaces. General theory is developed
for each of these structures, pertinent examples and constructions are given, and a number of open
research problems are posed.

1 INTRODUCTION TO THE CONCEPTS

In this introductory section we fix our notation and introduce the concepts of cover, decomposition
and factorisation of a graph and explain when we regard such configurations as symmetrical. The
objective of this chapter is to develop the general theory of symmetrical covers, decompositions
and factorisations of graphs. We will mainly concentrate on the arc-symmetrical case.

A graph � = (V , E) consists of a vertex set V and a subset E of unordered pairs of vertices
called edges. Its automorphism group, denoted Aut(�), is the subgroup of all permutations of V
that preserve E.

Let � = (V , E) be a graph, and let P1, . . . , Pk with k ≥ 2 be subsets of the edge set E such that
E = P1 ∪ P2 ∪ · · · ∪ Pk . Then P = {P1, . . . , Pk } is called a cover of �, and the Pi are called the
parts of P . A cover P of � is called a λ-uniform cover if each edge of � is contained in a constant
number λ of the Pi. We usually identify a part Pi with its induced subgraph [Pi] = (Vi, Pi) of �
where Vi is the set of vertices of � which lie on an edge in Pi.

The well known cycle double cover conjecture for graphs (see [17, 18]) asserts that every 2-edge
connected graph has a 2-uniform cover by cycles. The λ-uniform covers of the complete graph
Kn with parts isomorphic to Kk correspond to the 2-(n, k , λ) designs (see for example [13]). The
vertices of Kn correspond to the points of the design, while each block of the design is the set of
vertices in some part of the cover. Since each edge lies in λ parts, it follows that each pair of points
lies in λ blocks.

A 1-uniform cover, that is, a cover such that every edge of � is contained in precisely one part
is called a decomposition of �. Under the correspondence described in the previous paragraph,
decompositions of a complete graph with parts isomorphic to Kk correspond to linear spaces with
line size k . This is discussed further in Section 4.2. A decomposition is called a factorisation if
each part is a spanning subgraph. (By spanning, we mean that for every vertex v of � there is an
edge {v, w} in the subgraph.)

For a decomposition P = {P1, P2, . . . , Pk } of a graph �, if the subgraphs induced by each of
the Pi are all isomorphic to �, then the decomposition is called an isomorphic decomposition,
and � is called a divisor of �. An isomorphic decomposition of a graph is called an isomorphic
factorisation if it is a factorisation, and in this case the divisors are called factors. Decompo-
sitions of graphs have been widely studied, see for example [3, 13], as have isomorphic
factorisations, for example [11, 12].

Let P be a cover of � and let G � Aut(�). If G preserves P and the permutation group
GP induced on P is transitive then we say that the cover (�, P) is G-transitive. If further
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Table 1. Possibilities for X and xxx.

X V E A

xxx vertex edge arc

P is a decomposition or a factorisation of �, then � is called a G-transitive decomposition
or a G-transitive factorisation, respectively. By definition, a transitive cover, decomposition or
factorisation is an isomorphic cover, decomposition or factorisation, respectively. Symmetries of
decompositions have been studied in [30, 33]. In particular, Robinson conjectured that every finite
group occurs as GP where (�, P) is an isomorphic factorisation of a complete graph � and G is
the largest group of automorphisms of � preserving P . He showed [30, Proposition 3] that every
finite group does occur as a subgroup of some GP . To our knowledge this conjecture is still open.

In this paper, transitivity is required not only on the set of parts, divisors, or factors, but also on
the graphs: namely on their vertices or edges or arcs. For any graph � we denote by V�, E�, A�
the set of vertices, edges, and arcs respectively.

Definition 1.1. Let � be a graph, and let P be a G-transitive cover, decomposition, or factorisa-
tion, of �, where G ≤ Aut�. Let GP be the stabiliser in G of the part P ∈ P and let X , xxx be as
in one of the columns of Table 1. If G is transitive on X� and GP is transitive on XP, then (�, P)
is called G-xxx-symmetrical.

We remark that there are 3× 3 = 9 different objects defined in this definition; for example, if
� is G-arc-transitive and P is GP-arc-transitive, then (�, P) is a G-arc-symmetrical cover, decom-
position or factorisation. We see in Lemma 4.4 that if (�, P) is a G-transitive decomposition and� is
G-arc-transitive (respectively G-edge-transitive) then (�, P) is a G-arc-symmetrical (respectively
G-edge-symmetrical) decomposition. The following simple examples show that neither implication
is true for covers.

Example 1.2. Let � = C6 with vertices labelled by the elements of Z6 and x adjacent to x ± 1
(mod 6).

(1) Let

P1 = {{0, 1}, {1, 2}, {2, 3}, {3, 4}}
P2 = {{2, 3}, {3, 4}, {4, 5}, {5, 0}}
P3 = {{4, 5}, {5, 0}, {0, 1}, {1, 2}}

and P = {P1, P2, P3}. Then (�, P) is a 2-uniform cover which is invariant under the group
G = D6 (the dihedral group of order 6). Now G acts transitively on P and on the set of
edges of �. However, GP1

∼= C2 is not transitive on the edges of P1. Hence (�, P) is not
G-edge-symmetrical.

(2) Let

P1 = {{0, 1}, {1, 2}, {2, 3}, {3, 4}}

and let P = PC6
1 . Then |P| = 6 and is preserved by G = D12 and (�, P) is a G-transitive,

4-uniform cover. However, the group G acts transitively on the set of arcs of � while GP1
∼= C2

is not transitive on the arcs of P1. Hence (�, P) is not G-arc-symmetrical.
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Arc-symmetrical covers of graphs with no isolated vertices are both edge-symmetrical and
vertex-symmetrical. Conversely, it is a consequence of Lemma 4.4 (see Remark 4.5) that if
(�, P) is a G-edge-symmetrical decomposition and G acts arc-transitively on � then (�, P) is
G-arc-symmetrical. Similarly, if (�, P) is a G-vertex-symmetrical decomposition and G acts edge-
transitively (respectively arc-transitively) on �, then (�, P) is G-edge-symmetrical (respectively
G-arc-symmetrical). We see in Examples 3.4 and 3.16 that the same is not true for covers.

In the literature, various special cases of symmetrical covers, decompositions and factorisations
have been studied. Arc-symmetrical 1-factorisations of complete graphs are classified by Cameron
and Korchmáros in [6]. Arc-symmetrical 1-factorisations of arc-transitive graphs are addressed
in [10] where a characterisation of those for 2-arc-transitive graphs is given. Arc-symmetrical
decompositions of complete graphs are studied in [31], and arc-symmetrical decompositions of
rank three graphs are investigated in [1]. The G-arc-symmetrical decompositions of Johnson graphs
where G acts primitively on the set of divisors of the decomposition are classified in [8].

If (�, P) is a G-transitive decomposition and the kernel M of the action of G on P is vertex-
transitive, then (�, P) is called a (G, M )-homogeneous factorisation. In particular, homogeneous
factorisations are vertex-symmetrical. The study of homogeneous factorisations was initiated by the
second and third authors who introduced in [21] homogeneous factorisations of complete graphs.
General homogeneous factorisations were introduced and investigated in [14] and studied further
in [15, 16].

The next section gives some fundamental notions and results on permutation groups that underpin
an investigation of these symmetrical configurations. This is followed by three sections addressing
basic examples and theory for covers, decompositions and factorisations respectively. In the final
section we discuss the behaviour of covers and decompositions when we pass to the quotient graph.

2 SOME FUNDAMENTALS CONCERNING PERMUTATION GROUPS

In this section we introduce some permutation group notions needed later. The reader is referred
to [19] for more details.

Given a permutation group G acting on a set � and α ∈ �, we let Gα = {g ∈ G | αg = α},
the stabiliser in G of α. Let B = {α1, . . . ,αk } ⊆ �. For g ∈ G, Bg = {αg | α ∈ B} and the
setwise stabiliser of B in G is GB = {g ∈ G | Bg = B}. The pointwise stabiliser of B in G is
G(B) = {g ∈ G | αg

1 = α1,αg
2 = α2, . . . ,αg

k = αk } and is also denoted by Gα1,α2,...,αk . The
following lemma will be particularly useful.

Lemma 2.1 [9, Ex 1.4.1]. Let G be a transitive subgroup of Sym(�) and H � G. Then G =
HGα if and only if H is transitive on �.

Let G be a transitive subgroup of Sym(�). A partition B = {B1, . . . , Bk } of� is called a system
of imprimitivity and its elements are called blocks of imprimitivity, if for each g ∈ G and Bi ∈ B,
the image Bg

i ∈ B. Trivial blocks of imprimitivity exist for any transitive group G, and are the
singleton subsets {α} (α ∈ �) and the whole set �. All other blocks of imprimitivity are called
nontrivial and a transitive group G is said to be imprimitive if there exists a nontrivial block of
imprimitivity. Given α ∈ �, there is a one-to-one correspondence between the subgroups H with
Gα � H � G and the blocks of imprimitivity B containingα, given by B = αH and H = GB. See for
example [9, Theorem 1.5A]. In particular, note that the stabiliser in G of a block of imprimitivity
B is transitive on B. We say that G is primitive if it has no nontrivial systems of imprimitivity.
It follows from the correspondence between blocks and overgroups of Gα that a transitive group G
on � is primitive if and only if Gα is maximal in G for some α ∈ �.

Every nontrivial normal subgroup of a primitive group is transitive, for otherwise, the set of orbits
of an intransitive normal subgroup forms a system of imprimitivity. We say that a permutation group
is quasiprimitive if every nontrivial normal subgroup is transitive. Thus every primitive group
is quasiprimitive. However, not every quasiprimitive group is primitive. For example, the right
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multiplication action of a nonabelian simple group on the set of right cosets of a nonmaximal
subgroup is quasiprimitive but not primitive.

Given two graphs �, � we define the cartesian product of � and � to be the graph denoted
by ��� with vertex set V� × V� and {(u1, u2), (v1, v2)} is an edge if and only if either u1 = v1
and {u2, v2} ∈ E�, or {u1, v1} ∈ E� and u2 = v2. If G � Aut(�) and H � Aut(�) then G ×
H � Aut(���). The cartesian product of graphs is associative and hence the cartesian product
�1��2� · · · ��t for graphs �1,�2, . . . ,�t is well defined for any t ≥ 2.

3 TRANSITIVE COVERS AND SYMMETRICAL COVERS

Our first lemma shows that many covers of edge-transitive graphs are uniform.

Lemma 3.1. Let � be a G-edge-transitive graph and P be a cover of � which is G-invariant.
Then (�, P) is a uniform cover.

Proof. Let {u, v} be an edge of � and suppose that {u, v} is contained in precisely λ parts of P .
Since G is edge-transitive and P is G-invariant, λ is independent of the choice of {u, v}. Thus P is
a λ-uniform cover.

In fact every edge-transitive graph has many transitive covers. Here by a subgraph � of a graph
� we mean any graph (U , EU ) where U ⊆ V and EU ⊆ E ∩ (U × U ). Also, for a subset P ⊆ E,
the edge-induced subgraph [P] is the subgraph (VP , P) where VP is the subset of vertices incident
with at least one edge of P.

Lemma 3.2. An edge-transitive graph � has a transitive cover with parts � if and only if � has
a subgraph isomorphic to �.

Proof. Let � be a subgraph of � and G � Aut(�) be edge-transitive. Let P = E�, and let
P = PG . Then by definition, (�, P) is a G-transitive cover with parts isomorphic to �.

Each edge-intransitive subgroup of an edge-transitive group gives rise to edge-symmetrical
uniform covers and the parameters λ can be expressed group theoretically.

Lemma 3.3. Let � = (V, E) be a connected G-edge-transitive graph and let H < G such that H
is intransitive on E�. Let P be an H-orbit in E� and P = PG. Then (�, P) is a G-edge-symmetrical
λ-uniform cover with

λ = |G{v,w} : H{v,w}|
|GP : H |

where {v, w} ∈ P. Moreover, if � is G-arc-transitive and for each {v, w} ∈ P there exists g ∈ H
such that (v, w)g = (w, v), then (�, P) is a G-arc-symmetrical cover.

Proof. By definition, H � GP and the edge-induced subgraph [P] is H -edge-transitive. Since G
is edge-transitive, every edge of � occurs in some image of P and so P is a G-transitive cover. Then
by Lemma 3.1, (�, P) is a λ-uniform cover for some λ and since [P] is H -edge-transitive (�, P) is
G-edge-symmetrical. Moreover, GP = HG{v,w},P , so |P| = |GP : G{v,w},P| = |H : H{v,w}|. Since
P is a λ-uniform cover, we have

|H : H{v,w}||G : GP| = |P||P| = λ|E| = λ|G : G{v,w}| = λ|G : GP||GP : H ||H : H{v,w}|
|G{v,w} : H{v,w}| .

Hence λ = |G{v,w} : H{v,w}|/|GP : H |.
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As noted in the introduction, every G-arc-symmetrical cover of a graph with no isolated vertices
is G-edge-symmetrical and G-vertex-symmetrical. The following is an example of a G-edge-
symmetrical cover of a G-arc-transitive graph which is not G-arc-symmetrical. In particular, it
shows that for an arc-transitive graph, spinning an edge will not necessarily give an arc-symmetrical
cover. Moreover, it is an example of the construction underlying Lemma 3.2, and if we take H to
be a subgroup C11 it also illustrates Lemma 3.3.

Example 3.4. Let � = K11 and G = M11. Then � is G-arc-transitive. Let� be an 11-cycle in �.
Since M11 ∩ D22 = C11, it follows that G� = C11 which is edge-transitive and vertex-transitive
on �, but not arc-transitive. Let P = E� and P = PG . Then (�, P) is a G-edge-symmetrical and
G-vertex-symmetrical cover which is not G-arc-symmetrical.

We are often interested in λ-covers for small values of λ, so we propose the following problems.

Problem 3.5.
(i) For small values of λ, characterise the arc-transitive graphs that have an arc-symmetrical

λ-uniform cover.
(ii) For a given arc-transitive graph �, find the smallest value of λ such that � has an arc-

symmetrical λ-uniform cover.

To illustrate the theory, we will present briefly some examples of symmetrical covers of some
well known graphs, and examples of symmetrical covers with given specified parts.

3.1 Covers of complete graphs

Lemma 3.3 has the following corollary.

Corollary 3.6. For an edge-transitive graph � on m vertices, a complete graph Kn with n ≥ m
has an edge-symmetrical cover with parts isomorphic to �.

Lemma 3.3 and Corollary 3.6 lead to the following illustrative examples.

Example 3.7. Let � = Kn, a complete graph with n vertices.

(i) Let G = Aut� = Sn, acting arc-transitively on �. Let P be a complete subgraph of � with m
vertices, where m < n. Then GP = Sm × Sn−m, and acts arc-transitively on P. Let P be the
set of all complete subgraphs with m vertices. Since G is m-transitive on V�, G is transitive
on P . Thus (�, P) is a G-arc-symmetrical cover of Kn. Further, P is an

(n−2
m−2

)

-uniform cover.

(ii) Let n = q+ 1 = pd + 1 with p prime, and let G = PGL(2, q). Let P be a 3-cycle of �. Then
GP = S3. Let P be the set of all 3-cycles of �. Since G is 3-transitive on V�, the pair (�, P)
is a G-arc-symmetrical cover. It is an (n− 2)-uniform cover.

(iii) Let n ≥ 10 and G = Aut� = Sn. Let H ∼= S5 be a subgroup of G acting transitively on a subset
� ⊂ � of size 10. Then there exist two vertices v, w ∈ � such that the induced subgraph
� := [{v, w}H ] is a Petersen graph. Let P = �G . Then (�, P) is a G-arc-symmetrical
λ-uniform cover with λ = (n− 2)!/4(n− 10)! and parts the Petersen graph.

(iv) Let n = q + 1 with q = 3 f with f even. Let G = PSL(2, q) and H � G such that H ∼= A5.
Then G is arc-transitive on � and by [7, Lemma 11], H has an orbit� on vertices of size 10.
There exist two vertices v, w ∈ � such that the induced subgraph� := [{v, w}H ] is a Petersen
graph. Let P = �G . Then (�, P) is a G-arc-symmetrical λ-uniform cover with λ = q−1

4 .
Note in particular, that when q = 9 then λ = 2.
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3.2 Covers for complete multipartite graphs

For integers m, n ≥ 2, a complete m-partite graph with part size n is denoted by Km[n] = Kn,n,...,n.
The following corollary to Lemma 3.3 for complete multipartite graphs is analogous to Corollary 3.6
for complete graphs.

Corollary 3.8. Let � be an H-edge-transitive graph such that V� has an H-invariant partition
B with block size b and |B| = l. Then for each m ≥ l and n ≥ b, Km[n] has an edge-symmetrical
cover with parts isomorphic to �.

Here are some examples.

Example 3.9. Let � = Km[n], and let G = Aut� = Sn wr Sm.

(i) For m = 2, let P be the set of all induced subgraphs of � which are isomorphic to Ki,i for
i < n. For P ∈ P , H := (Si × Sn−i)wr S2, acts arc-transitively on P. Further, G is transitive

on P , and (�, P) is a G-arc symmetrical λ-uniform cover, where λ = (n−1
i−1

)2
.

(ii) For m ≥ 3, let P be the set of all induced subgraphs of � that are isomorphic to Km. Let P ∈ P .
Then GP = Sn−1 wr Sm acts arc-transitively on P, and (�, P) is a G-transitive nm−2-uniform
cover. Taking m = 3 and G = Sn wr S3, shows that the complete tri-partite graph Kn,n,n is
G-arc transitive and has a G-arc-symmetrical n-uniform 3-cycle cover.

3.3 Covers involving cliques

For n > k , the Johnson graph J (n, k) is the graph with V the set of k-element subsets of an n-set
with two subsets adjacent if they have k − 1 points in common. The valency of J (n, k) is k(n− k)
and the group G = Sn acts arc-transitively on J (n, k). For an edge {v, w}, we have Gv = Sk ×Sn−k ,
and Gvw = Sk−1 × Sn−k−1.

Example 3.10. Let � = J (n, k) and G = Sn. Let � satisfy 1 ≤ � < k and let I be the set
of �-element subsets of the n-set. For each A ∈ I , let �A = (VA, EA) where VA consists of
all the k-element subsets containing A, and EA is the subset of E joining elements of VA. Then
�A ∼= J (n − �, k − �), and each edge {B, C} of � is an edge of each of the

(k−1
�

)

graphs �A such
that A ⊆ B ∩ C. The stabiliser GA of �A induces Sn−� on �A. Thus G = {�A | |A| = �} is an
edge-symmetrical uniform cover with λ = (k−1

l

)

and hence is a factorisation if � = k − 1. In this
latter case the factors J (n− k + 1, 1) ∼= Kn−k+1 are maximal cliques of �.

The previous example was pointed out to us by Michael Orrison who uses the case l = k − 1 in
[25] for the analysis of unranked data. He also noticed that it is a special case of clique covers of
graphs, that is, covers in which the parts are cliques (complete subgraphs). These arise naturally
for edge-transitive graphs as follows. Let � be a G-edge transitive graph and let A be a maximal
clique. Let G = AG = {Ag |g ∈ G}. Then (�, G) is a uniform cover which is G-transitive. There are
some graphs for which each edge lies in exactly one clique in the G-class of cliques G. For these
graphs G is a G-edge-symmetrical decomposition (see Lemma 4.4).

3.4 Cycle covers, near polygonal graphs and rotary maps

Each finite arc-transitive graph of valency at least three contains cycles. The next example shows
that such graphs have edge-symmetrical cycle covers. The method presented here has been used in
[23] for constructing polygonal graphs and we discuss this below.

Construction 3.11. Let� be a regular graph of valency at least 3, and G ≤ Aut� be such that� is
G-arc transitive. Then there exists a set P of cycles such that (�, P) is a G-edge-symmetrical cycle
cover. The set P is constructed as follows: For a pair of adjacent vertices v and w, let g ∈ G\Gv
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such that vg = w and wg 
= v. Then the set of images of (v, w) under 〈g〉 forms a cycle C say. Let
P = CG .

The fact that the partition P produced in Construction 3.11 is a G-edge-symmetrical cover
of � follows from [23, Lemmas 1.1 and 2.2], and further, if GC

C is dihedral, then P is a G-arc-
symmetrical cover.

Example 3.12. Let � = K4, the complete graph on 4 vertices, and let G = Aut� = S4. Let (v, w)
be an arc. Let P be a cover of � produced by Construction 3.11. If g ∈ G is of order 3, then P
contains 4 triangles while if g ∈ G is of order 4, then P contains 3 cycles of length 4. In both cases
(�, P) is a G-arc-symmetrical 2-uniform cycle cover.

A 2-arc in a graph� is a triple (u, v, w) such that u 
= w and both (u, v) and (v, w) are arcs. Follow-
ing [27], a graph � is called a near-polygonal graph if there is a collection C of m-cycles in � such
that each 2-arc of� is contained in exactly one cycle in C. Suppose that� is such a graph of valency k
and that G � Aut(�) preserves C and is transitive on the set of 2-arcs of �. Then Gvw is transitive
on �(v)\{w} and for each of the k − 1 vertices u ∈ �(v)\{w}, the 2-arc (u, v, w) lies in a unique
cycle of C. Moreover, these cycles are pairwise distinct, by definition of C, and they are the only
cycles of C containing (w, v) since each such cycle must contain (u, v, w) for some u ∈ �(v)\{w}.
Thus the edge {v, w} lies in exactly k−1 cycles in C, that is, C is a (k−1)-uniform cycle cover and
is G-arc-symmetrical. Examples of infinite families of near-polygonal graphs can be found in [23,
27, 28]. It is shown in [23] that each 2-arc-regular graph (that is, Aut(�) is regular on the 2-arcs
of �) is a near-polygonal graph, so each 2-arc-regular graph of valency k has an arc-symmetrical
(k−1)-uniform cycle cover. In particular, 2-arc-regular cubic graphs have a 2-uniform cycle cover.

A map on a surface (2-manifold) is a 2-complex of the surface. The 0-cells, 1-cells and 2-cells of
the 2-complex are called vertices, edges and faces of the map, respectively. Incidence between these
objects is defined by inclusion. A map M may be viewed as a 2-cell embedding of the underlying
graph � into the supporting surface. A vertex-edge incident pair is called a dart, and a pairwise
incident vertex-edge-face triple is called a flag. A permutation of flags of a map M preserving the
incidence relation is an automorphism of M, and the set of all automorphisms of M forms the map
automorphism group AutM. A map M is said to be rotary or regular if AutM acts transitively on
the darts or on the flags of M, respectively. Further, a rotary map is called chiral if it is not regular.

Example 3.13. Let M be a map with underlying graph �, and let G = AutM. Let P be the set
of cycles which are boundaries of faces of M. Then P is a 2-uniform cycle cover of the underlying
graph �. If M is regular, then P is a G-arc-symmetrical cycle cover; if M is chiral, then P is a
G-edge-symmetrical but not G-arc-symmetrical cover.

3.5 Vertex-symmetrical covers

First we note that not every vertex-symmetrical cover is a uniform cover, as seen in the following
example.

Example 3.14. Let � ∼= K2 K4 be the graph with vertex set such that {1, 2} × {1, 2, 3, 4} and
(u1, v1) is adjacent to (u2, v2) if and only if u1 = u2 or v1 = v2. We saw in Example 3.12, that
K4 has an S4-arc-symmetrical 2-uniform cover P = {P1, P2, P3, P4} consisting of four 3-cycles.
For each Pi ∈ P , let Qi be the set of edges {(u1, v1), (u2, v2)} such that v1 = v2, or u1 = u2 and
{v1, v2} ∈ Pi. Then Q = {Q1, Q2, Q3, Q4} is a cover of � with edges of the form {(u1, v), (u2, v)}
lying in all four parts while edges of the form {(u, v1), (u, v2)} lie in precisely two parts. The group
G = S2 × S4 is vertex-transitive on �, preserves Q and GQ is transitive. Moreover, for Q ∈ Q,
GQ = S2 × S3 is transitive on the vertices in Q and so Q is a G-vertex-symmetrical cover.

We have the following general construction of vertex-symmetrical covers.
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Construction 3.15. Let � = (V, E) be a G-vertex-transitive graph. Let H < G and let V0 be an
orbit of H on vertices. Suppose that there exists an H -invariant nonempty subset P 
= E of the
edge set of the induced subgraph [V0] such that P contains an edge from each G-orbit on E, and
let P = PG . Then each edge of � lies in some Pg . Also, as V0 is an H -orbit and P is H -invariant,
each vertex of V0 lies in some edge of P. Thus VP = V0 and so H � GP is transitive on VP. Hence
(�, P) is a G-vertex-symmetrical cover.

Every G-arc-symmetrical cover is G-vertex-symmetrical and Example 3.14 shows that the con-
verse is not true in general. Moreover, the following example shows that even if� is G-arc-transitive,
a G-vertex-symmetrical cover is not necessarily G-edge-symmetrical.

Example 3.16. Let � = K12 and G = PSL(2, 11). Then � is G-arc-transitive. Moreover, there
exists a set V0 of 5 vertices such that GV0

∼= C5. Let P be the complete graph on V0 and P = PG .
Then as seen in Construction 3.15, (�, P) is a G-vertex-symmetrical cover. Since GV0 is not
edge-transitive on P, (�, P) is not G-edge-symmetrical.

We have already seen in Section 1 that uniform covers correspond to 2-designs. This leads to
the following lemma.

Lemma 3.17. A uniform cover (�, P) of a complete graph � = (V, E) with complete subgraph
parts is G-vertex-symmetrical if and only if (V, P) is a G-flag-transitive 2-design.

4 TRANSITIVE DECOMPOSITIONS

By definition, an xxx-symmetrical decomposition is an xxx-symmetrical 1-uniform cover for each
xxx ∈ {vertex, edge, arc}. Any G-arc-transitive graph has a G-arc-symmetrical decomposition
with each divisor consisting of a single edge. Such a decomposition is called trivial. We have the
following existence criterion for nontrivial transitive decompositions of edge-transitive graphs.

Lemma 4.1. Let � be a G-edge-transitive graph. Then � has a non-trivial G-transitive decom-
position if and only if G acts on E� imprimitively. More precisely, a subgraph � of � is a divisor
of a G-transitive decomposition if and only if E� is a block of imprimitivity for G acting on E�.

Proof. By definition a partition P of E� forms a G-transitive decomposition of � precisely if P
is G-invariant, that is to say, P is a system of imprimitivity for G on E�.

This leads to the following general construction.

Construction 4.2. Let � be a G-edge-transitive graph. Suppose that {v, w} is an edge of � and
G{v,w} < H < G. Let P = {v, w}H . Then P = PG is a G-transitive decomposition of �.

In fact, every transitive decomposition of an edge-transitive graph arises in this way.

Lemma 4.3. Let (�, P) be a G-transitive decomposition with G acting edge-transitively on �.
Then (�, P) arises from Construction 4.2 using H = GP, where P is the divisor of P containing
{v, w}.

Proof. By Lemma 4.1, P is a block of imprimitivity for G on E�. Thus G{v,w} < GP and
P = {v, w}GP .

We further note that when studying transitive decompositions, if G acts imprimitively on P then
there is a partition Q of E� refined by P such that G acts primitively on Q. Moreover, (�, Q)
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is also a G-transitive decomposition. For some families of graphs the most reasonable approach is
to study G-transitive decompositions (�, Q) such that GQ is primitive. For example, this was done
for the Johnson graphs in [8] giving a classification of such decompositions.

4.1 Edge-symmetrical and arc-symmetrical decompositions

First we observe that in the edge-transitive and arc-transitive cases, transitive decompositions are
symmetrical decompositions.

Lemma 4.4. Let (�, P) be a G-transitive decomposition. If G is edge-transitive on � then (�, P)
is G-edge-symmetrical; if G is arc-transitive on � then (�, P) is G-arc-symmetrical.

Proof. If G is edge-transitive on �, Lemma 4.1 implies that P is a system of imprimitivity for G
on E�. Thus for P ∈ P , GP is transitive on P and so (�, P) is a G-edge-symmetrical decomposition.
Moreover, if G is also arc-transitive then P is a system of imprimitivity for G on A� and it follows
that (�, P) is a G-arc-symmetrical decomposition.

Remark 4.5. Since G-vertex-symmetrical decompositions are G-transitive decompositions it
follows that G-vertex-symmetrical decompositions of G-edge-transitive graphs (respectively
G-arc-transitive graphs) are also G-edge-symmetrical (respectively G-arc-symmetrical). Similarly,
G-edge-symmetrical decompositions of G-arc-transitive graphs are G-arc-symmetrical.

By Lemmas 4.4 and 4.3, all edge-symmetrical decompositions and arc-symmetrical decompo-
sition arise from Construction 4.2.

We give two examples of arc-symmetrical decompositions to illustrate how Construction 4.2
may be applied to two important families of graphs.

Example 4.6. Let � be the Petersen graph, and let G = A5. Let {u, v} be an edge of �. Then
G{u,v} = C2

2 < A4 < G. Hence letting H = A4 we obtain a G-arc-symmetrical decomposition
of �. Each part consists of three disjoint edges.

This example generalises as follows. Let � = Ok , an odd graph of degree k , that is the graph
with vertex set the set of all k-subsets of a (2k+1)-set such that two k-sets are adjacent if and only if
they are disjoint. Then G = S2k+1 ≤ Aut�, and acts transitively on the set of arcs of�. The graph�
has

(2k+1
k

)

vertices, and is of valency k+1, so � has
(2k+1

k

)

(k+1)/2 edges. The group G = S2k+1
is imprimitive on E�. For two adjacent vertices v, w, the vertex stabiliser Gv = Sk+1× Sk , and the
edge stabiliser satisfies G{v,w} = (Sk × Sk ) · 2 < H := S2k . Let P = {(v, w)g | g ∈ H }, and let
P = PG . Then (�, P) is a G-transitive decomposition. The graph [P] induced by P has vertices
all k-sets not containing i where i is the unique point not in v ∪ w and two vertices are adjacent if
and only if they are disjoint. Hence [P] consists of

(2k
k

)

/2 disjoint edges.

Example 4.7. Let � = H(d, n) = Kn�Kn� · · ·�Kn = K�d
n and G = Sn wr Sd . Then � can be

decomposed into edge disjoint maximal cliques Kn, giving a G-arc-symmetrical decomposition as
follows: vertices v = (1, . . . , 1) and w = (2, 1. . . . , 1) are adjacent and G{v,w} = (Sn−2 · 2) ×
(Sn−1 wr Sd−1) < H := Sn × (Sn−1 wr Sd−1). Let P = {v, w}H . Then [P] ∼= Kn and P = PG is a
G-arc-symmetrical decomposition.

4.2 Link with linear spaces

We now consider decomposing complete graphs into complete subgraphs.
A linear space (�, L) is an incidence geometry with point set � and line set L where each line

is a subset of �, |L| ≥ 2, and each pair of points lies on exactly one line. For a linear space (�, L)
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with n = |�|, let � ∼= Kn be its point graph, that is, the complete graph with vertex set �, and let
P be the set of subgraphs of � such that P ∈ P if and only if P is the complete graph whose vertex
set consists of all points on some line. Then (�, P) is a decomposition of �. Moreover,

(i) (�, L) is G-line transitive if and only if (�, P) is G-transitive. See [26].
(ii) (�, L) is G-flag-transitive if and only if (�, P) is G-vertex-symmetrical.

(iii) G acts 2-transitively on the points of (�, L) if and only if (�, P) is G-arc-symmetrical.

The linear spaces in (iii), with a group of automorphisms acting 2-transitively on points, were
determined by Kantor [19] while all flag-transitive linear spaces for which G is not a 1-dimensional
affine group were classified in [5] and subsequent papers. Thus vertex-symmetrical decompositions
of complete graphs with complete divisors are essentially known. Moreover, the arc-symmetrical
decompositions of complete graphs with arbitrary divisors were characterised in [31], extending
the classification in [6] for the case where the divisors are 1-factors. Sibley’s characterisation has
been made more explicit both in [20] for homogeneous factorisations of Kn, and in [1] to provide
input decompositions for a series of general decomposition constructions for products and cartesian
products of complete graphs.

4.3 Vertex-symmetrical decompositions

Now we consider vertex-symmetrical decompositions of vertex-transitive graphs. Let � be a
G-vertex-transitive graph. If � is disconnected, then the set of connected components forms a
G-vertex-symmetrical decomposition of �. Moreover, since the connected components are iso-
morphic (because � is G-vertex-transitive), each G-vertex-symmetrical decomposition (�0, P0)

of a connected component of �, where G0 = G�0 , leads to the G-vertex-symmetrical decomposi-
tion (�, PG

0 ) of �. The next example illustrates that not all vertex-symmetrical decompositions of
disconnected graphs arise in this way. Nevertheless we will confine our further discussion to the
case where � is connected.

Example 4.8. Let � be the vertex disjoint union of the two 3-cycles {1, 2}, {2, 3}, {3, 1} and
{4, 5}, {5, 6}, {6, 4}, and let G = S3×S2 � Aut(�) acting transitively on V�. Let P = {{1, 2}, {4, 5}}
and P = PG . Then GP = 〈(1, 2)(4, 5)〉 × S2 and so (�, P) is a G-vertex-symmetrical decom-
position.

If � is G-edge-transitive, then a G-vertex-symmetrical decomposition of � is also a G-edge-
symmetrical decomposition and hence arises from Construction 4.2. We give below a general
construction for G-vertex-symmetrical decompositions of connected graphs when G is not edge-
transitive.

Construction 4.9. Let � be a connected G-vertex-transitive graph with G intransitive on edges,
and let E1, E2, . . . , Er be the orbits of G acting on the edge set E�. Then each induced subgraph [Ei]
is a G-edge-transitive spanning subgraph of �. Assume that each [Ei] has a G-vertex-symmetrical
decomposition Pi = {Pi1, Pi2, . . . , Pik } such that for each i, j ∈ {1, . . . , r} and s ∈ {1, . . . , k} we
have VPis = VPjs. Let Pj = P1j ∪ P2j ∪ · · · ∪ Prj , and P = {P1, P2, . . . , Pk }. Note that for each j,
VPj = VP1j and so GPj = GP1j is transitive on VPj . Hence (�, P) is a G-vertex-symmetrical
decomposition.

Lemma 4.10. Let (�, P) be a G-vertex-symmetrical decomposition of a connected graph � with
G intransitive on edges. Then (�, P) can be obtained from Construction 4.9.

Proof. Let E1, . . . , Er be the orbits of G on E�. Since G is vertex-transitive, each [Ei] is a
spanning subgraph of �. Let P = {P1, . . . , Pk } and for each i ∈ {1, . . . , r} and s ∈ {1, . . . , k} let
Qis = Ei∩Ps. Then for i ∈ {1, . . . , r}, Qi = {Qis | s ∈ {1, . . . , k}} is a G-transitive decomposition
of [Ei]. Moreover, for each s ∈ {1, . . . , k}, GQis = GPs . Since (�, P) is G-vertex-symmetrical,
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for each s ∈ {1, . . . , k}, GPs is transitive on VPs. It follows, that for each i ∈ {1, . . . , r}, VQis = VPs
and GQis is transitive on VQis. Thus ([Ei], Qi) is a G-vertex-symmetrical decomposition. Hence P
may be obtained from Construction 4.9.

A natural problem in this area is the following.

Problem 4.11. Characterise the vertex-transitive graphs which arise as vertex-symmetrical
divisors of a complete graph.

5 TRANSITIVE FACTORISATIONS

Let (�, P) be a factorisation with P = {P1, . . . , Pk }. For v ∈ V� and each i ∈ {1, . . . , k} we can
define Pi(v) = {w ∈ �(v) | {v, w} ∈ P} and P(v) = {P1(v), . . . , Pk (v)}. Since P is a partition
of E�, it follows that P(v) is a partition of �(v) and as each Pi is a spanning subgraph of �, each
Pi(v) is nonempty. If G � Aut(�) preserves P then Gv preserves P(v).

This local correspondence allows us to see that transitive factorisations of graphs are natu-
rally connected to group factorisations. This fact can be used very effectively to study transitive
factorisations for various classes of graphs or classes of groups.

Lemma 5.1. Let � be a G-arc-transitive graph, and let (�, P) be a G-transitive factorisation
of �. Then for P ∈ P and v ∈ V�, G = GvGP, GP is vertex-transitive on � and Gv is transitive
on P .

Proof. Since Gv acts transitively on �(v), it follows that Gv is transitive on P(v) and hence also
on P . Thus by Lemma 2.1, G = GvGP and so again by Lemma 2.1, GP acts transitively on
V�.

The following lemma follows immediately from Lemma 5.1 and implies that GP has index at
most a subdegree of G.

Lemma 5.2. If (�, P) is a G-arc-symmetrical factorisation and H = GP for some P ∈ P , then
|G : H | = |Gv : Hv| divides the valency of �.

We now give two general constructions and show that all symmetrical factorisations arise from
them.

Construction 5.3. (Edge-symmetrical and arc-symmetrical factorisations) Let � = (V , E) be
a G-edge-transitive graph. Assume that there is a subgroup H containing G{v,w} for some edge
{v, w}, such that either G = HGv = HGw, or HGv = HGw is an index two subgroup of G. Let
P = {v, w}H , and let P = PG . If G = HGv and � is G-vertex-transitive, then by Lemma 2.1,
� is H -vertex-transitive and so [P] is a spanning subgraph containing the edge {v, w}. On the other
hand, if G = HGv = HGw and � is not G-vertex-transitive, or if HGv = HGw is an index two
subgroup of G, then � is bipartite and H is transitive on each bipartite half. Again [P] is a spanning
subgraph. In all these cases, since G{v,w} < H < G, P is a system of imprimitivity for G on E and
so (�, P) is a G-edge-symmetrical factorisation. Moreover, if � is G-arc-transitive, then G{v,w}
contains an element interchanging v and w, and hence so does H . Thus H is arc-transitive on [P]
and so (�, P) is a G-arc-symmetrical factorisation.

The following example shows that edge-symmetrical factorisations exist with G = HGv and G
either vertex-transitive or vertex-intransitive, and also with HGv = HGw an index two subgroup
of G. Note that for arc-symmetrical factorisations only the case G = HGv and G-vertex-transitive
occurs as � is both G- and H -vertex-transitive in this case.
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Example 5.4. Let � = C6 with vertices labelled by the elements of Z6 and x adjacent to x ± 1
(mod 6), and let h = (0, 1, 2, 3, 4, 5), g = (1, 5)(2, 4) ∈ Aut(�). Let v = 0 and w = 1 so that
{v, w} ∈ E�.

(1) Let G = 〈g, h〉 = Aut(�) ∼= D12. Then Gv = 〈g〉 and G{v,w} = 〈(0, 1)(2, 5)(3, 4)〉 ∼= C2.
Let H = 〈G{v,w}, h2〉 ∼= D6. Then G = GvH and so we can use Construction 5.3 to obtain
a G-edge-symmetrical factorisation. In particular, P = {v, w}H = {{0, 1}, {2, 3}, {4, 5}} and
P = PG . Moreover, (�, P) is G-arc-symmetrical.

(2) Let G = 〈h〉 ∼= C6. Then Gv = Gw = 1 = G{v,w}. Let H = 〈h2〉 ∼= C3. Then HGv = HGw has
index two in G and so we can use Construction 5.3 to obtain a G-edge-symmetrical factorisation.
We again have P = {v, w}H = {{0, 1}, {2, 3}, {4, 5}}.

(3) Let G = 〈h2, g〉 ∼= D6 which is vertex-intransitive. Then Gv = 〈g〉 and G{v,w} = 1. Let H =
〈h2〉. Then G = GvH and so we can again use Construction 5.3 to obtain a G-edge-symmetrical
factorisation. Once again P = {v, w}H = {{0, 1}, {2, 3}, {4, 5}}.

Lemma 5.5. Let (�, P) be a G-edge-symmetrical factorisation. Then (�, P) arises from
Construction 5.3 using H = GP for P ∈ P .

Proof. By Lemma 4.1, P is a block system of the G-action on E. Thus H = GP contains
the edge stabiliser G{v,w} and P = {v, w}H . Since H is transitive on the edges of the factor P,
either � is H -vertex-transitive, or � is bipartite and H has two orbits on V�, these being the two
bipartite halves. It follows from Lemma 2.1 that in the first case G = HGv. In the second case, the
stabiliser G+ in G of each bipartite half has index at most two in G and Lemma 2.1 implies that
G+ = HGv = HGw. Thus (�, P) arises from Construction 5.3

Note that if (�, P) is a G-arc-symmetrical factorisation then it is also G-edge-symmetrical and
hence by Lemma 5.5 arises from Construction 5.3.

If (�, P) is a G-vertex-symmetrical factorisation with G transitive on E�, then (�, P) is an
edge-symmetrical factorisation. We have the following general construction in the edge-intransitive
case.

Construction 5.6. (Vertex-symmetrical factorisations) Let � = (V, E) be a G-vertex-transitive
graph and let E1, . . . , Er be the G-orbits on E. Suppose there is a subgroup H such that G = HGv
for some vertex v and for each orbit Ei of G on E there exists {vi, wi} ∈ Ei such that G{vi ,wi} � H .
Let P = {{v1, w1}, . . . , {vr , wr}}H and P = PG . Since G = HGv, � is H -vertex-transitive and so
[P] is a spanning subgraph containing each edge {vi, wi}. Also, since G{vi ,wi} < H < G for each i,
the partition Pi = {Pj ∩Ei | Pj ∈ P} is a system of imprimitivity for G on Ei. Moreover, the action
of G on Pi is equivalent to the action of G on the set of right cosets of H and hence GPi ∼= GPj for all
i 
= j. Thus P is indeed a factorisation of � and so (�, P) is a G-vertex-symmetrical factorisation.

Example 5.7. Let � be the graph with vertices labelled by the elements of Z8 and x adjacent
to x ± 1, x ± 3 (mod 8). Let G = D16 � Aut(�). Then G has two orbits E1, E2 on the set of
edges of �, with E1 being the 8-cycle with adjacency x ∼ x ± 1 (mod 8) and E2 the 8-cycle with
adjacency x ∼ x ± 3 (mod 8). Now {0, 1} ∈ E1 and {3, 6} ∈ E2. Moreover, G{0,1} = G{3,6} =
〈(0, 1)(2, 7)(3, 6)(4, 5)〉. Now G = G0H where H = 〈(0, 1)(2, 7)(3, 6)(4, 5), (0, 2, 4, 6)(1, 3, 5, 7)〉
and H contains G{0,1} = G{3,6}. Thus we can use Construction 5.6 to find a G-vertex-symmetrical
factorisation. The part P = {{0, 1}, {3, 6}}H gives [P] = 2C4 with components (0, 1, 4, 5) and
(2, 3, 6, 7).

Lemma 5.8. Let (�, P) be a G-vertex-symmetrical factorisation. Then (�, P) arises from Con-
struction 5.6 using H = GP for P ∈ P .
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Proof. Suppose that (�, P) is a G-vertex-symmetrical factorisation and let P ∈ P contain the
edge {v, w}. Then the subgraph P is spanning, and H = GP is transitive on V . Hence G = HGv.
Let E1, . . . , Er be the G-orbits on E. For i ∈ {1, . . . , r}, we have P ∩Ei := {Pj ∩Ei | Pj ∈ P} is a
G-edge-symmetrical factorisation of the induced subgraph [Ei]. By Lemma 4.1, P∩Ei is a block of
imprimitivity for G acting on Ei, and so the block stabiliser GP∩Ei = H properly contains G{vi ,wi}
for some edge {vi, wi} ∈ Ei. Moreover, P∩Ei = {vi, wi}H and P = {{v1, w1}, . . . , {vr , wr}}. Hence
(�, P) is as obtained by Construction 5.6.

5.1 A link between transitive covers and homogeneous factorisations

There is an interesting situation that arises for G-transitive covers (�, P) for vertex-quasiprimitive
groups G. These are permutation groups G for which all nontrivial normal subgroups are vertex-
transitive. We propose the general study of G-transitive uniform covers (�, P) where G is arc-
transitive and vertex-quasiprimitive.

Construction 5.9. For a cover (�, P) define the following family Q(P) of sets as follows: For
each e ∈ E�, let Pe = {P ∈ P | e ∈ P} and let Qe = ∩P∈Pe P. Then define Q(P) = {Qe | e ∈ E�}.

Lemma 5.10. If (�, P) is a G-transitive λ-uniform cover such that the kernel N = G(P) is vertex-
transitive and � is G-edge-transitive, then (�, Q(P)) is a (G, N )-homogeneous factorisation.

(Homogeneous factorisations were defined at the end of Section 1.)

Proof. Let Q = Q(P), and let e ∈ E�. Since e ∈ Qe and N fixes Qe setwise, it follows that
Qe is a spanning subgraph. Now G preserves Q and since G is edge-transitive, it follows that G
acts transitively on Q. Moreover, for each e ∈ E�, there is a unique part of Q, namely Qe, which
contains e. Hence (�, Q) is a (G, N )-homogeneous factorisation.

This link can sometimes occur rather naturally and we demonstrate this phenomenon in the next
lemma.

Lemma 5.11. Let (�, P) be a (G, M )-homogeneous factorisation such that G is 2-transitive on P .
Let R = {Pi ∪ Pj | i 
= j, Pi, Pj ∈ P}. Then (�, R) is a G-transitive (|P| − 1)-uniform cover.
Moreover, the homogeneous factorisation obtained from (�, R) using Construction 5.9 is (�, P).

Proof. Since G is 2-transitive on P , it acts transitively on R. Moreover, as each edge lies in a
unique element of P , it lies in precisely |P| − 1 elements of R. Thus (�, R) is a G-transitive
(|P| − 1)-uniform cover. Given an edge e of �, if P is the unique part of P containing e, then P is
the intersection of all the parts of R containing e. Hence (�, P) is the homogeneous factorisation
obtained from (�, R) using Construction 5.9.

An explicit example of a homogeneous factorisation satisfying the conditions of Lemma 5.11
is G = AGL(d, q), � = Kqd , with P the partition of edges into parallel classes. Application of
Construction 5.9 arises most naturally when the group G involved is quasiprimitive on vertices.

Lemma 5.12. Let (�, P) be a G-transitive uniform cover of a G-edge-transitive, G-vertex-
quasiprimitive graph �. Then either

(1) G acts faithfully on P , or
(2) Construction 5.9 yields a (G, N )-homogeneous factorisation (�, Q) with N = G(P).

Proof. Let N be the kernel of the action of G on P . If N = 1 then G acts faithfully on P and we
have case (1). On the other hand, if N 
= 1, since � is G-vertex-quasiprimitive, N is transitive on
V�. Hence Construction 5.9 yields a (G, N )-homogeneous factorisation (�, Q).
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6 QUOTIENTS

In this final section we discuss the behaviour of covers and decompositions when we pass to a
quotient graph. Let � be a G-arc-transitive connected graph and B a G-invariant partition of V�.
The quotient graph �B is the graph with vertex set B such that two blocks B1, B2 are adjacent if
and only if there exist v ∈ B1 and w ∈ B2 such that v and w are adjacent in �. The quotient �B has
no loops and is connected, and G acts arc-transitively (see [29]). If the G-invariant partition B is
the set of orbits of a normal subgroup N of G then we denote �B by �N and PB by PN .

We say that � covers the quotient graph �B if the subgraph of � induced between two adjacent
blocks is a perfect matching, that is, given two adjacent blocks B1, B2, for all v ∈ B1, we have
|�(v)∩B2| = 1. This is an unfortunate re-use of the term ‘cover’. However, both uses of this word
are standard in the graph theory literature. The context should make it clear which one is intended.

Given a cover P of � (as in Section 1), for each P ∈ P let PB be the set of all arcs (B, C) of �B
such that there exists u ∈ B and v ∈ C with (u, v) ∈ P. This allows us to define PB = {PB | P ∈ P}.
If the G-invariant partition B is the set of orbits of a normal subgroup N of G then we denote �B
by �N and PB by PN .

The following lemma records properties of (�, P) that are inherited by (�B, PB). Case (c)
involves the condition that � covers it quotient graph �N , a condition that always holds if � is
G-locally primitive, see our comments after Theorem 6.2 below.

Lemma 6.1. Let � be a G-arc-transitive connected graph and let B be a G-invariant partition
of V�.

(a) If P is a cover of � then PB is a cover of �B.
(b) If (�, P) is a G-transitive λ-uniform cover, then (�B, PB) is a G-transitive μ-uniform cover

for some μ ≥ λ.
(c) Let N be a normal subgroup of G which acts trivially on P and has at least three orbits on

vertices, and suppose that � covers �N . Then (�N , PN ) is a (G/N )-transitive λ-uniform cover,
and for each P ∈ P , P covers PN .

Proof.

(a) Let (B, C) be an arc of �B. As noted above there are no loops in �B, and so there exists
(u, v) ∈ A� such that u ∈ B and v ∈ C. Since P is a cover of �, there exists P ∈ P such that
(u, v) ∈ P. Hence (B, C) ∈ PB and so PB is a cover of �B.

(b) As noted above G acts arc-transitively on �B. Since P is G-invariant it follows from the
definition of PB that PB is also G-invariant, and since G is transitive on P it is also transitive
on PB. Thus by part (a), (�B, PB) is a G-transitive μ-uniform cover for some μ. Since an arc
(u, v) with u ∈ B and v ∈ C is contained in λ parts of P , it follows that μ ≥ λ.

(c) Let (B, C) be an arc of �N . Since � is a cover of �N , the subgraph induced between B and C is
a complete matching and N acts transitively on the set of arcs from B to C. Thus if P1, . . . , Pλ
are the λ parts of P containing the arc (u, v) with u ∈ B and v ∈ C, then all arcs from B to C
are contained in each P1, . . . , Pλ. Thus (B, C) is contained in precisely λ parts of PN and so
(�N , PN ) is a (G/N )-transitive λ-uniform cover. Moreover, if P ∈ P contains an arc joining
some (B, C) then since N acts transitively on B and fixes P, for each b ∈ B, there exists c ∈ C
such that (b, c) ∈ P. Since � covers �N , c is unique and hence P covers PN .

Let (�, P) be a G-transitive factorisation and let M be the kernel of the action of G on P .
Recall that if M is vertex-transitive, then (�, P) is a (G, M )-homogeneous factorisation. If � is
bipartite and both G and M fix the two parts of the bipartition and act transitively on both, then
(�, P) is called a (G, M )-bihomogeneous factorisation. In either of these cases if we replace P by
a G-invariant partition of E� refined by P the kernel will also be transitive on V�, or in the second
case will have at most two vertex-orbits. We have a useful result about quotients for G-transitive
decompositions (�, P) in the case where G is primitive on P , a property that may be obtained
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by replacing P with a maximal invariant partition refined by P . For a bipartite graph � which is
G-vertex-transitive, we denote by G+ the index two subgroup of G which fixes setwise each of the
two bipartite halves.

We have the following theorem.

Theorem 6.2. Let (�, P) be a G-transitive decomposition of the G-arc-transitive connected
graph �. Suppose that G acts primitively on P and let N be the kernel of the action of G on P .
Then one of the following holds.

(1) (�, P) is a (G, N )-homogeneous factorisation.
(2) (�, P) is a (G+, N )-bihomogeneous factorisation.
(3) (�N , PN ) is a (G/N )-transitive decomposition with G/N faithful on PN .
(4) N has at least three vertex orbits and � does not cover �N .

Proof. If N is vertex-transitive then we are clearly in the first case. If N has two orbits on V�, then
� is bipartite with the two N -orbits being the two parts of the bipartition. Since GP is primitive, it
follows that G+ acts transitively on P and so (�, P) is a (G+, N )-bihomogeneous factorisation.

Suppose now that N has at least three orbits on vertices. If� is a cover of�N , then Lemma 6.1(c)
implies that (�N , PN ) is a (G/N )-transitive decomposition. Since N is the kernel of the action of
G on P , G/N is faithful on PN .

When � is G-locally primitive, [29] implies that � is a cover of �N , so case (4) of Theorem 6.2
does not arise in this case. Thus Theorem 6.2 suggests that for G-locally primitive graphs important
G-transitive decompositions to study are those for which G acts faithfully on the decomposition.

Problem 6.3. Study G-transitive decompositions of families of G-locally primitive graphs.
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1 INTRODUCTION

This paper is based on a talk given at the Com2MaC Conference on Applications of Group Theory
to Combinatorics, July 2007. It is a brief survey of recent progress on the combinatorial problem of
classifying the orientably regular embeddings of complete bipartite graphs. The motivation for this
problem comes from two main areas, topological graph theory and arithmetic algebraic geometry,
while the techniques required to solve it come from a third area, finite group theory—specifically
the theories of factorisable groups and of finite solvable groups.

The first part of this paper is mainly combinatorial and group-theoretic, discussing the clas-
sification problem and the methods used to solve it. Much of this work was done by the author
in collaboration with Shao-Fei Du, Jin Ho Kwak, Roman Nedela and Martin Škoviera. I will
also briefly mention an alternative approach to this problem, developed by Jin Ho Kwak and
Young Soo Kwon, and its connection with skew-morphisms, introduced by Robert Jajcay and
Jozef Širáň. The second part of this paper is rather more wide-ranging, involving the links between
this problem and other topics such as Riemann surfaces, algebraic geometry and Galois theory.
Again, much of this was collaborative work, this time involving Antoine Coste, Manfred Streit
and Jürgen Wolfart. I am grateful to all these colleagues for their valuable input over many years,
and also to Com2MaC for the invitation and the financial support which enabled this talk to be
given.

2 MOTIVATION FROM TOPOLOGICAL GRAPH THEORY

One of the main general problems of topological graph theory is to find all the orientably regular
embeddings of a given class of arc-transitive finite graphs G. These are maps M on compact ori-
entable surfaces S, such that the faces (connected components of S\G) are simply connected; M is
orientably regular (often abbreviated to regular) if the group Aut+M of orientation-preserving
automorphisms of M acts transitively on the arcs (directed edges) of G. One can generalise this
problem by considering orientation-reversing automorphisms or non-orientable surfaces (see §13
and [1, 2]), but for simplicity we will generally avoid these cases here.

This problem has been solved for several classes of graphs, such as complete graphs Kn by James
and Jones [3], n-cubes Qn for odd n by Du, Kwak and Nedela [4], and Johnson graphs J (n, m) by
Jones [5], but there many interesting cases still open, such as Qn for even n, shown by Kwon [6] to
be much harder than the case where n is odd.

3 COMPLETE BIPARTITE GRAPHS

In this paper we take G to be the complete bipartite graph Kn,n: this has 2n vertices, partitioned into
two sets of size n, coloured black and white respectively, and it has n2 edges, one between each pair
of black and white vertices. The automorphism group Aut G is isomorphic to the wreath product
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Sn�S2, an extension of a normal subgroup Sn×Sn (with the factors independently permuting the black
and the white vertices) by a complement S2 transposing these two sets. This group acts transitively
on arcs of the graph, so it is conceivable that the graph has orientably regular embeddings. (This
is not always the case: each complete graph Kn has an arc-transitive automorphism group Sn, but
Biggs [7] showed that only those for which n is a prime power have orientably regular embeddings.)

By contrast with the complete graphs, every graph Kn,n has at least one orientably regular
embedding. This is the standard embedding of Kn,n, described by Biggs and White in [8, §5.6.7]
as a Cayley map for the group Z2n with respect to the generators 1, 3, . . . , 2n − 1 taken in that
cyclic order. Thus the vertices are the elements of Z2n, coloured black or white as they are even or
odd, and each vertex v is joined by edges to the vertices v+ 1, v+ 3, . . . , v− 1 in that cyclic order
around v. This determines an orientably regular map M with n faces, all 2n-gons, so M has Euler
characteristic

χ = 2n− n2 + n = 3n− n2

and hence has genus

g = 1− χ
2
= (n− 1)(n− 2)

2
.

The orientation-preserving automorphism group Aut+M is a wreath product Cn � S2, with the
direct factors of the normal subgroup Cn × Cn acting independently on the black and the white
vertices by translations v �→ v + a, a even, and a complement S2 transposing them, for instance
by v �→ v + 1.

As an example, when n = 3 we obtain the torus map {6, 3}1,1 in [9, §8.4].

4 MOTIVATION FROM THE THEORY OF DESSINS D’ENFANTS

According to Grothendieck’s theory of dessins d’enfants [10], explained in more detail later in this
paper, a compact Riemann surface X is defined (as an algebraic curve) over an algebraic number
field if and only if its complex structure is obtained, in a canonical way, from an embedding of a
bipartite graph in X . The most symmetric examples correspond to orientably regular embeddings
of bipartite graphs, and the most symmetric of these are the complete bipartite graphs Kn,n.

A classic example is the nth degree Fermat curve Fn, defined as a projective variety by the
equation

xn + yn = zn.

This is defined over the rational field Q, and as a Riemann surface it carries an embedding of Kn,n:
the black and white vertices are the points with x = 0 and y = 0, and the edges are formed by the
points [x, y, z] with (x/z)n (and hence (y/z)n) in the unit interval [0, 1] ⊂ R. The resulting map M
is isomorphic to the standard embedding of Kn,n: the base group Cn × Cn of Aut+M is obtained
by multiplying x and y by nth roots of 1, and a complement by transposing x and y.

5 THE PROBLEMS

Motivated by the ideas in §§2–4, we study the following problems:

(a) find all the orientably regular embeddings of the graphs Kn,n;
(b) understand the corresponding algebraic curves X , which we call the generalised Fermat curves.
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The first significant result concerning Problem (a) was obtained by Nedela, Škoviera and
Zlatoš [11]:

Theorem 1. If n is prime the standard embedding is the only orientably regular embedding
of Kn,n.

The proof of Theorem 1 uses directly combinatorial methods, but further progress requires other
techniques. Kwak and Kwon [1, 2, 12] have had considerable success, in the orientable and non-
orientable cases, by using permutations to represent embeddings of Kn,n (see §14). An alternative
approach, outlined here, is to convert Problem (a) into a purely group-theoretic problem, and then
to apply results and techniques from that field. This approach, in joint work with Du, Kwak, Nedela
and Škoviera, has given a complete solution to Problem (a), while partial results for Problem (b)
have been obtained with Coste, Streit and Wolfart.

6 ISOBICYCLIC GROUPS

Let M be an orientably regular embedding of Kn,n. Then Aut+M has a subgroup Aut+0 M of index
2 preserving both surface-orientation and vertex-colours. The following is easy to prove (see [13],
for instance):

Lemma 2. A group G arises as Aut+0 M for some orientably regular embedding M of Kn,n
if and only if

(i) G = XY with X = 〈x〉 and Y = 〈y〉 both cyclic subgroups of order n,
(ii) X ∩ Y = 1,

(iii) there is an automorphism α of G transposing x and y.

Then the isomorphism classes of orientably regular embeddings of Kn,n associated with G
correspond to the orbits of Aut G on such pairs x, y in G.

If G satisfies (i), (ii) and (iii) we say it is n-isobicyclic (or simply isobicyclic), and we call (G, x, y)
an n-isobicyclic triple. If G = Aut+0 M for some M then x and y are rotations of M around a
black vertex v and a white vertex w, sending each incident edge to the next one by following the
orientation around that vertex; the automorphism α is induced by conjugation by the half-turn in
Aut+M reversing the edge vw. Conversely, if G is isobicyclic then one can identify the edges of
M with the elements of G, and the black and white vertices with the cosets of X and Y , successive
powers of x and y determining the local orientation around each vertex.

Condition (i) implies that each element of G has the form xiyj for some i and j, and condition
(ii) implies that this factorisation is unique, so |G| = |X |.|Y | = n2. For the standard embedding
we have G = X × Y ∼= Cn × Cn, but in general neither X nor Y need be a normal subgroup of G.

7 A UNIQUENESS RESULT

Lemma 2 allows one to construct non-standard embeddings of Kn,n for certain values of n by finding
appropriate isobicyclic groups G 
∼= Cn×Cn. There are simple examples of these when n = pe for
some prime p with e ≥ 2, and also when n = pq for primes p and q with p ≡ 1 mod (q). In a sense
to be explained more fully in §10, all non-standard embeddings are generalisations of these.

The discovery of these simple examples gave rise to a uniqueness result. Let ν(n) denote the
number of orientably regular embeddings of Kn,n, up to orientation-preserving isomorphism. The
existence of the standard embedding implies that ν(n) ≥ 1 for all n, and Theorem 1 shows
that ν(n) = 1 whenever n is prime, whereas the non-standard examples mentioned above show
that ν(n) > 1 for certain other values of n. Lemma 2 allows one to characterise those n for
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which ν(n) = 1, those for which the standard embedding is the only regular orientable embedding
of Kn,n.

Define a positive integer n to be singular if gcd(n,φ(n)) = 1, where φ is Euler’s function.
Equivalently, n is a product of distinct primes, with no pair p, q of prime factors satisfying p ≡ 1
mod (q). Thus every prime number is singular, as are infinitely many composite numbers such as
3×5 = 15, 3×5×17 = 255, 3×5×17×23 = 5865 and so on. Indeed, it follows easily from the
Chinese Remainder Theorem and Dirichlet’s Theorem on primes in arithmetic progressions that
any such sequence of odd singular integers, each dividing the next, can be continued indefinitely.

Using Lemma 2, Nedela, Škoviera and the author [13] proved:

Theorem 3. ν(n) = 1 if and only if n is singular.

The existence of non-standard embeddings whenever n is nonsingular follows immediately from
the basic examples mentioned above, together with the following straightforward result:

Lemma 4. If (Gi, xi, yi) is an ni-isobicyclic triple for each i = 1, . . . , k, where n1, . . . , nk are
mutually coprime, then (G, x, y) is an n-isobicyclic triple where G = G1 × · · · × Gk , x = (xi),
y = (yi) and n = n1 . . . nk .

If Mi is the orientably regular embedding of Kni ,ni corresponding to the triple (Gi, xi, yi), we
denote by M1 × · · · ×Mk the orientably regular embedding of Kn,n corresponding to (G, x, y),
called the cartesian product of the embeddings Mi.

The converse part of Theorem 3, namely the uniqueness of the standard embedding when n is
singular, depends on an argument showing that in any isobicyclic group G, the subgroups X and Y
contain normal subgroups Xp and Yp of G of order p for some prime p dividing n. One can then
argue by induction, regarding G as an extension of Xp × Yp by the group G/(Xp × Yp), which is
also isobicyclic.

The singular integers are also those for which there is only one group of order n, namely Cn.
This result is due to Burnside [14, Exercise 575]; the proofs are similar but independent of each
other.

In 1947 Erdős [15] proved that the proportion of integers n ≤ N which are singular is
asymptotic to

e−γ

log log log N

as N → ∞, where γ is Euler’s constant. This estimate approaches 0 as N → ∞, but it does so
very slowly!

8 PRIME POWER EMBEDDINGS

In the 1950s and 1960s, several mathematicians such as Douglas, Huppert, Itô, Rédei and Wielandt
studied groups with factorisations G = XY, in many cases proving that if X and Y satisfy certain
conditions, such as being cyclic, abelian, nilpotent, etc, then G satisfies certain correspondingly
weaker conditions, such as being metabelian, solvable, etc. A typical result, due to Huppert
[16] is:

Proposition 5. If G = XY where X and Y are cyclic groups and G is a p-group for some odd
prime p, then G is metacyclic.

A metacyclic group is one which has a cyclic normal subgroup with a cyclic quotient. If n = pe

for some odd prime p, so that the group G = Aut+0 M has order p2e, then Lemma 2(i) implies
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that G satisfies the conditions of Proposition 5, so G is metacyclic. Using this, together with
some p-group calculations exploiting the other parts of Lemma 2, Nedela, Škoviera and the
author [17] were able to classify the orientably regular embeddings of Kn,n for odd prime
powers n:

Theorem 6. If n = pe for some odd prime p then there are pe−1 orientably regular embeddings
M =Mf,u of Kn,n. They correspond to the groups

Aut+0 M = G = Gf := 〈g, h | gn = hn = 1, hg = h1+p f〉
for f = 1, 2, . . . , e, with x = gu, y = guh for some u = 1, . . . , pe−f coprime to p. There
are φ(pe−f ) maps Mf,u associated with each Gf . These maps all have type {2n, n} and genus
(n− 1)(n− 2)/2.

For instance, taking f = e, so that hg = h and hence G ∼= Cn×Cn, gives the standard embedding
Me,1. Proposition 5 fails for p = 2, and in this case Du, Kwak, Nedela, Škoviera and the author
have proved the following analogue of Theorem 6:

Theorem 7. If n = 2e then the orientably regular embeddings of Kn,n are

(i) the 2e−2 analogues for p = 2 of the maps Mf,u in Theorem 5 with f = 2, . . . , e, for which
G = Gf is metabelian, and

(ii) one extra map when e = 2, and four for each e ≥ 3, all with non-metabelian groups G.

Note that when p = 2 there are no analogues of the maps with f = 1 in Theorem 6. The excep-
tional map for n = 4 is the torus map {4, 4}2,2 in the notation of [9, §8.3], and those for n = 2e ≥ 8
are branched coverings of {4, 4}2,2, of type {n, n} and genus (n2−4n+ 2)/2. The proof of Theorem 7
uses the same p-group techniques as Theorem 6 in the cases where G is metacyclic [18], and uses
induction on e to deal with the non-metacyclic exceptional cases [19].

9 CLASSIFYING ALL COMPLETE BIPARTITE MAPS

Theorems 6 and 7 describe the orientably regular embeddings M of Kn,n for all prime powers n.
The following result of Wielandt [20] allows one to extend these classifications to all n:

Proposition 8. Let G = XY where X and Y are finite cyclic groups, and let p1 > · · · > pk be
the primes dividing |G|. Then G has a Sylow tower, that is, a series of normal subgroups

1 < P1 < P1P2 < · · · < P1 . . .Pk = G (9.1)

where each Pi is a Sylow pi-subgroup of G.

In our case, |G| = n2, so the primes pi dividing |G| are those dividing n. If

n = pe1
1 . . . pek

k

then one can show that each Pi is pei
i -isobicyclic, so it is one of the groups described in Theorem 6

or Theorem 7. The possibilities for the quotients

P1 . . .Pi/P1 . . .Pi−1 ∼= Pi

in the series (9.1) are therefore known, so one can try to reconstruct G. The argument is by induction
on k , regarding G as an extension of a normal subgroup P1 by an n-isobicyclic group G = G/P1,
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where n = pe2
2 . . . p

ek
k . Since P1 and G have coprime orders, this extension is split, by the Schur-

Zassenhaus Theorem, so it is sufficient to determine how P2, . . . , Pk can act by conjugation on P1
to give an n-isobicyclic group G. Proposition 8 implies that G is solvable (in fact it is metabelian
[21]), so one can also apply Hall’s extension of Sylow’s Theorems from single primes to sets of
primes, valid for all finite solvable groups [22]. The main result is that the maps are all formed from
the prime power maps in Theorems 6 and 7 by two simple constructions: the first is the cartesian
product, given by Lemma 4, and the second is given by the following straightforward result.

Lemma 9. Let (S, x, y) be an s-isobicyclic triple, let T = Ct ×Ct with s and t coprime, and let G
be the semidirect product T : S of T by S where x and y act by conjugation on the normal subgroup
T as matrices

(
λ 0
0 1

)

and
(1 0

0 λ

)

in GLn(Zt) for some unit λ ∈ Z∗t . Then G is n-isobicyclic where
n = st.

If S and T (the standard embedding of Kt,t) are the orientably regular embeddings of Ks,s and
Kt,t corresponding to S and T , we call the orientably regular embedding of Kn,n corresponding to G
in Lemma 9 a semidirect product or abelian covering T : S of S by T .

The classification is as follows, with the full proof in [23]:

Theorem 10. For each n ≥ 1, the orientably regular embeddings of Kn,n are the maps of the form
M = T :S, where

(i) n = st with s and t coprime,
(ii) S = S1×· · ·×Sk with each Si an orientably regular embedding of Kni ,ni , where s = n1 . . . nk

with n1, . . . , nk mutually coprime prime powers,
(iii) T is the standard embedding of Kt,t .

Then Aut+0 M ∼= T : (S1 × · · · × Sk ) where T (∼= Ct × Ct) and Si are the isobicyclic groups
corresponding to T and Si .

Since each ni is a prime power, the embeddings Si are all as described in Theorems 6 and 7 for
odd and even ni. Then M is completely determined by

• the factorisation n = st of n,
• the choice of the embeddings Si, and
• the eigenvalue λ ∈ Z∗t which determines the action of S on T in Lemma 9.

Given this information one can determine the type and the genus of M by computing the order m
of xy in G: the faces are all 2m-gons, so the type is {2m, n); since there are n2/m faces the Euler
characteristic is 2n− n2 + n2/m, so the genus is

1− n+ n2

2
− n2

2m
.

10 ENUMERATION

Theorem 10 and the comments following it allow one to determine the number ν(n) of orientably
regular embeddings of Kn,n for each n. The result is a rather complicated formula, which agrees
with earlier results obtained in special cases, for instance when n is a prime power (§8) or a product
of two primes [12], and also with a computer search for n ≤ 100.

Let� denote the set of all prime numbers, and let→ denote the binary relation on� defined by
q→ p if and only if q divides p− 1; one can regard� as a directed graph, with this relation defining
the set of arcs of �. Given an integer f ≥ 1, and an arc q→ p of �, define fq,p = min{ f , r(q, p)}
where r = r(q, p) is defined by qr ‖ p− 1 (so qr is the highest power of q dividing p− 1).
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For each integer n ≥ 1, let �n denote the set of primes dividing n, regarded as a subgraph of
� by restricting the relation→ to �n. We say that ⇀ is a short subrelation of→ on �n if ⇀ is
a subrelation of→ on �n (i.e. if q ⇀ p implies that p, q ∈ �n with q | p − 1) and there is no
triple p, q, r in �n with r ⇀ q ⇀ p; equivalently, ⇀ defines a directed subgraph 
 of �n which
is short, written 
 � �n, in the sense that it contains no directed paths of length greater than 1.
For each short subgraph 
 � �n, corresponding to a short subrelation ⇀, define

N (
) = {p ∈ �n | q ⇀ p for no q ∈ �n},
the set of nonterminal vertices in 
.

Theorem 11. If n is odd, with prime power factorisation
∏

q qeq , then the number ν(n) of
orientably regular embeddings of Kn,n is given by

ν(n) =
∑


��n

⎛

⎝

∏

q∈N (
)

⎛

⎝

eq
∑

f=1

(

φ(qeq−f )
∏

q⇀p

(qfq,p − 1)
)

⎞

⎠

⎞

⎠ .

Here an arc q ⇀ p in 
 denotes that in the Sylow tower (9.1), a Sylow q-subgroup Q of G has a
nontrivial action by conjugation on a Sylow p-subgroup P; this implies that q | p− 1, and that no
Sylow r-subgroup can act nontrivially on Q, so summing over all short subgraphs
 of�n accounts
for all choices of such sets of pairs p and q. For each such choice, we consider the nonterminal
vertices q and count the φ(qeq−f ) possible Sylow q-subgroups Q for each value of the parameter f
in Theorem 6, together with the qfq,p − 1 nontrivial actions of each Q on the Sylow p-subgroup P,
to obtain the number of embeddings in Theorem 10.

11 DIGRESSION ON THE RANDOM GRAPH

Let us modify the construction of� in §10 and consider the graph�′ whose vertices are all the odd
primes, with an undirected edge between p and q whenever q | p − 1. It is a simple consequence
of the Chinese Remainder Theorem and Dirichlet’s Theorem on primes in arithmetic progressions
that for each disjoint pair U and V of finite sets of vertices of�′ there is a vertex adjacent to every
vertex in U and to no vertex in V . Any countably infinite graph with this property is isomorphic
to the random graph or universal graph R studied by Erdős and Rényi [24] and constructed by
Rado [25], so �′ ∼= R. Further properties of this remarkable graph are discussed in [26, §5.1] and
[27, §9.6]: for instance, given any countably infinite set of vertices, if pairs of them are chosen
at random to be edges, each with probability 1

2 , then the resulting graph is isomorphic to R with
probability 1.

12 ENUMERATION FOR n EVEN

Returning to the problem of enumerating the orientably regular embeddings of Kn,n, the situation
is rather more complicated for even n because of the exceptional embeddings corresponding to
powers of 2 in Theorem 7. Suppose that 2e2 ‖ n, with e2 ≥ 1. Then the techniques discussed
earlier give:

Theorem 12.

(a) If 1 ≤ e2 ≤ 2, so that 2 ‖ n or 22 ‖ n, then

ν(n) =
∑


��n

⎛

⎝

∏

q∈N (
)

⎛

⎝

eq
∑

f=1

(

φ(qeq−f )
∏

q⇀p

(qfq,p − 1)
)

⎞

⎠

⎞

⎠ .
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(b) If n is divisible by 8 then

ν(n) =
∑


��n

⎛

⎝

⎛

⎝

e2∑

f=2

(

φ(2e2−f )
∏

2⇀p

(2f2,p − 1)
)

+ 4

⎞

⎠

×
∏

2
=q∈N (
)

⎛

⎝

eq
∑

f=1

(

φ(qeq−f )
∏

q⇀p

(qfq,p − 1)
)

⎞

⎠

⎞

⎠ .

An equivalent version of the formula in Theorem 12(b) is:

ν(n) =
∑


��n

⎛

⎝

∏

q∈N (
)

⎛

⎝

eq
∑

f=1

(

φ(qeq−f )
∏

q⇀p

(qfq,p − 1)
)

⎞

⎠

⎞

⎠

+ (4− 2e2−2)
∑


��n

⎛

⎝

∏

2
=q∈N (
)

⎛

⎝

eq
∑

f=1

(

φ(qeq−f )
∏

q⇀p

(qfq,p − 1)
)

⎞

⎠

⎞

⎠ .

The following table gives the values of ν(n) obtained from Theorems 11 and 12 for all n ≤ 120.
According to Nedela [28], Fujisaki used a computer search, based on the Kwak-Kwon permu-

tation method (see [12] and §14), to evaluate ν(n) for all n ≤ 100. The above values of ν(n) agree
with all of his in this range, except in the case n = 90, where Fujisaki’s reported value ν(90) = 6
appears to be a typographic error. (It is easy to construct eight non-isomorphic orientably reg-
ular embeddings of Kn,n in this case.) The initial evidence provided by Fujisaki’s search was of
considerable value in showing that the approach used to prove Theorem 10 was correct.

Table 1. Values of ν(n) for 1 ≤ n ≤ 120.

n v(n) n v(n) n v(n) n v(n) n v(n) n v(n)

1 1 21 3 41 1 61 1 81 27 101 1
2 1 22 2 42 8 62 2 82 2 102 4
3 1 23 1 43 1 63 9 83 1 103 1
4 2 24 12 44 4 64 20 84 16 104 16
5 1 25 5 45 3 65 1 85 1 105 3
6 2 26 2 46 2 66 4 86 2 106 2
7 1 27 9 47 1 67 1 87 1 107 1
8 6 28 4 48 16 68 6 88 12 108 20
9 3 29 1 49 7 69 1 89 1 109 1
10 2 30 4 50 6 70 4 90 8 110 12
11 1 31 1 51 1 71 1 91 1 111 3
12 4 32 12 52 6 72 24 92 4 112 16
13 1 33 1 53 1 73 1 93 3 113 1
14 2 34 2 54 10 74 2 94 2 114 8
15 1 35 1 55 5 75 5 95 1 115 1
16 8 36 8 56 12 76 4 96 24 116 6
17 1 37 1 57 3 77 1 97 1 117 9
18 4 38 2 58 2 78 8 98 8 118 2
19 1 39 3 59 1 79 1 99 3 119 1
20 6 40 16 60 12 80 24 100 14 120 32
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13 REFLEXIBILITY AND PETRIE DUALITY

An orientably regular map is reflexible if it has an automorphism reversing the surface-orientation.
In the case of an orientably regular embedding of Kn,n, this is equivalent to the existence of an
automorphism of G inverting x and y. The methods described in §9 and §10 can be used to classify
the reflexible embeddings of Kn,n, and in particular we find that the number ρ(n) of them is given by

ρ(n) =

⎧

⎪
⎪
⎨

⎪
⎪
⎩

1 if e2 = 0,
2r if e2 = 1,

2r+1 if e2 = 2,

3.2r+1 if e2 ≥ 3,

where 2e2 ‖ n and n is divisible by r distinct odd primes. This agrees with an enumeration obtained
earlier by Kwak and Kwon [1], using their method based on permutations (see §14).

These reflexible embeddings are regular, meaning that the full automorphism group Aut M acts
transitively (and hence regularly) on flags consisting of incident vertex-edge-face triples. Kwak
and Kwon [2] have proved that Kn,n has a regular embedding in a non-orientable surface if and only
if e2 = 1 and p ≡ ±1 mod (8) for each odd prime p dividing n, in which case the number of such
embeddings is 2r .

The Petrie dual P(M) of a map M has the same embedded graph as M, but has new faces,
bounded by the Petrie polygons (closed zig-zag paths) of M, so that Aut M = Aut P(M). If M
is an orientably regular embedding of Kn,n then P(M) is an orientable embedding of Kn,n; if it is
orientably regular, then M must be reflexible, in which case P(M) is obtained from M by inverting
either x or y. We say that M is self-Petrie if M ∼= P(M); the methods discussed here allow one to
classify the self-Petrie embeddings of Kn,n, and to show that the number of them is

σ(n) =

⎧

⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎩

1 if e2 = 0,
2r if e2 = 1,

2r+1 if e2 = 2,

2r+2 if e2 ≥ 3,

where e2 and r are as above. As in the case of reflexibility, this agrees with an enumeration obtained
earlier by Kwak and Kwon [1].

14 THE PERMUTATION METHOD OF KWAK AND KWON

This section briefly explains the method developed by Kwak and Kwon [1, 12], which uses permu-
tations to study orientably regular embeddings of Kn,n. They systematically label the vertices, so
that such maps correspond bijectively to permutations of the labels satisfying certain properties.

If M is an orientably regular embedding of Kn,n then let a pair of black and white vertices v
and w be labelled 0 and 0′. The automorphism x defined in §6 fixes v and permutes the white
vertices in a cycle of length n; the white vertices other than w can be labelled 1′, 2′, . . . , (n− 1)′ so
that x induces the permutation (0′, 1′, . . . , (n − 1)′) of these labels. The black vertices other than
v can then be labelled 1, 2, . . . , n− 1 so that the half-turn a which transposes v and w induces the
permutation

λ = (0, 0′)(1, 1′) . . . (n− 1, (n− 1)′)

of the labels. It follows that x induces a permutation

ρσ = σ(0′, 1′, . . . , (n− 1)′) = (0′, 1′, . . . , (n− 1)′)σ
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of the set of 2n labels, where σ is a permutation of {0, 1, . . . , n − 1} fixing 0, which is uniquely
determined by M. Since y = xa we also obtain the permutation ρλσ of the 2n labels representing y
by transposing pairs of labels i and i′ in the permutation ρσ . The analogue of Lemma 2 states that a
permutation σ of {0, 1, . . . , n− 1} fixing 0 corresponds to an orientably regular embedding M of
Kn,n if and only if the subgroup 〈ρσ , λ〉 of S2n generated by ρσ and λ has order 2n2, or equivalently
the subgroup 〈ρσ , ρλσ 〉 of Sn × Sn ≤ S2n has order n2; in this case M is unique, and these two
subgroups correspond to Aut+M and to G = Aut+0 M in our earlier notation. In particular the
number ν(n) of such embeddings M is equal to the number of such permutations σ . For instance,
the standard embedding corresponds to the identity permutation.

This approach allows embeddings M to be studied and enumerated in terms of combinatorial
properties of the corresponding permutations σ , which must have order dividing n. For instance,
if n is prime then since σ has a fixed point it must be the identity, so we immediately obtain
a proof of Theorem 1. Kwak and Kwon have used this method in [12] to enumerate orientably
regular embeddings of Kn,n when n is a product of two primes (not necessarily distinct), and
in [1] to obtain the enumerations of reflexible and of self-Petrie embeddings mentioned in §13.
An extension of this method in [2] also gives the enumeration of non-orientable regular embeddings
mentioned there.

15 COMPLETE BIPARTITE MAPS AND SKEW-MORPHISMS

There is a link between the group-theoretic and the permutational approaches to complete bipartite
maps through skew-morphisms, which were introduced by Jajcay and Širáň [29] to characterise
orientably regular Cayley maps.

A permutation φ of order r of the elements of a group G is called a skew-morphism of G with
respect to a power-function π : G→ Zr if φ fixes the identity element and

φ(gh) = φ(g)φπ(g)(h)

for all g, h ∈ G, where φπ(g) denotes φ iterated π(g) times. Thus φ is an automorphism if
π(g) = 1 for all g ∈ G. Jajcay and Širáň proved that a Cayley map is orientably regular if and
only if the cyclic permutation of the generators defining the map extends to a skew-morphism of
the group. (This represents the permutation of the vertices induced by rotating the map around the
identity element, each incident edge sent to the next edge according to the local orientation.) For
instance, in the construction of the standard embedding of Kn,n in §3 as a Cayley map over Z2n,
we have

φ(g) =
{

g if g is even,

g + 2 if g is odd,

with

π(g) =
{

1 if g is even,

−1 if g is odd.

Now let G = Aut+0 M for some orientably regular embedding M of Kn,n. By Lemma 2 we
have G = XY , so taking inverses gives G = YX , and hence there are functions φ,ψ : Zn → Zn
such that

xyi = yφ(i)yψ(i)
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for all i. Representing x and y as permutations σ and ρ = (0, 1, . . . , n − 1) of the black vertices,
as in §14, we therefore have

σρi = ρφ(i)σψ(i)

for all i. This implies that

σ(i + j) = σρi( j) = ρφ(i)σψ(i)(j) = φ(i)+ σψ(i)( j)

for all i and j. Putting j = 0 and using the fact that σ fixes 0 we see that φ = σ , so

σ(i + j) = σ(i)+ σψ(i)(j)

for all i and j, which shows that σ is a skew-morphism of the additive group Zn with respect to the
power function ψ .

Skew-morphisms thus describe the permutations σ used in the permutational approach, and also
control the general lack of commutativity of X and Y in the group-theoretic approach. A good
understanding of skew-morphisms might help to strengthen the connections between these two
approaches.

The second part of this paper considers connections between the preceding work and other areas
of mathematics. See [30], [31] or [32] for more details.

16 RIEMANN SURFACES AND ALGEBRAIC CURVES

A Riemann surface is a surface X (always assumed here to be connected) which is covered by
subsets homeomorphic to open subsets of the complex plane C, giving local complex coordinates
on X . We require that whenever such subsets overlap, the resulting change of coordinates functions
are analytic, thus allowing the usual operations of complex analysis to be performed on X in a
consistent way.

Example 1. The Riemann sphere Ĉ = C∪{∞}, also known in algebraic geometry as the complex
projective line, has complex coordinates z and 1/z on its open subsets C and Ĉ\{0}, with the change
of coordinate function z �→ 1/z analytic on C\{0}.

The Riemann sphere is compact. Indeed, Riemann proved that a Riemann surface is compact if
and only if it corresponds to an algebraic curve over C, that is, it is defined, as an algebraic variety,
by a finite set of polynomial equations with complex coefficients. This gives us very powerful
‘dictionary’ between the concepts of complex analysis and algebraic geometry, when applied to
compact Riemann surfaces.

Example 2. If � is a lattice in C (that is, an additive subgroup generated by two elements which
are linearly independent over R), then C/� is a compact Riemann surface of genus 1, known as a
torus. Equivalently, it can also be regarded as an elliptic curve

y2 = x(x − 1)(x − λ)

for some λ ∈ C \ {0, 1}. Elliptic curves, and their associated elliptic functions and integrals, have a
history going back over 200 years; they have recently achieved prominence in providing the proof
of Fermat’s Last Theorem, and in forming the basis for powerful cryptographic systems.
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17 BELYĬ’S THEOREM

It is of considerable interest to know which compact Riemann surfaces can be defined (as algebraic
curves) over specific subfields F ⊆ C. This is straightforward for F = R, whereas very little is
known about the case F = Q (the recently-proved Taniyama-Shimura Conjecture, part of which
led Wiles to a proof of Fermat’s Last Theorem, gives a necessary condition for an elliptic curve to
be defined over the rationals). Here we consider the case where F is the field of algebraic numbers,
that is, the algebraic closure

Q = {z ∈ C | f (z) = 0 for some non-zero f (t) ∈ Q[t]}

of Q in C. As part of an investigation into the Inverse Galois Problem (Hilbert’s conjecture that
every finite group is the Galois group of an algebraic number field), Belyı̆ [33] characterised
Riemann surfaces defined over Q in terms of the branching of meromorphic functions.

If β : X → Ĉ is a non-constant meromorphic function (analytic apart from poles of finite
order), then it is a d-sheeted branched covering of Ĉ for some finite d = deg(β), meaning that
|β−1(w)| = d for all but finitely many points w ∈ Ĉ, so that a small neighbourhood N of w is
covered by d disjoint open sets in X , each mapped homeomorphically onto N . At the finitely many
exceptional points w we have 1 ≤ |β−1(w)| < d, with some of the d sheets of the covering coming
together over w; these are the branch points of β on Ĉ. Belyı̆’s Theorem states:

Theorem 13. A compact Riemann surface X is defined (as an algebraic curve) over the field Q
of algebraic numbers if and only if there is a non-constant meromorphic function β : X → Ĉ
which is branched over at most three points in Ĉ.

Such a function β is called a Belyı̆ function, and (X ,β) is called a Belyı̆ pair. The automorphisms
of the Riemann surface Ĉ are the Möbius transformations w �→ (aw+b)/(cw+d)where a, b, c, d ∈
C and ad − bc 
= 0, forming the group PGL2(C); this group acts triply transitively on Ĉ, so by
composing β with a Möbius transformation we may assume that β is unbranched outside {0, 1,∞}.

Belyı̆ proved that his condition is necessary by giving an ingenious algorithm for constructing
β (see [32] for a more efficient one), but his proof of sufficiency was simply a two-line reference
to Weil’s Rigidity Theorem. In fact, a completely satisfactory proof of this part of the theorem
did not appear until 25 years later; this was provided by Koeck [34], building on earlier work by
Wolfart [35].

Example 3. Let X be the nth degree Fermat curve Fn, defined over Q ⊂ Q as a projective
algebraic curve of genus (n − 1)(n − 2)/2 by the equation xn + yn = zn. As a Belyı̆ function
we can take β : [x, y, z] �→ w = (x/z)n. It is straightforward to verify that deg(β) = n2, with
|β−1(w)| = n at the branch points w = 0, 1 and∞.

Let B1 be the trivial bipartite map on the sphere Ĉ, with black and white vertices at 0 and 1
and an edge along the unit interval I = [0, 1]. If (X ,β) is a Belyı̆ pair then B = β−1(B1) is a
bipartite map on X . The cyclic permutations of the edges around the black and white vertices and
the faces give the branching data for β over 0, 1 and∞, so B can be regarded as a combinatorial
picture of β. Conversely, any bipartite map on a compact oriented surface S can be described by
such permutations, so by Riemann’s Existence Theorem it determines a unique complex structure
on S, making S into a compact Riemann surface X and hence an algebraic curve. This is the basis
of Grothendieck’s theory of dessins d’enfants, or children’s drawings [10], in which apparently
simple sketches can encode very complicated mathematical phenomena.

Example 4. If (X ,β) is as in Example 3 then B is the standard embedding of Kn,n on Fn, as in §4.
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18 FIELDS OF DEFINITION

Any compact oriented bipartite map B corresponds to a Belyı̆ pair (X ,β), and the finitely many
coefficients of the polynomials and rational functions defining X and β are all algebraic numbers,
so the subfield of C they generate is a finite extension of Q, that is, an algebraic number field.
Determining such a field of definition for a given map B is an interesting but difficult problem,
though it is a little easier if there is some symmetry involved. One of the few cases where explicit
results are known involves the orientably regular embeddings of Kn,n discussed in §8, where n = pe

for some prime p. The exceptional maps in Theorem 7 for p = 2 correspond to curves defined
over Q, so let us ignore them and consider the algebraic curves Xf,u corresponding to the maps
Mf,u with metacyclic groups G = Gf,u in Theorems 6 and 7. Let η = exp(2π i/pe−f ), so that Q(η)
is a cyclotomic field. Streit, Wolfart and the author [36] have recently proved:

Theorem 14. For each prime power n = pe and each f ≤ e, the φ(pe−f ) curves Xf,u are all
defined over Q(η).

Finding explicit equations for the curves Xf,u is harder, and has been achieved only when f ≥ e/2.
These are the cases where Gf is ‘close to abelian’, and in particular has several large abelian normal
subgroups which can be used to construct the field of rational functions on the curve from its Galois
group Gf , and hence to obtain the defining equations [36].

Theorem 15. If p is odd and f ≥ e/2 then an affine model of Xf,u in C3 is given by the equations

vn = wpe−f
(wpe−f − 1) and zpf = w−r .

pe−f −1
∏

k=0

(w − ηuk )ak ,

where r and a are integers given by

r = (1+ pf )p
e−f − 1

pe and a = p2f−e.

The Belyı̆ function β : Xf,u → Ĉ corresponding to Mf,u is given by

(v, w, z) �→ 1− w p e−f
.

(There are similar results for Xf,u in the case p = 2.)

19 GALOIS THEORY

The absolute Galois group Γ is the Galois group Gal Q/Q of Q. Now Q is the union of the Galois
(finite normal) extensions K of Q in C, i.e. the splitting fields of polynomials in Q[t]. These have
finite Galois groups GK = Gal K/Q, and given any inclusion K ⊆ L between them, restriction of
automorphisms gives an epimorphism GL → GK . It follows that � is the projective limit lim← GK
of this system of finite groups, that is, � is a profinite group: it can be identified with the subgroup
of the cartesian product

∏

K GK consisting of those elements whose coordinates are compatible
with the restriction homomorphisms. The discrete topology on the groups GK induces a compact
topology on �, the Krull topology, with respect to which � is a topological group, homeomorphic to
a Cantor set. In the Galois correspondence between fields and groups, the subfields of Q correspond
to the closed subgroups of �.
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The group � has a natural action on Belyı̆ pairs, by acting on the coefficients of the polynomials
and rational functions defining them, so it has an induced action on the corresponding bipartite
maps. As shown in [37], this action preserves such properties as the numbers and valencies of
vertices and faces, the genus and the orientation-preserving automorphism group. Nevertheless,
this action is faithful on isomorphism classes of bipartite maps, even when restricted to those of a
given genus.

It is therefore of interest to determine the orbits of � on bipartite maps. As with the related
question of fields of definition, this is a difficult problem, with relatively few explicit results. In
the situation in Theorem 14, where the curves Xf,u are all defined over the cyclotomic field Q(η),
we have [36]:

Theorem 16. For each prime power n = pe and each f ≤ e, the φ(pe−f ) curves Xf,u form a
single orbit under Gal Q(η)/Q (and hence under �).

Here Gal Q(η)/Q ∼= Z∗
pe−f , the group of units mod (pe−f ); each unit j ∈ Z∗

pe−f acts on Q(η) by

η �→ ηj , and on the maps and curves by u �→ ju mod (pe−f ).

20 EDGE-TRANSITIVE EMBEDDINGS

It is useful to extend the classification of orientable embeddings of Kn,n to include all the cases
where the group G = Aut+0 M acts transitively on edges, without also assuming (as before) that
some element of Aut+M reverses an edge. This is of interest from the point of view of the theory of
dessins d’enfants, since it corresponds to the cases where the associated Belyı̆ functionβ is a regular
covering, i.e. of the form X → X/G ∼= Ĉ. In terms of groups, this generalisation corresponds to
omitting condition (iii) in Lemma 2.

The methods developed in [13, 17] and described in §8 provide such a classification in the cases
where n is an odd prime power, and also where n = 2e with G metacyclic. Results analogous
to Theorems 14, 15 and 16 have also been obtained for this wider class of embeddings in [38].
The techniques used to prove Theorem 10 allow this classification to be extended to the cases
where the Sylow 2-subgroup of G is metacyclic, in particular including those cases where n is odd.

21 WORK IN PROGRESS OR REMAINING TO BE DONE

There are still many open problems in this area. Work is in progress on some of them, whereas
others have yet to be considered seriously. Here are some of the open problems:

• Understand the connections between the group-theoretic approach to embeddings of Kn,n and the
more combinatorial approach used by Kwak and Kwon [1, 2, 12], described in §14. For instance,
can the former method be applied to non-orientable embeddings, perhaps by considering products
of dihedral groups?
• Understand the role of skew-morphisms in these two approaches. For instance, which orientably

regular embeddings of Kn,n are Cayley maps (see §15)? They all are when n is an odd prime
power [17], but what happens in general?
• Extend Theorem 15 to deal with all the prime power embeddings, not just those with f ≥ e/2.

The Galois theory involved here seems to be very difficult, since the groups involved are rather
far from abelian.
• Extend the results in §18 and §19 to deal with all n, not just the prime powers. It should be

possible to use Theorem 10, together with Theorems 14 and 16, to find fields of definition
and Galois orbits for more general values of n, though finding explicit equations for the curves
appears to be impossibly difficult.
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• Extend the classification of edge-transitive orientable embeddings of Kn,n, mentioned in §20,
to all n. The obstacle to progress on even n is the fact that the case where n = 2e and G is not
metacyclic remains open.
• Extend the latter classification to Km,n for all m and n. Again, this is a natural generalisation for

the theory of dessins d’enfants. There is some hope that current methods can achieve this, at
least when m and n are powers of the same odd prime.
• The automorphisms η �→ ηj of cyclotomic fields Q(η) appearing in Theorem 16 act on the maps

Mf ,u in the same way as certain map operations Hj defined by Wilson [39]. Work in progress
with Streit and Wolfart shows that this phenomenon occurs for certain other classes of orientably
regular maps, such as embeddings of complete graphs, but not for all of them. One would like
a better understanding of this connection, and of the more general relationship between Galois
conjugacy and map operations.
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1 INTRODUCTION

Separability properties came from residual properties which, according to Gruenberg [23], were
first suggested by P. Hall. In the wider applications of these concepts D. Solitar preferred using the
term separable. Therefore, we define S-separability of a group as follows:

(1) If S is a subset of a group G, then we say G is S-separable if for each g ∈ G\S and g �= 1, there
exists a normal subgroup Ng , depending on g, of finite index in G such that in G = G/Ng ,
g �∈ S. That is S is closed under the profinite topology of G.

(2) If S is a group property, then we say G is S-separable if for each g ∈ G and g �= 1, there exists
a normal subgroup Ng , depending on g, in G such that G = G/Ng has property S and g �= 1.
This is also known as residually S.

The first result on S-separability is due to Magnus [37].

Theorem 1.1. Free groups are nilpotently separable (or residually nilpotent).

Theorem 1.2 (Hirsch [25]). Polycyclic groups are {1}-separable.

We note that {1}-separable groups are precisely the same class of groups as residually finite
groups (RF). It follows that:

Theorem 1.3. Free groups are {1}-separable or residually finite.

Residual finiteness is the most widely studied S-separable properties. Probably it is because we
know more about finite groups than infinite groups. So by reducing infinite groups to their various
finite images, we can use the properties of their finite images to derive the properties of the infinite
groups involved. I believe this techniques could be used in other mathematical systems such as
number theory, lattice theory, graph theory or ring theory etc. Nice applications have been found
in group theory and topology. A good example of its application is in certain decision problems for
finitely presented groups (i.e., groups with finite number of generators and defining relations).

Dehn (1911 [18]) from topological consideration raised the following decision problems for
finitely presented groups G:

(1) Word Problem (W.P.) Given a word w in G, is there an algorithm to decide whether w = 1?

1 The first author was supported by KOSEF F01-2007-000-10151-0.
2 The second author gratefully acknowledges the partial support by the Natural Science and Engineering
Research Council of Canada, Grant No. A-4064.
AMS Subject Classification: Primary 20E26, 20E06; Secondary 20F34, 57M05.
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(2) Conjugacy Problem (C.P.) Given two words w1, w2 in G, is there an algorithm to decide whether
w1 and w2 are conjugate in G?

(3) Isomorphism Problem (I.P.) Given two groups G1 and G2, is there an algorithm to decide
whether G1 and G2 are isomorphic?

W.P. and C.P. are obvious for abelian groups and free groups. However even for nilpotent groups
and 1-relator groups, it is a different story. Magnus (1932 [36]) proved that W.P. is solvable for
1-relator groups. He then raised another problem:

(4) Generalized Word Problem (G.W.P.) He asked: Is there an algorithm to decide whether a word
w in G is in a given subgroup of G?

To relate separability properties with some of the decision problems, we emphasize some special
S-separabilities:

I. G is {1}-separable, i.e., residually finite (RF).
II. G is subgroup separable (s.s.), that is, G is S-separable for all subgroups S of G. In other

words, S is closed in the profinite topology in G.
III. G is conjugacy separable (c.s.), that is, G is {x}G-separable for each x ∈ G, where {x}G is the

conjugacy class of x in G.

The following diagram illustrates their relationship. They are proved independently at different
times by Malcev [38], McKinsey [39] and Mostowski [40].

c.s. �⇒ C.P.
⇓ ⇓

RF �⇒ W.P.
⇑ ⇑

s.s. �⇒ G.W.P.

Note: None of the implications can be reversed.

Other interesting separability properties are:

HxK-separability, where x ∈ G and H , K are subgroups of G (double coset separability).
C-separability (or πc), where C is a cyclic subgroup of G.
H1H2 · · ·Hn-separability, where Hi are subgroups of G (product separability).

2 {1}-SEPARABLE OR RESIDUALLY FINITE GROUPS (RF)

This is the most widely studied S-separable groups. They include finitely generated abelian
groups, nilpotent groups, polycyclic groups, free groups, direct and free products of RF
groups. However, solvable groups and generalized free products (g.f.p.) of RF groups need
not be RF . Gruenberg [23] constructed a wreath product of S3 with an infinite cyclic group
which is not RF . Ruth Camm [17] constructed an infinite simple group using g.f.p. of two
free groups. However, with suitable restriction on the amalgamated subgroup we can get RF
from g.f.p.

Note: In general, even infinitely generated abelian groups need not be RF . Examples are: (1)
Zp∞ , (2) the additive group of rationals modulo 1. Thus throughout the following discussion we
assume our groups are finitely generated.

One of the basic result in the study of residually finite generalized free products is due to
G. Baumslag [12].

Theorem 2.1. Generalized free products of two finite groups are RF .
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This is because free-by-finite groups are RF , since RF-by-finite groups are RF . Using this
result Baumslag proved:

Theorem 2.2 ([12]). Generalized free products of two nilpotent groups or free groups amalga-
mating a cyclic subgroup are RF .

The proofs are quite long. Later Allenby and Tang [7] introduced the concept of potency making
the proof of Theorem 2.2 quite simple.

Definition 2.3. Let 1 �= x ∈ G. If for each integer n > 0, there exists Nn �f G such that, in
G = G/Nn, ‖x‖ = n, then G is said to be 〈x〉-potent (briefly 〈x〉-pot). If G is 〈x〉-pot for all x ∈ G,
then G is said to be potent.

Theorem 2.4 (Allenby and Tang [7]). Generalized free products of potent and cyclic subgroup
separable (πc) groups amalgamating a cyclic subgroup are RF .

Proof. (Sketch) Let G = A ∗H B where A, B are potent, πc and H = 〈h〉. In general, elements
of G are of the form a1b1 · · · anbn where ai ∈ A\H , bi ∈ B\H with a1 or bn possibly equal to 1. To
apply Theorem 2.1, we need to map G to G = A ∗H B where A, B are finite. We illustrate with a
simple case x = ab where a ∈ A\H and b ∈ B\H . Since A, B are πc, there exist normal subgroups
La �f A and Mb �f B such that a �∈ LaH and b �∈ MbH . Let La ∩ H = 〈hα〉 and Mb ∩ H = 〈hβ〉.
Let n = αβ. Since A, B are potent, there exist XA �f A and YB �f B such that XA ∩ H = 〈hn〉 and
YB ∩ H = 〈hn〉. Let Na = La ∩ XA and Nb = Mb ∩ YB. Then Na ∩ H = Nb ∩ H = 〈hn〉 with
a �∈ NaH and b �∈ NbH . Let A = A/Na and B = B/Nb. Then we can form G = A ∗H B since
|H | = n in both A and B. Moreover a, b �∈ H , whence x = ab �= 1. Since A, B are finite, by
Theorem 2.1, G is RF . Hence G is RF .

Since finitely generated nilpotent groups and free groups are both potent and πc, we have:

Corollary 2.5. Generalized free products of two finitely generated nilpotent groups or free groups
or combination of these groups amalgamating a cyclic subgroup are RF . In particular, surface
groups are RF .

Following Serre [45], we represent generalized free products of groups by graphs. Thus
G = A ∗H B is represented by the graph:

A B

H

where A, B are represented by the vertices A, B called the vertex groups. The amalgamated sub-
group H is represented by the edge H called the edge group. We can extend this to arbitrary
graphs.

Ai

Aj

Hi
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If the graph is a tree then we can call it a tree product. If the graph is a polygon then we call it a
polygonal product such as:

A1

A2

A3

A4

A5

An

.

.

.

H1

H2

H3H4

Hn

Problem 1. Are tree products or polygonal products of RF groups RF? In particular, are
polygonal products of p-groups amalgamating cyclic subgroups RF?

In general the answer is no, unless we put suitable restrictions on the amalgamated subgroups,
such as: (1) the edge subgroups of a vertex group intersect trivially; (2) edge groups are restricted
to cyclic subgroups; (3) in the case of polygonal products, the number of vertex groups are ≥4.

Applying Theorem 2.4 and using induction, we can prove:

Theorem 2.6. Tree products of finitely generated abelian groups amalgamating cyclic subgroups
are RF .

This result was later generalized by Kim and Tang to other separability properties.
This is also true for tree products of free groups with cyclic amalgamations.

Theorem 2.7 (Allenby and Tang [9]). Polygonal products of finitely generated abelian groups
amalgamating cyclic trivial intersecting subgroups are RF .

Allenby and Tang [9] gave an example of polygonal product of 4 nilpotent groups amalgamating
cyclic subgroups which is not RF .

Example 1. Let Ai = 〈ai, bi; [ai, bi, ai] = [ai, bi, bi] = 1〉, i = 1, . . . , 4. Clearly Ai is nilpotent
of class 2. Form the polygonal product P with a2

i+1 = b−1
i a3

i bi, where a5 = a1. Then P is not RF .

Note: The amalgamated subgroups are not maximal cyclic.

Theorem 2.8 (Kim and Tang [28]). Polygonal products of nilpotent groups amalgamating trivial
intersecting maximal cyclic subgroups are RF .

Problem 2. Is this true for polygonal products of free groups?

Definition 2.9. Let A be a group. Let G = 〈A, t; t−1Ht = K〉, where φ : H → K is an isomor-
phism and t−1ht = φ(h), h ∈ H . Then G is called an HNN-extension of A by t with associated
subgroups and H and K .

In general, HNN-extensions of RF groups need not be RF .
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Example 2. 〈a, t; t−1a2t = a3〉, the Baumslag-Solitar groups [14], is not RF .

Kim and Tang [33] characterized RF HNN extensions of nilpotent groups with cyclic associated
subgroups.

Theorem 2.10. Let A be a finitely generated nilpotent group. Let h, k ∈ A be of infinite order
such that 〈h〉∩〈k〉 �= 1. Then G = 〈A, t; t−1ht = k〉 is RF if and only if one of the following holds:

(1) If A = 〈b〉, h = bα and k = bβ then |α| = 1 or |β| = 1 or α ± β = 0.
(2) If A is not cyclic then hδ = h±δ for some δ > 0.

In the case of 1-relator groups, Baumslag showed that G = 〈a, b; (a−1blabm)k = 1〉, where
l, k , m are coprime, is RF .

Baumslag’s Conjecture [13]: G = 〈a1, . . . , an; rk = 1〉 is RF , where k > 1 and r is a word on
the ai’s.

This conjecture is still open.
The best results so far are:

(1) G = 〈a, b; (aαbβaδbδ)k = 1〉 is RF for k > 1. (Allenby and Tang [8])
(2) G = 〈a1, . . . , an; rk = 1〉 is RF if k > 8‖r‖. (D. Wise [50])

For a long time it was an open question whether knot groups are RF . Thurston [48] proved it to
be RF . He asked what kind of separability properties Kleinian groups have. Not much is known
although Fuchsian groups have nice separability properties. In fact they are conjugacy separable
whence RF . They are given by:

G = 〈a1, b1, . . . , an, bn, c1, . . . , cr , d1, . . . , ds; dαi
i = 1, c1 · · · crd1 · · · ds

∏n
i=1[ai, bi] = 1〉.

In particular, G is RF . If n = r = 0 and s = 3, G reduces to a triangle group:

G = 〈d1, d2; dα1
1 = dα2

2 = (d1d2)
α3 = 1〉.

Hence triangle groups are RF . This can also be seen in another way: Triangle groups are either
finite or finite extensions of surface groups. Since surface groups are RF and finite extensions
of RF groups are RF , triangle groups are RF . Since RF of triangle groups is of interest to
Combinatorics, maybe other separability properties, such as, subgroup separability could be of
interest to Combinatorics too.

3 SUBGROUP SEPARABILITY (S.S.)

It is easy to see finitely generated abelian groups are subgroup separable. The first nontrivial result
on subgroup separability is due to M. Hall.

Theorem 3.1 (M. Hall [24]). Free groups are subgroup separable.

Theorem 3.2 (Malcev [38]). Polycyclic groups are subgroup separable.

Topologists are interested in subgroup separability because it is related to questions of embed-
dability of equivariant subspaces in their regular covering spaces. Many of subgroup separable
groups studied are related to 3-manifold groups.

Theorem 3.3 (P. Scott [44]). Surface groups are subgroup separable.
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Now finite extension of subgroup separable groups are again subgroup separable. Since Fuchsian
groups contain surface groups as subgroups of finite indices, it follows that Fuchsian groups are
subgroup separable.

Since surface groups can be considered as generalized free products amalgamating a cyclic
subgroup, Brunner, Burns and Solitar [16] generalized Scott’s result by proving:

Theorem 3.4. Generalized free products of two free groups amalgamating a cyclic subgroup are
subgroup separable.

Niblo [41] generalized this result to:

Theorem 3.5. Generalized free products of two Fuchsian groups amalgamating a cyclic subgroup
are subgroup separable.

Niblo also showed that Seifert 3-manifold groups [42] are subgroup separable.
Another generalization of Theorem 3.4 is:

Theorem 3.6 (Allenby and Tang [10]). Generalized free products of two free-by-finite groups
amalgamating a cyclic subgroup are subgroup separable.

This answers a question raised by G. Rosenberger whether groups of F-type are subgroup
separable, where groups of F-type are defined by:

G = 〈a1, . . . , am, b1, . . . , bn; aαi
i = 1, b

βj
j = 1, uv = 1〉,

where u, v are words on ai’s and bj’s respectively and orders of u, v are infinite.
Note: A group of F-type is a 1-relator product of cyclics. They are generalizations of Fuchsian

groups. We observe that G = A ∗ B
u=v−1

, where

A = 〈a1, . . . , am; aαi
i = 1〉 = 〈a1; aαi

1 = 1〉 ∗ · · · ∗ 〈am; aαm
m = 1〉,

B = 〈b1, . . . , bn; bβi
i = 1〉 = 〈b1; bβi

1 = 1〉 ∗ · · · ∗ 〈bn; bβn
n = 1〉.

Since A and B are free products of cyclic groups, A and B are free-by-finite groups. Thus, by
Theorem 3.6, groups of F-type are subgroup separable. In fact with more work we can prove:

Theorem 3.7 (Allenby and Tang [10]).

G = 〈a1, . . . , am, b1, . . . , bn; aαi
i = 1, b

βj
j = 1, (uv)t = 1〉, t ≥ 1

where u, v are words on ai’s and bj’s respectively, are subgroup separable.

Not much is known about subgroup separability of HNN-extensions of subgroup separable
groups. Stebe proved the following result about πc groups:

Theorem 3.8 (Stebe [46]). 〈a, t; t−1aγ t = aδ〉 is πc iff γ = ±δ.

Theorem 3.9 (Kim and Tang [33]). Let A be πc and h, k ∈ A be of infinite order. Then G =
〈A, t; t−1ht = k〉 is πc iff A is quasi-regular at {h, k}.
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Definition 3.10. Let A be a group and h, k ∈ A be of infinite order. Then A is said to be
quasi-regular at {h, k} if for each n > 0, there exists an integer λn > 0 and Nn �f A such that
Nn ∩ 〈h〉 = 〈hnλn〉 and Nn ∩ 〈k〉 = 〈knλn〉.

As a result, we have:

Theorem 3.11 (Kim and Tang [33]). Let A be a finitely generated nilpotent group and h, k ∈
Z(A) be of infinite order. Then G = 〈A, t; t−1ht = k〉 is πc iff 〈h〉 ∩ 〈k〉 = 1 or hδ = k±δ for some
δ > 0.

The need of quasi-regularity is crucial as seen by the following example. Without quasi-regularity
HNN-extensions can be not RF .

Example 3 (Kim and Tang [33]). Let A = 〈a, b; [a, b, a] = [a, b, b] = 1〉. Then A is a free
nilpotent group of class 2 with [a, b] ∈ Z(A). This makes calculation easy. Write [a, b] = z.
Let h = a2z2 and k = a3z2. Then 〈h〉 ∩ 〈k〉 = 1. Let g = [t−1azt, az]. Then g �= 1.
Suppose G is RF . Then there exists N �f G such that g �∈ N . Let N ∩ 〈h〉 = 〈hn〉. Then,
hn = (a2z2)n = a2nz2n ∈ N and kn = (a3z2)n = a3nz2n ∈ N . Hence an ∈ N . If n is even, say,
n = 2m, then hm = (a2z2)m = a2mz2m = an[a, b]n = an[an, b] ∈ N . Contradicting N∩〈h〉 = 〈hn〉.
Hence n is odd. This implies that there exist integers r, s such that rn + 2s = 1. Let G = G/N .
Then in G, an = zn = 1. Thus t−1azt = t −1

(az)rn+2st = t −1h
s
t = k

s
. This implies that

g = [t−1azt, az] = [ks
, az] = 1. But this contradicts the choice of N that g �∈ N . Hence G is not

residually finite. The reason for G to be not RF is that A is not quasi-regular at {h, k}.
In this case for integer 2, there does not exist any integer λ and N �f A such that N ∩〈h〉 = 〈h2λ〉

and N ∩ 〈k〉 = 〈k2λ〉.
Suppose there exist an integer λ and N �f A such that N ∩ 〈h〉 = 〈h2λ〉 and N ∩ 〈k〉 = 〈k2λ〉.

Then h2λ = (a2z2)2λ = a4λz4λ and k2λ = (a3z2)2λ = a6λz4λ. This implies a2λ ∈ N . Thus,
z2λ = [a, b]2λ = [a2λ, b] = a−2λb−1a2λb ∈ N . It follows that hλ = (a2z2)λ = a2λz2λ ∈ N ,
contradicting N ∩ 〈h〉 = 〈h2λ〉. Hence A is not quasi-regular at {h, k}.

Problem 3. Characterize pairs of quasi-regular elements in free groups or nilpotent groups.

4 CONJUGACY SEPARABILITY (C.S.)

Proving conjugacy separability is much more difficult than proving residual finiteness or subgroup
separability. This is similar to the fact that solving the conjugacy problem is much more difficult than
solving the word problem. Magnus solved the word problem for 1-relator groups in 1932 [36]. So
far the conjugacy problem for 1-relator groups is not yet solved. Finitely generated nilpotent groups
have been known to have solvable word problem since 1946 (Hirsch [25] and McKinsey [39]). But
the conjugacy problem for the nilpotent groups was not solved until 1965, when Blackburn [15]
proved that these groups are conjugacy separable.

A basic result for conjugacy separability of generalized free products of groups was proved by
Dyer [19].

Theorem 4.1. Let G = A ∗H B, where A, B are conjugacy separable and H is finite. Then G is
conjugacy separable.

Applying this result Dyer [19] proved:

Theorem 4.2. Generalized free products of two nilpotent groups or free groups amalgamating a
cyclic subgroup are conjugacy separable.
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Kim and Tang [31] generalized this result to:

Theorem 4.3. Let G = A ∗H B, where A and B are conjugacy separable finite extensions of
nilpotent separable groups A1 and B1. If A1 and B1 are conjugacy separable then G is conjugacy
separable.

Theorem 4.4 (Fine and Rosenberger [20]). Fuchsian groups are conjugacy separable.

They also proved that groups of F-type are conjugacy separable [21]. Since groups of F-type
are generalized free products of two free products of cyclic groups, which are free-by-finite,
amalgamating a cyclic subgroup, by Theorem 4.3, we have:

Theorem 4.5 ([21, 31]). Groups of F-type are conjugacy separable.

In 1982, Tang asked in the Kourovka Note Book whether generalized free products of polycyclic
groups amalgamating a cyclic subgroup are conjugacy separable? This was answered positively by
Ribes, Segal and Zalesskii [43].

Theorem 4.6. Generalized free products of polycyclic-by-finite groups amalgamating a cyclic
subgroup are conjugacy separable.

Problem 4. Are generalized free products of two groups of F-type amalgamating a cyclic subgroup
conjugacy separable?

For linear groups, Stebe [47] showed GL2(Z), SL2(Z), GLn(Zp), SLn(Zp) are conjugacy sep-
arable. Wilson and Zalesskii [49] showed that PSL2(Q(

√−d)) are conjugacy separable for
d = 1, 2, 7, 11.

For tree products, Kim and Tang [35] proved the following:

Theorem 4.7. Let G be a tree product of central subgroup separable and conjugacy separable
groups amalgamating central edge groups. Then G is conjugacy separable. In particular if G is a
tree product of polycyclic groups amalgamating central edge groups then G is conjugacy separable.

The group for the linkage of a torus knot with a cycle is presented as

〈x, y : [x, y]〉 ∗
xnym = zm

〈z〉.

And the group for the linkage of a torus knot with cycles within and outside the torus is pre-
sented as

〈x, y : [x, y]〉 ∗
xnym = ambn

〈a, b : [a, b]〉.

The groups of linkages of torus knots are presented as

〈a〉 ∗
an1 = x

δ1
1

〈x1, y1 : [x1, y1]〉 ∗
x
α1
1 y

β1
1 = x

δ2
2

〈x2, y2 : [x2, y2]〉 ∗
x
α2
2 y

β2
2 = x

δ3
3

· · ·

· · · ∗
x
αn−1
n−1 y

βn−1
n−1 = xδnn

〈xn, yn : [xn, yn]〉 ∗
xαn

n yβn
n = x

δn+1
n+1

〈xn+1〉 .

It follows that the groups of linkages of torus knots are conjugacy separable.
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Theorem 4.7 also holds for polygonal products of central subgroup separable and conjugacy
separable groups amalgamating trivially intersecting central edge groups [34].

In the case of HNN-extensions, we have:

Theorem 4.8 (Kim and Tang [29]). Let A be a finitely generated abelian group. Let h, k ∈ A be
of infinite order. Then the HNN-extension G = 〈A, t : t−1ht = k〉 is conjugacy separable iff one of
the followings holds:

(1) If A = 〈a〉, h = aα and k = aβ , then |α| = 1 or |β| = 1 or α ± β = 0.
(2) If A is not cyclic, then 〈h〉 ∩ 〈k〉 = 1 or hn = k±n for some n > 0.

For a more general base group A, we have:

Theorem 4.9 (Kim and Tang [32]). Let A be πc, conjugacy separable, c-quasi-regular and
double coset separable at {h, k}. If A is cyclic conjugacy separable for 〈h〉 and 〈k〉, then G =
〈A, t : t−1ht = k〉 is conjugacy separable.

Here c-quasi-regular is defined by:

Definition 4.10. Let A be a group and let h, k ∈ A be of infinite order. Then A is said to be
c-quasi-regular at {h, k} if 〈h〉 ∩ 〈k〉 = 1 and there exists an integer α such that, for a fixed integer
m > 0 and for each integer ε > 0, there exist an integer λε > 0 and Nε �f A such that: (1)

Nε ∩ 〈h〉 = 〈hελε 〉 and Nε ∩ 〈k〉 = 〈kελε 〉, (2) in A = A/Nε , 〈h〉 ∩ 〈k〉 = 1, (3) if h
αm ∼A h

j
then

h
j = h

±αm
, (4) if k

αm ∼A k
j

then k
j = k

±αm
, (5) if h

i ∼A k
j

then h
i = k

j = 1.

In the case of 1-relator groups, the best known result is:

Theorem 4.11 (Kim, McCarron and Tang [26]). G = 〈a, b; (a−αbβaαbγ )k = 1〉, k > 1, is
conjugacy separable. For k = 1, G is conjugacy separable iff |β| = 1 or |γ | = 1 or β ± γ = 0.

Problem 5. Are 1-relator groups with torsion conjugacy separable?

In [4], Allenby, Kim and Tang proved that most of the Seifert 3-manifold groups are conjugacy
separable.

5 OUTER AUTOMORPHISM GROUPS

Baumslag [11] proved that automorphism groups of finitely generated RF groups are RF . Thus
it is natural to ask whether outer automorphism groups of finitely generated RF groups are
RF . D. Wise [51] gave an example of a finitely generated RF group G such that Out(G) is
not RF . Both group theorists and topologists are interested in the outer automorphism groups of
the fundamental groups of surfaces and 3-manifolds because of their relation to mapping class
groups (MCG).

Theorem 5.1 (Grossman [22]). Let Sk be the fundamental group of an orientable surface group
of genus k. Then Out(Sk ) is RF .

Since MCG of surfaces are isomorphic to Out(surface groups), it follows that MCG of orientable
surface groups are RF . This prompt A. Gaglione to ask whether MCG of non-orientable surfaces
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are RF? Allenby, Kim and Tang [2] gave a positive answer to this question. We need the following
results:

Theorem 5.2 (Grossman [22]). Let G be a finitely generated, conjugacy separable group. If G
has Property E. Then Out(G) is RF .

By Property E, we mean every conjugating endomorphism, i.e., the endomorphism α : G→ G
satisfying α(g) = k−1

g gkg for g ∈ G, where kg depends on g, is an inner automorphism of G.

Theorem 5.3 (Allenby, Kim and Tang [5]). Let G = A ∗H B, where A �= H �= B. Suppose the
following conditions hold:

(1) H is malnormal in A and B.

(2) There exists a ∈ A such that (i) {a}A ∩ H = ∅ and (ii) if u−1au = h′ah, where u ∈ A and
h′, h ∈ H, then h′ = h−1.

Then G has Property E.

A subgroup H of a group G is said to be malnormal in G if, for all g ∈ G\H , g−1Hg ∩H = 1.
An interesting corollary of Theorem 5.3 is:

Corollary 5.4. Any nontrivial free products of groups have Property E.

Now the fundamental groups of orientable and non-orientable surfaces are respectively given by:

Sk = 〈a1, . . . , ak , b1, . . . , bk ;
k
∏

i=1

[ai, bi] = 1〉, (5.1)

Nk = 〈a1, . . . , ak ; a2
1 · · · a2

k = 1〉. (5.2)

It is easy to see that both (5.1) and (5.2), except for a few cases which can be taken care of
individually, are generalized free products of two free groups amalgamating a maximal cyclic
subgroup. This means the amalgamated subgroup is malnormal in both of the free factors. Hence
by Theorem 4.2, 5.2, 5.3 we have:

Theorem 5.5 (Allenby, Kim and Tang [2]). Outer automorphism groups of surface groups
are RF .

Corollary 5.6. Mapping class groups of orientable and non-orientable surfaces are RF .

In fact with more work we can show:

Theorem 5.7 (Allenby, Kim and Tang [1,6]). Almost all Seifert 3-manifold groups have RF
outer automorphism groups.

Recall groups of F-type are of the form:

G = 〈a1, . . . , am, b1, . . . , bn; aαi
i = 1, b

βj
j = 1, uv = 1〉,

where u, v are words on ai’s and bj’s respectively. They can be considered as 1-relator products
of cycles with the relation uv = 1. Let a group G of F-type. We call G to be a F1-type, if 〈u〉,
〈v〉 are maximal cycles on 〈a1, . . . , am〉, 〈b1, . . . , nn〉, respectively. Thus groups of F1-type can be
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considered as generalized free products of two free products of cycles amalgamating the maximal
cyclic subgroups 〈u〉 and 〈v〉 which are malnormal in their respective free factors. Hence, by
Theorem 5.3, groups of F1-type have Property E. As we have seen earlier groups of F-types are
conjugacy separable, we have:

Theorem 5.8. Let G be a group of F1-type. Then Out(G) is RF .

Recent results showed that outer automorphism groups of tree products and polygonal products
of finitely generated abelian groups are RF .

Applying Theorem 4.11, Kim and Tang [27] recently proved the following result for 1-relator
groups:

Theorem 5.9. Let G = 〈a, b; (a−αbβaαbγ )k = 1〉, k > 1. Then Out(G) is RF .

This raises the following problems:

Problem 6. Are the outer automorphism groups of conjugacy separable 1-relator groups RF?
More generally, are the outer automorphism groups of conjugacy separable groups RF?

The answer to the latter question is probably negative. But we need a definite example.
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ABSTRACT: In the nineteen century, a branched covering of the Riemann sphere was considered
as a natural set of definition of multi-valued analytic function. Later, this became a basis for creating
the concept of Riemann surface or, more generally of Riemannian manifold. The first background
for the Riemann surface theory was done by A. Hurwitz in his classical papers in 1891 and 1903.
In particular, these papers became a source of so-called Hurwitz Enumeration Problem: Determine
the number of branched coverings of a given Riemann surface with prescribed ramification type.
In twenty century a lot of papers devoted to this problem have been appeared. In the end of
century it became clear that the Hurwitz Enumeration Problem is closely related with description
of strata in the moduli spaces and is a key for understanding of important invariants in the string
theory, for example such as Witten-Gromov invariant. In the recent papers by A. Okounkov a
deep relationship was discovered between Hurwitz numbers, representation theory of finite group,
probability theory and partial differential equations. It was also shown that the generating function
for Hurwitz numbers satisfies the KdV equation. This gives a positive solution of celebrated Witten
conjecture.

This paper is devoted to solutions of the enumeration problem for (branched) coverings of
Riemann surfaces and, more generally graphs, manifolds and orbifolds with finitely generated
fundamental group. We represent here some well-known results in this field, recent developments
of the problem and indicate a general approach to solve the problem in high-dimensional case.
In this survey we cover group theoretical, combinatorial and topological points of view on the
problem and do not concern with its application to theoretical physics.

1 INTRODUCTION

Let M be a connected manifold. A covering p : U →M is a surjective continuous map with every
x ∈ M having open neighborhood O such that any connected component of p−1(O) is mapped
homeomorphically onto O by p. Note that cardinality of fiber p−1(x) does not depends on the
choice of x. A covering p : U →M (connected or not) is said to be n-fold if fiber p−1(x) consists
of n elements. Two coverings p : U → M and p′ : U ′ → M are equivalent (or isomorphic) if
there exists a homomorphism h : U → U ′ such that π = π ′ ◦ h.

In the case of connected coverings it is convenient to deal with rooted (or pointed) coverings.
Two rooted coverings p : (U , x̃0)→ (M, x0) and p′ : (U ′, x̃

′
0)→ (M, x0) are equivalent if exists

a homomorphism h : (U , x̃0)→ (U ′, x̃
′
0) such that π = π ′ ◦ h. The following facts are well known

in algebraic topology. See for example [1] and [2].
Let p : U →M be a connected n-fold covering of M. Then the fundamental group K = π1(U)

is contained as a subgroup of index n in the group � = π1(M). Conversely, each subgroup K of
index n in � is the fundamental group of an appropriated n-fold covering.
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Two (unrooted) coverings p : U → M and p′ : U ′ → M are equivalent if and only if the
corresponding subgroupsπ1(U) andπ1(U) are conjugate in�. Hence, the number of non-equivalent
n-fold coverings of M coincides with the number c�(n) of conjugacy classes of subgroups of index
n in the group �.

Respectively, two rooted coverings are equivalent if and only if the corresponding subgroups
are the same. So the number of non-equivalent n-fold rooted coverings of M coincides with the
number s�(n) of subgroups of index n in the group �.

Situation with disconnected coverings is slightly more complicated. In this case, non-
equivalent n-sheeted coverings of M are classified by equivalence classes of homomorphisms
ρ : π1(M)→ Sn, where is Sn is the symmetric group on n symbols and the equivalence relation
identifies a homeomorphism ρ with each of its conjugates h−1ρ h by elements h ∈ Sn. We note that
this action is transitive if and only if the covering manifold U is connected. Moreover, the number
of orbits of the action coincides with the number of connected components of the covering. See
Sections 3 and 5 for more detailed description of disconnected and branched coverings.

All the above mentioned results remain to be true for any path-connected, locally path-
connected and semilocally simply connected topological space M. See, for example ([2],
Ch. 1.3). In particular, they are true for any finite graph.

There are few natural numerical invariants related with coverings. The first two are so called
Hurwitz numbers H�(n) and h�(n). By definition, H�(n) = |Hom (�, Sn)| is the number of homo-
morphisms from � to the symmetric group Sn and h�(n) = 1

n! H�(n). We note that h�(n) is not
necessary integer, while nh�(n) does. Both H�(n) and h�(n) are very important in theoretical
physics, especially in string theory and Gromov-Witten theory. These numbers are also responsible
for the structure of singular loci in the moduli space of Riemann surfaces. Recently it was discov-
ered by A. Okounkov that there is a deep relationship between Hurwitz numbers, representation
theory of finite groups, probability theory and partial differential equations. Hurwitz numbers are
closely related with the number s�(n) of subgroups of index n in the group �. Indeed, by the
well-known exponential law (see, for example [3], p. 111) we have

∑

n≥0

h�(n) xn = exp

⎛

⎝

∑

n≥1

s�(n) xn

n

⎞

⎠ .

So, the sequence of Hurwitz numbers h�(n) and the sequence s�(n) produce essentially the same
invariants for the group �. However, it was shown in [4] that the fundamental groups of closed
surfaces of the same Euler characteristic (orientable and not) share the same number s�(n), while
the numbers of conjugacy classes of subgroups c�(n) for them are different. In particular, this is
true for the torus and Klein bottle [5]. That is, the number of conjugacy classes c�(n) is more
powerful characteristic as the number of subgroups, or Hurwitz numbers. It will be discovered
later that the numbers c�(n) are responsible also for the number of chiral and self-dual objects
such as coverings of non-orientable manifolds, maps on surfaces and polyhedra. We introduce also
the number b�(n) = |Hom (�, Sn)/Sn| of all (connected or disconnected) n-fold coverings which
coincides with the number of orbits of Sn acting on the set of homomorphisms by conjugation.
Despite of similar notation b�(n) = |Hom (�, Sn)/Sn| and h�(n) = |Hom (�, Sn)|/|Sn| the prop-
erties of numbers b�(n) and h�(n) are different. In the same time b�(n) and c�(n) are related by
the following Euler transform [6]

∑

n≥0

b�(n) xn =
∏

n≥1

(1− xn)−c�(n).

In this sense, the sequences b�(n) and c�(n) represent the same invariant of the group �.
The aim of this survey paper is to collect old and recent results on enumeration of coverings.

For remarkable properties of Hurwitz numbers we refer reader to the papers [7], [8] and [9].
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2 GRAPH AND SURFACE COVERINGS

Let G be a finite connected graph with Betti number β. The fundamental group π1(G) = Fβ is a
free group of rank β. Since the number of coverings of G depends only on its fundamental group
we can assume that G = Bβ is a bouquet of β circles. In this section we describe different types of
n-fold coverings of Bβ and count their numbers. Recall that the number Iso(G; n) of non-equivalent
n-fold coverings of Bβ is counted by orbits of symmetric group Sn acting by conjugation on the
set of homomorphisms Hom (Fβ , Sn). We consider Hom (Fβ , Sn) as the set of ordered β-tuples of
elements of Sn

Hom (Fβ , Sn) = {(σ1, . . . , σβ) : σi ∈ Sn, i = 1, . . . ,β}.

Let Bβ be a bouquet of β circles, say �1, �2, . . . , �β . For each loop, we fix an orientation on it, called
a positively directed loop. Let Sn denote the symmetric group on n elements {1, 2, . . . , n}. Then
every n-fold covering graph of Bβ can be derived from an element in Hom (Fβ , Sn) as follows:
Each φ = (σ1, . . . , σβ) ∈ Hom (Fβ , Sn) derives a covering graph having n vertices 1, 2, . . . , n
and the vertices i and σj(i) are adjacent for all i and σj . The covering projection is defined to
map the arc (i, σj(i)) to the positively directed loop �j for i = 1, 2, . . . , d. We define an Sn-action
on the set Hom (Fβ , Sn) by simultaneous coordinatewise conjugacy: For any g ∈ Sn and any
(σ1, . . . , σβ) ∈ Hom (Fβ , Sn),

g(σ1, σ2, . . . , σβ) = (gσ1g−1, gσ2g−1, . . . , gσβg−1).

The following lemma was shown in [10].

Lemma 2.1.
(1) Two tuples φ = (σ1, . . . , σβ) and ψ = (σ ′1, . . . , σ ′β) yield isomorphic unrooted coverings of

Bβ if and only if they belong to the same orbit under the Sn-action. (In this case we say that φ
and ψ are similar.)

(2) Two tuples φ = (σ1, . . . , σβ) and ψ = (σ ′1, . . . , σ ′β) yield isomorphic rooted coverings of
Bβ if and only if they belong to the same orbit under the Sn−1 action, as the subgroup of Sn
consisting of permutations σ fixing 1, i.e., σ(1) = 1. (In this case we say that φ and ψ are
root-similar.)

Now, one can get the following theorem from the orbit-counting theorem commonly known as
Burnside’s Lemma.

Iso(G; n) = |Hom (Fβ , Sn)/Sn| = 1

n!
∑

g∈Sn

|Fix(g)|,

where Fix(g) = {(σ1, . . . , σβ) ∈ Sβn : g σi g−1 = σi, i = 1, . . . ,β}.
Since the number of elements of Fix(g) depends only on the cycle type of g and Fix(g) is the
centralizer Z(g) of g, we have

Iso(G; n) = 1

n!
∑

g∈Sn

|Fix(g)|

=
∑

k1+2k2+···+nkn=n

(�1! 2�2�2! · · · n�n�n!)β(G)−1.
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Theorem 2.2 [10]. Let G be a connected graph with Betti number β. Then the number of
non-equivalent m-fold (connected or disconnected) coverings of G is

Iso(G; n) =
∑

�1+2�2+···+r�n=n

(�1! 2�2�2! · · · r�r�r !)β−1.

The fundamental group of a graph Bβ is a free group of rank β, and there exists a one-to-
one correspondence between the rooted connected non-equivalent n-fold coverings of Bβ and the
index n subgroups in the fundamental group of Bβ . Then, sFβ (n) equals to the number of connected
rooted non-equivalent n-fold coverings of Bβ . By Lemma 2.1 this coincides with the root-similar
classes of transitive permutation representations of the free group Fβ . The number sFβ (n) was
determined by Hall [11] and his proof can be rephrased by covering terminologies.

Theorem 2.3 [11]. The number of rooted connected non-equivalent r-fold coverings of Bβ is

sFβ (n) = n(n!)β−1 −
n−1
∑

t=1

((n− t)!)β−1 sFβ (t) with sFβ (1) = 1.

We present here a sketch of a combinatorial proof. First, recall that Fβ = π1(Bβ) is a free
group generated by β elements and all n-fold (connected or disconnected) coverings of a bouquet
Bβ of β cycles (a one vertex graph with β loops and no semiedges) are determined by β-tuples

(σ1, . . . , σβ) ∈ Sβn .

(i) Given any β-tuple σ = (σ1, . . . , σβ), let the orbit of 1 under the action of Gσ = 〈σ1, . . . , σβ〉
on F = {1, 2, . . . , n} be

O = {1, b2, . . . , bt},
and let VO be the corresponding orbit in the covering Bσβ −→ Bβ . Let V be the n-element set
of vertices and α be a labelling α : F → V taking 1 	→ v1, where v1 ∈ VO is fixed. Each σ
and each α gives a subgroup π1(Bσβ , v1) of Fβ of index t.

(ii) How many 1-similarity classes of σ are there? In other words, how many labellingsα : F → V
taking 1→ v1 and preserving O set-wise does exist? There are (n− 1) · · · (n− t+ 1) choices
of labels in O and there are (n − t)! choices of labels for vertices in V \VO. Note that all
σ1, . . . , σβ in σ should have the same letters for the orbit of 1, but free for the letters which
do not in the orbit of 1. Hence, in total, there are

(n− 1) · · · (n− t + 1)[(n− t)!]β = (n− 1)![(n− t)!]β−1

permutations in the 1-similar class of σ .
(iii) Let sFβ (t) denote the number of subgroups of Fβ of index t. Since each subgroup of index t is

induced by the same number of β-tuples of permutations (in its 1-similar class) among (n!)β
permutations in (Sn)

β , we have,

(n!)β =
n

∑

t=1

(n− 1)![(n− t)!]β−1SFβ (t).

Divide by (n− 1)! to get

n(n!)β−1 =
n−1
∑

t=1

[(n− t)!]β−1sFβ (t)+ sFβ (n).
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Next, we compute the number Isoc (Bβ ; n) of unrooted connected non-equivalent n-fold
coverings of Bβ .

Let T (n;β) denote the set of all transitive β-tuples of permutations in Sn. The symmetric group
Sn acts naturally on the set {1, 2, . . . , n}, and also acts on the set T (n;β) by the simultaneous
coordinatewise conjugacy. Then, Lemma 2.1(2) and Burnside’s Lemma gives

sFβ (n) = |T (r;β)/Sn−1| = 1

(n− 1)!
∑

g∈Sn−1

|Fix(g)|,

where the group Sn−1, as the subgroup of Sn, consists of permutations σ fixing 1, i.e., σ(1) = 1.
Since any β-tuple in the set T (β; n) is transitive, the group Sn−1 acts freely on the set T (β; n),
which gives

|T (β; n)| = (n− 1)! sFβ (n).

Now, we follow the Liskovets’ method for computing the number Isoc (Bβ ; n). By Lemma 2.1(1)
and Burnside’s Lemma, we have

Isoc (Bβ ; n) = |T (β; n)/Sn| = 1

n!
∑

g∈Sn

|Fix (g)|,

and Fix (g) = T (β; n) ∩ (Z(g) × · · · × Z(g)). If Fix (g) �= ∅ and φ = (σ1, . . . , σβ) belongs to
Fix (g), then g commutes with the group 〈σ1, . . . , σβ〉, which is transitive on the set {1, 2, . . . , n}.
Hence, g must be a regular permutation, i.e., it consists of independent cycles of the same length �.
For each �m = n, there exist n!/(m! �m) regular permutations g in Sn consisting of m cycles of
length �, and |Fix (g)| are equal for all such regular g. We denote this value by |Fix ((�m))|, and
call such g a permutation of type (�m). Hence, we get

Isoc (Bβ ; n) = 1

n!
∑

g∈Sn

|Fix (g)| =
∑

�|n,�m=n

|Fix ((�m))|
m! �m .

Liskovets computed |Fix ((�m))| in terms of the numbers sFβ (m) for m|n and the Möbius
function to get the following theorem.

Theorem 2.4 [12]. Let G be a connected graph with Betti number β. Then the number of
(unrooted) non-equivalent connected n-fold coverings of G is given by the formula

Isoc (G; n) = 1

n

∑

m|n
sFβ (m)

∑

d| n
m

μ
( n

md

)

d(β−1)m+1,

where μ(n) is the number-theoretic Möbius function.

Later, Hofmeister [13] and Kwak and Lee [14] independently found another combinatorial
enumeration formulae for the number of unrooted non-equivalent connected n-fold coverings of a
graph. Since this number coincides with the number of conjugacy classes of subgroups of index n
in Fβ it counts also the number of non-equivalent connected n-fold coverings of bordered surface
Bβ with Euler characteristic χ = 1− β and fundamental group Fβ .

A graph covering is regular if the covering projection is equivalent to the quotient map induced
by a free action of a finite group on the covering graph. When the acting group is A, we call it an
A-covering. Let Iso (G; A) be the number of regular A-coverings, and Isoc (G; A) the number that
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are connected. Similarly, we let IsoR(G; r) be the number of regular r-fold coverings regardless of
the group A involved, and of course IsocR(G; r) denote the number that are connected.

It is not difficult to show that the components of any regular covering of a graph G are isomorphic
as coverings of G, and any two isomorphic connected regular coverings of G must have isomorphic
covering transformation groups. Moreover, any two regular coverings of G of the same fold num-
ber are isomorphic if and only if their components are isomorphic as coverings. Notice that each
component of an A-covering of G is an S-covering of G for some subgroup S of A. The following
theorem of Kwak, Chun and Lee [15] lists some basic counting properties about regular coverings.

Theorem 2.5.
(1) For any r ∈ N, IsoR(G; r) =

∑

d|r
IsocR(G; d).

(2) For any r ∈ N, IsocR(G; r) =
∑

A
Isoc (G; A), where the sum is over all nonisomorphic groups

of order r.
(3) For any finite group A, Iso (G; A) =

∑

S
Isoc (G; S), where the sum is over all nonisomorphic

subgroups of A.
(4) For any finite groups A and B with (|A|, |B|) = 1,

Iso (G; A⊕ B) = Iso (G; A) Iso (G; B) and

Isoc (G; A⊕ B) = Isoc (G; A) Isoc (G; B),
where A⊕ B is the direct sum of two groups A and B.

(5)

Isoc (G; A) = |T (β; A)|
|Aut (A)| ,

where Aut (A) is the automorphism group of A and T (r; A) = {(g1, g2, . . . , gr) ∈ Ar | {g1,
g2, . . . , gr} generates A}.

To complete the enumeration of IsoR(G; r) and IsocR(G; r), we need to determine |Aut (A)|
and |T (β; A)|. For any finite abelian group A, Kwak et al. [15] computed explicitly |Aut (A)| and
|T (β; A)|.

Now, we introduce a formula to compute the number |T (β; A)| for any finite group A in terms of
the Möbius function defined on the subgroup lattice of A. The Möbius function assigns an integer
μ(K) to each subgroup K of A by the recursive formula

∑

H≥K

μ(H ) = δK ,A =
{

1 if K = A,
0 if K < A.

Jones [16, 17] used such function to count the normal subgroups of a surface group or a
crystallographic group, and applied it to count certain covering surfaces. We see that

|A|β =
∑

K≤A
|T (β; K)|.

Now, it comes from the Möbius inversion that

|T (β; A)| =
∑

K≤A
μ(K)|K |β .

Now, the following theorem follows from Theorem 2.5(5).
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Theorem 2.6. For any finite group A,

Isoc (G; A) = 1

|Aut (A)|
∑

K≤A
μ(K)|K |β .

We illustrate Theorem 2.6 by applying it to a graph G with Betti number β.

Example 2.7.
(1) The cyclic group A = Zn has a unique subgroup Zm for each m dividing n, and has no other

subgroups. The Möbius function on the subgroup is μ(Zm) = μ(n/m) (the Möbius function
of the elementary number theory) and |Aut (Zn)| = ϕ(n) (Euler ϕ-function).

For a subgroup Zm ≤ Zn with m|n, we get μ(Zm) = μ
( n

m

)

. Hence,

Isoc (G; Zn) = 1

ϕ(n)

∑

m|n
μ
( n

m

)

mβ .

This coincides with the formula which can be derived from the results in [15].
(2) Let A = Dn =

〈

a, b : a2 = 1 = bn, aba = b−1
〉

be the dihedral group of order 2n. For conve-

nience, let Zm = 〈b n
m 〉 and let D

(i)
m = Zm ∪ Zmabi for i = 0, . . . , n

m − 1. Then each subgroup

of Dn is one of Zm or D
(i)
m for each m dividing n. Now, consider the lattice induced by the

subgroups of Dn. Then, for each subgroup K of Dn, we have

μ(K) =

⎧

⎪
⎪
⎨

⎪
⎪
⎩

μ
( n

m

)

if K = D
(i)
m for i = 0, . . . ,

n

m
− 1,

− n

m
μ
( n

m

)

if K = Zm.

Since |Aut (Dn)| = n · ϕ(n) for n ≥ 3 and |Dm|β = (2m)β we have

Isoc (G; Dn) = 1

n · ϕ(n)

⎛

⎝

∑

m|n

n

m
μ
( n

m

)

(2m)β −
∑

m|n

n

m
μ
( n

m

)

mβ

⎞

⎠

= 2β − 1

ϕ(n)

∑

m|n
μ
( n

m

)

mβ−1

for n ≥ 3. The group D2 = Z2 × Z2 contains three proper subgroups isomorphic to Z2.
From the definition of Möbius function we have μ(D2) = 1,μ(Z2) = −1, and μ(Z1) = 2.
Hence, taking into account |Aut (D2)| = 6 we also obtain

Isoc (G; D2) = 1

6

(

4β − 3 · 2β + 2
)

.

This coincides with the formulas given in Theorem 4.2 of [15].

A surface S is a compact connected 2-manifold without boundary. It is known that a surface S
is homeomorphic to the orientable surface Sh with h handles or the non-orientable surface Nk with
k crosscaps.

Mednykh [18, 4] enumerated the number of conjugacy classes of index n subgroups in the
fundamental group of any surface S, which is equal to number of connected n-fold coverings of S.
To state this, we need some further notations. Let sk (m) denote the number of index m subgroups
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in the fundamental group π1(S), where k is the number of handles or crosscaps of the surface S
depending on the orientability. Denote by ν the Euler characteristic of S. That is ν = 2k − 2
if S is an orientable surface of genus k , and ν = k − 2 if S is a non-orientable surface of genus k . It
was shown in [4, 18] that sk (m) = rν(m), and the function rν(m) can be defined by the following
recursive relation

rν(m) = mβm −
m−1
∑

j=1

βm−jrν( j), rν(1) = 1,

where βh = ∑

χ∈Irrh

(

h!
f (χ)

)ν

, Irrh is the set of all irreducible representations of the symmetric

group Sh, and f (χ) is the degree of the representation.
In fact, the number rν(m) is given as follows:

rν(m) = m
m
∑

s=1

(−1)s+1

s

∑

i1+i2+ · · · +is=m
i1, i2, . . . , is≥1

βi1βi2 · · ·βis .

A non-orientable surface admits two kinds of coverings—orientable and non-orientable ones. The
fundamental groups of these coverings are called orientable and non-orientable, respectively.

Denote by s+k (m) and s−k (m) the respective numbers of orientable and non-orientable subgroups
of index m in the fundamental group of non-orientable surface of genus k . Then s+k (m) = 0 if m is
odd, s+k (m) = r2ν(

m
2 ) if m is even, and s−k (m) = rν(m)− s+k (m).

We have the following result [4, 18].

Theorem 2.8. The number of connected n-fold coverings of a surface is given by

Isoc (Sk ; n) = 1

n

∑

m|n
sk (m)

∑

d| n
m

μ
( n

md

)

d(2k−2)m+2 and

Isoc (Nk ; r) = 1

r

∑

m|n

∑

d| n
m

μ
( n

md

)

d(k−2)m+1[(2, d)s−k (m)+ d s+k (m)],

where μ is the Möbius function and (2, d) is the greatest common divisor of 2 and d.

We illustrate the above theorem by the following examples.

Example 2.9. Let Sk be an orientable surface of genus g and ν = 2k − 2. Then

Isoc (Sk ; 2) = −1+ 4 · 2ν
Isoc (Sk ; 3) = 2 · (−2ν + 2 · 3ν + 6ν)

Isoc (Sk ; 4) = −3ν + 4ν − 2 · 6ν + 6 · 8ν + 12ν + 2 · 24ν .

Example 2.10. Let Nk be a non-orientable surface of genus k and ν = k − 2. Then

Isoc (Nk ; 2) = −1+ 4 · 2ν
Isoc (Nk ; 3) = 2 · (−2ν + 3ν + 6ν)

Isoc (Nk ; 4) = −3ν − 4ν − 2 · 6ν + 6 · 8ν + 12ν + 2 · 24ν .
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A covering over a nonorientable surface can be orientable. Kwak et al. [19] enumerate the
isomorphism classes of orientable coverings of a nonorientable surface, as an answer of the
question raised by Liskovets in [20].

Theorem 2.11. Let Nk be a nonorientable surface of genus k. Then, every connected orientable
covering of Nk must be even-fold, and for any r, the number of isomorphism classes of connected
2r-fold orientable coverings of Nk is

IsocO(Nk ; 2r) = 1

2r

∑

�|r

⎛

⎝

∑

d| r
�

μ
( r

d�

)

d2�(k−2)+2sk (�)

+
∑

d| r
�

, r
d� :odd

μ
( r

d�

)

d�(k−2)+1 1+ (−1)k�(d−1)

2
(2, d) s−k (�)

⎞

⎠,

where sk (�) and s−k (�) are the numbers mentioned in Theorem 2.8.

The proof of the two above theorems will be given later in a general setting.

Example 2.12. Let Nk be a non-orientable surface of genus k and ν = k − 2. Then

IsocO(Nk ; 2) = 1

IsocO(Nk ; 4) = −1+ (2, ν) · 2ν + 4 · 4ν − 2 · 8ν
IsocO(Nk ; 6) = −2ν + 3ν − 4ν + 6ν + 2 · 9ν + 36ν .

3 COVERINGS OF MANIFOLDS

3.1 Coverings of manifolds

Let M be a connected manifold, possibly with non-empty boundary. Denote by � = π1(M) the
fundamental group of M.

In [21], the following formula for the number of conjugacy classes of subgroups of given index
in a finitely generated group is obtained. This also gives the number of non-equivalent n-fold
coverings of M.

Theorem 3.1. Let � be a finitely generated group. Then the number of conjugacy classes of
subgroups of index n in the group � is given by the formula

c�(n) = 1

n

∑

�|n
�m=n

∑

K<m�

|Epi (K , Z�)|,

where the sum
∑

K<m�
is taken over all subgroups K of index m in the group � and Epi (K , Z�)

is the set of epimorphisms of the group K onto a cyclic group Z� of order �.

The proof of Theorem 3.1 is essentially based on the following observations.

(1) First of all, by a version of Burnside lemma given in ([3], p. 111) we have c�(n) =
1
n

∑

P<
n
� |N�(P)/P|, where the sum is taken over all subgroups of index n in � and N�(P) is

the normalizer of the group P in �.
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(2) The next observation is that

|N�(P)/P| =
∑

�|n
�m=n

∑

P �
Z�

K<
m
�

φ(�).

Indeed, there is a natural bijection between cyclic subgroups of order � in N�(P)/P and
subgroups K satisfying P �

Z�

K <
m
�. Each element of finite group G = N�(P)/P generates a

cyclic subgroup Z� of order � for some �|n. For each subgroup Z� < G there are φ(�) elements
of group G generating Z�. Hence,

|G| =
∑

�|n

∑

Z�<G

φ(�) =
∑

�|n
�m=n

∑

P �
Z�

K<
m
�

φ(�).

(3) Let P �
Z�

K . Then there are exactly φ(�) epimorphisms K onto Z� with kernel P. That is,
∑

P �
Z�

K φ(�) = |Epi (K , Z�)|.

Combining these results we have the theorem.

There is a simple way to calculate the number of epimorphisms Epi (K , Z�) for any finitely
generated group K if the first homology group H1(K) = K/[K , K] is known. More precisely, we
have the following result ([21], Lemma 4).

Lemma 3.2. Let K be a finitely generated group and H1(K) = Zk1 ⊕ Zk2 ⊕ · · · ⊕ Zks . Then

|Epi (K , Z�)| =
∑

d | �
μ

(

�

d

)

(k1, d)(k2, d) · · · (ks, d),

where μ(�) is the Möbius function and (k , d) is the greatest common divisor of k and d.

We illustrate Lemma 3.2. by the following examples.

Example 3.3.
(i) Let Fr be a free group of rank r. Then H1(Fr) = Z

r and |Epi (Fr , Z�)| =∑

d|� μ
(
�
d

)

dr .
(ii) Let �g =〈a1, b1, . . . , ag , bg | ∏g

i=1[ai bi] = 1〉 be the fundamental group of a closed orien-
table surface of genus g. Then H1(�g) = Z

2g and |Epi(�g , Z�)| =∑

d|� μ
(
�
d

)

d2g .
(iii) Let�p = 〈a1, a2, . . . , ap | ∏p

i=1 a2
i = 1〉 be the fundamental group of a closed non-orientable

surface of genus p. Then H1(�p) = Z2⊕Z
p−1 and |Epi(�p, Z�)| =∑

d|� μ
(
�
d

)

(2, d) dp−1.

Now, as applications of Theorem 3.1. we obtain the proof of Theorems 2.4 and 2.8.
First, we prove Liskovets Theorem 2.4. Let G be a graph with fundamental group Fβ . By the

Schreier theorem all subgroups of index m in Fβ are isomorphic to F(β−1)m+1. Since Isoc (G; n) =
cFβ (n) by the main counting principle (Theorem 3.1), we have

Isoc (G; n) = 1

n

∑

�| n
�m=n

|Epi(�m, Z�)| · sFβ (m),
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By Example 3.3 (i) we get

|Epi(�m, Z�)| =
∑

d| �
μ

(

�

d

)

d(β−1)m+1

and the result follows.
Now, we show how to prove the first statement in the Theorem 2.8. By the Riemann-Hurwitz

formula all subgroups of index m in the fundamental group π1(Sk ) of orientable surface Sk are
isomorphic to the group π1(S(k−1)m+1),

Applying Theorem 3.1 we have

Isoc (Sk ; n) = 1

n

∑

�| n
�m=n

|Epi(Km, Z�)| · sk (m),

where

|Epi(Km, Z�)| =
∑

d| �
μ

(

�

d

)

d2(k−1)m+2

is given by Example 3.3 (ii).

To finish the proof of Theorem 2.8 we note that by Riemann-Hurwitz formula, any subgroup of
index m inπ1(Nk ) is isomorphic either to group�+m = π1(Sm(k−2)/2+1) or to�−m = π1(Nm(k−2)+2).
By Theorem 3.1. the number of non-equivalent n-fold coverings of Nk is given by the formula

1

n

∑

�| n
�m=n

(|Epi(�+m , Z�)| · s+k (m)+ |Epi(�−m , Z�)| · s−k (m)).

Hence, by using of Examples 3.3 (ii) and (iii) we have the second formula of Theorem 2.8 which
was obtained in [4] in a rather complicated way. See also [22] and [23] for alternative proof.

3.2 Orientable coverings of non-orientable manifolds

Let M be a connected non-orientable manifold. Denote by � = π1(M) the fundamental group
and by M̃ the universal covering of M. Identify � with the group of covering transformations of
M̃→M. We note that M̃ is always orientable and � acts on M̃ as a group of homeomorphisms.

Denote by �+ a subgroup of index two in � consisting of all orientation preserving home-
omorphisms. Then M+ = M̃ /�+ is an orientable double of M with fundamental group
�+=π1(M+). The following facts from algebraic topology are well known.

Let π : U → M be an n-fold covering of M. Then the fundamental group K = π1(U) is
contained as a subgroup of index n in the group � = π1(M). Conversely, any subgroup on index
n in � is the fundamental group of an n-fold covering of M. Moreover, if U is orientable then the
number n = 2m is even and the group K is contained as a subgroup of index m in the group �+.
In this case, U is an m-fold covering of the manifold M+.

Two coverings π : U →M and π ′ : U ′ →M are equivalent (or isomorphic) if there exists a
homeomorphism h : U → U ′ such that π = π ′ ◦ h. An orientable covering π : U+ →M is called
reflexible if there exists an orientation reversing homeomorphism h : U+ → U+ such thatπ◦h = π
and irreflexible (or chiral) otherwise. Irreflexible coverings are divided into chiral pairs of twins.
Two twins are non-equivalent as coverings of M+, but have to be equivalent as coverings of M.

During the discussion at Dresden University between V.A. Liskovets and one of the authors in
1988 the following problem was stated:

Liskovets problem. Find the number of non-equivalent n-fold orientable coverings of a given
non-orientable manifold with a finitely generated fundamental group.
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We recall that Theorem 2.11 is a solution of this problem for the surface case. The importance
of the Liskovets problem is motivated by the following reasons. First, it gives a possibility to derive
the numbers of reflexible coverings and of chiral pairs of coverings. In turns, these results are used
for counting chiral pairs of maps (in particular, chiral polyhedra) on closed orientable surface [24].
In the second, a general formula for the number of reflexible coverings (Theorem 3.13) allows also
to count self-dual and Petri-dual combinatorial objects.

Now we give a solution of the Liskovets problem. To do this we need a slight modification of
the Theorem 3.1 which can be found, for example in [25]. Let P be a property of subgroups of �
invariant under conjugation (for instance: to be normal, to be torsion free, to be orientable and so
on). Then we have

Theorem 3.4. Let � be a finitely generated group. Then the number of conjugacy classes of
subgroups of index n in the group � having property P is given by the formula

cP
� (n) =

1

n

∑

�|n
�m=n

∑

K<m�

|Epi P (K , Z�)|,

where the sum
∑

K<m�
is taken over all subgroups K of index m in � and Epi P (K , Z�) is the set

of epimorphisms of the group K onto the cyclic group Z� whose kernel has property P .

Let � = π1(M) be the fundamental group of non-orientable manifold M. A subgroup K of � is
called orientable if K < �+ and non-orientable otherwise. Define properties P = P+ or P = P−
for the subgroups of � as ‘‘to be oriented’’ or ‘‘to be non-oriented’’, respectively. For the sake of
simplicity, we use notations

c+� (n) = cP
� (n), Epi+(K , Z�) = Epi P (K , Z�)

for P = P+ and

c−� (n) = cP
� (n), Epi−(K , Z�) = Epi P (K , Z�)

for P = P−. By definition, we have the following identities

c�(n) = c+� (n)+ c−� (n), |Epi (K , Z�)| = |Epi+(K , Z�)| + |Epi−(K , Z�)|.

By applying Theorem 3.4 for P = P− we immediately have the following result.

Theorem 3.5. Let M be a connected non-orientable manifold with a finitely generated funda-
mental group � = π1(M). Then the number of non-equivalent n-fold non-orientable coverings of
M is given by the formula

c−� (n) =
1

n

∑

�|n
�m=n

∑

K−<m�

|Epi−(K−, Z�)|,

where the sum
∑

K−<m�
is taken over all non-orientable subgroups of index m in the group � and

Epi−(K , Z�) is the set of epimorphisms of the group K onto a cyclic group Z� of order � with
non-orientable kernel.

The next theorem can be obtained by essentially the same arguments. It gives a complete solution
of V.A. Liskovets problem.
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Theorem 3.6. Let M be a connected non-orientable manifold with a finitely generated funda-
mental group � = π1(M). Then the number of non-equivalent orientable 2n-fold coverings of M
is equal to

c+� (2n) = 1

2n

∑

�|n
�m=n

⎛

⎝

∑

K+<m�+
|Epi (K+, Z�)| +

∑

K−<m�

|Epi+(K−, Z2�)|
⎞

⎠ ,

where the sum
∑

K−<m�
is taken over all non-orientable subgroups of index m in the group �, and

Epi+(K−, Z2�) is the set of epimorphisms of the group K− onto a cyclic group Z2� with orientable
kernel.

Proof. Apply Theorem 3.4. for P = P+. Then c+� (2n) is given by the formula

1

2n

∑

�| 2n
�m=2n

⎛

⎝

∑

K+<m�

|Epi (K+, Z�)| +
∑

K−<m�

|Epi+(K−, Z�)|
⎞

⎠ ,

where the sums
∑

K+<m�
and

∑

K−<m�
are taken over all orientable and non-orientable subgroups

of index m in the group �, respectively and Epi+(K−, Z�) is the set of epimorphisms of the
group K− onto a cyclic group Z� of order � with orientable kernel. We note that all orientable
subgroups in � are of even index. Hence, the condition

∑

K+<m�
can be rewritten in the form

∑

K+<m̄�
+ , where m = 2 m̄ and � m̄ = n. By the same reason any orientable kernel of the epi-

morphism of K− onto Z� has an even index in K−. Hence, � is even and Epi+(K−, Z�) can be
represented in the form Epi+(K−, Z2 �̄), where �̄m = n. After these remarks, by replacing �̄ to �
an m̄ to m we get the theorem.

The following results are helpful to find |Epi+(K , Z�)| and |Epi−(K , Z�)|.
Let K be a finite index subgroup in the group � and K+ = K ∩ �+ is the maximal orientable

subgroup of K . Denote by ω : K → K/K+ the canonical epimorphism. We identify K/K+ with
Z1 = {+1} if K is orientable subgroup of � and with Z2 = {±1} otherwise. Then ω can be
projected to the homomorphism ω : H1(K)→ Z2 = {±1}.

We represent the oriented homology group of K in the form

H1(K) = Z
ε1
k1
⊕ Z

ε2
k2
⊕ · · · ⊕ Z

εn
kn

,

where kj ∈ {2, 3, . . . ,∞}, j = 1, 2, . . . , n and Z
ε
k means that the corresponding cyclic group Zk

is generated by an element x with ω(x) = ε for ε ∈ {−1,+1}.
We accept the following conventions Z

−1
k = Z

−
k , Z

+1
k = Z

+
k , Z∞ = Z, (−1)∞ = 1, and

(∞, �) = � for any positive integer �.

Example 3.7. Let Fr be the fundamental group of a bordered non-orientable surface of Euler
characteristic 1− r. Then H1(Fr) = (Z−)r .

Example 3.8. Let �p = 〈x1, x2, . . . , xp : x2
1 x2

2 · · · x2
p = 1〉 be the fundamental group of a closed

non-orientable surface of genus p. Then H1(�p) = (Z−)(p−1) ⊕ Z
(−1) p

2 .

The next theorem was obtained in [26]
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Theorem 3.9. Let K be a finitely generated orientable group and let

H1(K) = Z
ε1
k1
⊕ Z

ε2
k2
⊕ · · · ⊕ Z

εn
kn

be the oriented homology group of K . Then |Epi+(K , Z�)| = 0 if � is odd and

|Epi+(K , Z2�)| =
n
∏

j=1

1+ ε
kj

(kj , �)

j

2

∑

m
�
m :odd

μ

(

�

m

)

(k1, m)(k2, m) · · · (kn, m).

We note that |Epi−(K , Z�)| = |Epi (K , Z�)| − |Epi+(K , Z�)|, where Epi (K , Z�) is defined by
Lemma 3.2.

Now we apply the obtained result to the fundamental groups Fr and �p of bordered and closed
non-orientable surfaces.

Let ϕp(�) = ∑

d| n μ
(
�
d

)

dp be the Jordan function. It follows from Example 3.3 that

|Epi (Fr , Z�)| = ϕr(�) and |Epi (�p, Zp)| = ∑

d| n μ
(
�
d

)

(2, d)dp−1, where (2, d) = GCD(2, d)
and GCD means the greatest common divisor.

Let we introduce the odd Jordan function in the following way:

ϕodd
p (�) =

∑

d| n, �d :odd

μ

(

�

d

)

dp.

Consider the groups Fr and �p as oriented groups with natural orientation. By Examples 3.7

and 3.8 we have H1(Fr) = (Z− )r and H1(�p) = (Z−)(p−1) ⊕ Z
(−1)p

2 . Hence, as a consequence of
the above theorem we obtain the following proposition

Proposition 3.10. Let � be the group Fr or �p with natural orientation. Then the number of
epimorphisms of � onto the cyclic group Z� having orientable kernel is given by the following
formulas

(1) |Epi+(�, Z�)| = 0 for � odd;

(2) |Epi+(Fr , Z2�)| = ϕodd
r (�) for � ≥ 1;

(3) |Epi+(�p, Z2�)| = (2, �) 1+ (−1) p(�− 1)

2 ϕodd
p−1(�) for � ≥ 1.

Now we are ready to count the number of orientable coverings over a bordered non-orientable
surface. Recall that the fundamental group π1(B) of a bordered surface B of Euler characteristic
χ = 1 − r, r > 0, is a free group Fr of rank r. An example of such a surface is the Möbius strip
with r − 1 holes. An equivalent statement of the following theorem for the number of balanced
2n-fold coverings of a unbalanced graph Br was obtained in [19].

Theorem 3.11. Let B be a bordered non-orientable surface with the fundamental group π1(B) =
Fr . Then the number of orientable 2n-fold coverings of B is given by the formula

IsocO(B; 2n) = 1

2n

∑

�|n
�m=n

(ϕ2m(r− 1)+ 1(�) sF2r−1(m)+ ϕodd
m(r− 1)+ 1(�) s−Fr

(m)),

where ϕr(�) and ϕodd
r (�) are the Jordan functions, sFr (m) is the numbers of subgroups of index m,

and s−Fr
(m) is the numbers of non-orientable subgroups of index m in the group Fr .
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The proof is based on the following arguments. By Theorem 3.6. for � = Fr we have

c+� (2n) = 1

2n

∑

�|n
�m=n

⎛

⎝

∑

K+<m�+
Epi (K+, Z�)+

∑

K−<m�

Epi+(K−, Z2�)

⎞

⎠ ,

where the sum
∑

K−<m�
is taken over all non-orientable subgroups of index m in the group �, and

Epi+(K−, Z2�) is the set of epimorphisms of the group K− onto a cyclic group Z2� with orientable
kernel.

By the Schreier theorem, the subgroup �+ of index two in the free group � = Fr is isomorphic
to a free group F2r−1. Consider the first term of the above formula. Again, by the Schreier theorem
any subgroup of index m in the group F2r−1 is isomorphic to Fm(r−1)+1 and the number of such sub-
groups is equal to sF2r−1(m). Moreover, by Example 3.3.(i) we have |Epi (K+, Z�)| = ϕm(r−1)+1(�).
Hence, one can write

∑

�|n
�m=n

∑

K+<m�

|Epi (K+, Z�)| =
∑

�|n
�m=n

ϕ2m(r− 1)+ 1(�) sF2r−1(m).

By similar arguments, any non-orientable subgroup K−<m � is isomorphic to Fm(r−1)+1. We
note that the number of such subgroups is equal to s−Fr

(m). By Proposition 3.10. we have

|Epi+(K−, Z2 �)| = ϕodd
m(r−1)+1(�). Hence, the second summand of the formula for c+� (2n) can

be equivalently rewritten as
∑

�|n
�m=n

ϕodd
m(r−1)+1(�) s−Fr

(m).

Remark. By applying the same argument to the fundamental group of a closed non-orientable
surface we obtain an alternating proof of the Theorem 2.11.

Let K be a Klein bottle, that is a closed non-oriented surface of genus 2. It was shown in [5]
and [16, 28] that the number NK(n) of n-fold coverings of K can be expressed in terms of classical
number-theoretical functions.

Recall that any positive integer n can be uniquely represented in the form n = 2s · n−, where
s ≥ 0 and n− is an odd part of n.

Now, as a corollary of Theorem 3.11 we give a simple formula for N−K (n) obtained earlier in
[28].

Theorem 3.12. Let K be a Klein bottle. Then the number of non-orientable n-fold coverings of
K is given by the formula

N−K (n) = (2, n) d(n−),

where n− is the odd part of n and d(n) is the number of positive divisors of n.

3.3 Reflexible coverings and chiral pairs

Let M be a connected non-orientable manifold with fundamental group � = π1(M). Suppose
that � acts by homeomorphisms on the universal covering M̃ of the manifold M. Note that the
universal covering M̃ is always orientable. Consider a subgroup �+ of index two in � consisting
of all orientation preserving homeomorphisms of M̃. Denote by M+ the orientable double of M,
then �+ = π1(M+). The following facts from algebraic topology are well known.

Let π : U → M be an n-fold covering of M. Then the fundamental group K = π1(U) is
contained as a subgroup of index n in the group � = π1(M). Conversely, any subgroup on index n
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in � is the fundamental group of an n-fold covering of M. Moreover, if U is orientable then the
number n = 2m is even and the group K is contained as a subgroup of index m in the group �+.

Two twins are non-equivalent as coverings of M+, but have to be equivalent as coverings
of M. Note that every regular covering is reflexible. The folding number of any reflexible covering
should be even.

Recall that two coverings π : U →M+ and π ′ : U ′ →M+ are equivalent if and only if the
corresponding subgroups π1(U) and π1(U ′) are conjugate in �+.

The following theorem is a consequence of Theorems 3.1 and 3.5.

Theorem 3.13. Let M be a connected non-orientable manifold with finitely generated funda-
mental group �. Then the number of 2n-fold reflexible coverings of M is given by the formula

a�(n) = 1

n

∑

�| n
�m=n

∑

K−<m�

|Epi+(K−, Z2�)|,

where the sum
∑

K− <m�
is taken over all non-orientable subgroups of index m in the group � and

Epi+(K , Z�) is the set of epimorphisms of the group K onto a cyclic group Z� of order � with
orientable kernel.

To prove the theorem we set

I (n) = 1

n

∑

�| n
�m=n

∑

K−<m�

|Epi+(K−, Z2�)|.

Let �+ be the positive subgroup of � and � = �+ + σ �+ is a coset decomposition. Let K be
a subgroup of �+. Denote by [K]�+ and [K]� the conjugacy class of K in �+ and �, respectively.

There are two kinds of subgroups K in�+. Either reflexible with the property [K]�+ = [Kσ ]�+ =
[K]� or twin with [K]�+ �= [Kσ ]�+ and [K]� = [K]�+ ∪ [Kσ ]�+ . By definition, the set of all
orientable subgroups is disjoint union of reflexible and twin subgroups. Denote by a�(n) and t�(n)
the numbers of conjugacy classes of reflexible and twin subgroups of index 2n in the group �,
respectively. Now we calculate the numbers of orientable subgroups of index 2n up to conjugacy
in � and �+. We get

c+� (2n) = a�(n)+ t�(n)

c�+(n) = a�(n)+ 2 t�(n).

From Theorem 3.6 we have

c+� (2n) = 1

2
( c�+(n)+ I (n)).

Hence,

a�(n) = 2c+� (2n)− c�+(n) = (c�+(n)+ I (n))− c�+(n) = I (n).

Also, since t�(n) = 1

2
(c�+(n)− a�(n)) we obtain
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Proposition 3.14. Let M+ be the orientable double of a non-orientable manifold M. Then the
number of chiral pairs of n-fold coverings of M+ is given by the formula

t�(n) = c�+(n)− a�(n)

2
,

where �+ is the fundamental group of M+, and c�+(n) and a�(n) are determined by Theorems 3.1
and 3.13, respectively.

We illustrate results of the last section by the following example.
Let M = K be the Klein bottle with fundamental group

� = π1(K) = 〈x, y | xyxy−1 = 1〉.
The orientable double of K is a torus T with fundamental group

�+ = π1(T ) = 〈a, b | [a, b] = 1〉,
where a = x and b = y2. We note that � = �+ + �+y, yay−1 = a−1, and yby−1 = b.

Set n = 5. Then, by direct calculation from Theorems 3.12. and 3.13. we obtain

c+� (10) = a�(5)+ t�(5) = 4

c�+(5) = a�(5)+ 2 t�(5) = 6.

Hence, a�(5) = t�(5) = 2. That is the group �+ has six (conjugacy classes of) subgroups produc-
ing coverings. Two of them, 〈a5, b〉 and 〈a, b5〉 are reflexible and other four are divided into chiral
pairs. They are 〈a2b, a−1b2〉, 〈a−2b, ab2〉 and 〈ab, a−2b3〉, 〈a−1b, a2b3〉, respectively. The twin
subgroups in chiral pairs are not conjugate in �+ but do conjugate by element y in group �.

The above results form a background for counting chiral pairs of maps (in particular, chiral
polyhedra) [24]. The general formula for the number of reflexible coverings (Theorem 3.13) allows
also to count self-dual and Petri-dual combinatorial objects.

3.4 All connected or disconnected coverings of manifold

In this section we calculate the number of non-equivalent coverings (connected or not) over a
connected manifold with an arbitrary finitely generated fundamental group.

Let p : U →M be (possibly disconnected) covering over connected manifold M. Then every
path γ ∈M has a unique lift γ̃ starting at a given point of p−1(γ (0)), so we obtain a well-defined
map Lγ : p−1(γ (0))→ p−1(γ (1)) by sending the starting point γ̃ (0) of each lift γ̃ to its ending
point γ̃ (1). By the monodromy theorem, Lγ depends only on homotopy class of γ . This means that
the association γ 	→ Lγ gives a homomorphisms from π1(M, x0) to the group of permutations of
p−1(x0). It gives an action of π1(M, x0) on the fiber p−1(x0). We note that this action is transitive
if and only if the covering manifold U is connected. Moreover, the number of orbits of the action
coincides with the number of connected components of the covering.

Two coverings p1 : U1 → M and p2 : U2 → M are equivalent if and only if the cor-
responding actions of π1(M, x0) on the fibers F1 and F2 over x0 are isomorphic. This shows
that n-sheeted coverings spaces of M are classified by equivalence classes of homomorphisms
ρ : π1(M, x0) → Sn, where is Sn is the symmetric group on n symbols and the equivalence
relation identifies a homomorphisms ρ with each of its conjugates h−1ρ h by elements h ∈ Sn.

All the above mentioned results remains to be true for any path-connected, locally path-
connected and semilocally simply connected topological space M. See, for example ([2], Ch. 1.3).
In particular, they are true for finite graphs.

This approach allows to prove the following result obtained in [6].
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Theorem 3.15. Let M be a connected manifold with finitely generated fundamental group �.
Denote by bn the number of non-equivalent (connected or disconnected) n-fold coverings of M
and set b(x) = 1+ b1 x + b2 x2 + · · · . Then

b(x) = exp

⎛

⎝

∞
∑

n=1

1

n

∑

�m=n

∑

K<m�

|Hom(K , Z�)| xn

⎞

⎠ ,

where the sum
∑

K <m�
is taken over all subgroups K of index m in the group � and Hom (K , Z�)

is the set of homomorphisms of the group K into a cyclic group Z� of order �.

We note that relevant results were obtained by Hirotaka Tamanoi in [22] and [23]. Let

cn = 1

n

∑

�|n
�m=n

∑

K<m�

|Epi (K , Z�)|

be the number of connected n-fold coverings given by Theorem 3.1. The following lemma gives
a relation between the numbers of connected coverings and all coverings. For similar results see
([3], p. 113) and [29].

Lemma 3.16. The number cn of connected and the number bn of all non-equivalent n-fold
coverings are related by the Euler transformation

b(x) = 1+ b1 x + b2 x2 + · · · =
∞
∏

i=1

1

(1− xi) ci
.

The proof of Lemma 3.16 is based on the following arguments. Denote by S the set of equival-
ency classes of all connected coverings of finite multiplicity of a manifold M. Let D = NS be the
set of all finite linear combinations of the type m1C1 + m2C2 + · · · + mk Ck , where m1, m2, . . . ,
mk ∈ N and C1, C2, . . . , Ck ∈ S. We identify D with the set of equivalence classes of all coverings
of finite multiplicity of a manifold M.

Define μ : S→ N to be the multiplicity of a covering. For any d = m1C1 + m2C2 + · · · +
mk Ck ∈ D we set μ(d) = m1 · μ(C1) + m2 · μ(C2) + · · · + mk · μ(Ck ). Then cn = |(a ∈ S :
μ(a) = n)| and bn = |(d ∈ D : μ(d) = n)| are the numbers of equivalency classes of connected
and all n-fold coverings, respectively.

Let Ci
1, Ci

2, . . . , Ci
ai
∈ S be the list of equivalence classes of all i-fold connected coverings for

any i = 1, 2, . . . . Then any n-fold covering, up to equivalency, can be uniquely represented as
C =∑n

i=1
∑ai

j=1 mi
jC

i
j for some non-negative integers mi

j satisfying μ(C) = n. Since μ(Ci
j ) = i,

the last condition is equivalent to
∑n

i=1
∑ai

j=1 i · mi
j = n. Hence, bn coincides with the number of

non-negative solutions of above equation. We set also b0 = 1. Then we have

bnxn =
∑

∑n
i=1

∑ai
j=1 i·mi

j=n

n
∏

i=1

ai∏

j=1

xi·mi
j

and, consequently,

b0 + b1x + b2x2 + · · · =
∞
∏

i=1

(1+ xi + x2i + · · · )ci =
∞
∏

i=1

1

(1− xi) ci
.
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1. The number of coverings of a circle
In this case � = π1(S1) = Z. The number of n-fold coverings of S1 is given by the Hardy-

Ramanujan partition function p(n), where

p(0)+ p(1) x + p(2) x2 + · · · =
∞
∏

i=1

(1− xi)−1.

In particular,

p(0) = 1, p(1) = 1, p(2) = 2, p(3) = 3, p(4) = 5, p(5) = 7, p(6) = 11.

2. The number of coverings of a graph
Let G be a finite connected graph with Betti number r = β(G). Then � = π1(G) = Fr is a free

group of rank r. By Theorem 2.2 we have

bn =
∑

c1+2c2+···+ncn= n

n
∏

i=1

(ici ci!)r−1.

This result was obtained in [10] and used in [14] to calculate the number of connected coverings of
the graph G. This number coincides with the number of conjugacy classes of subgroups of index n
in free group Fr obtained earlier in [12]. Lemma 3.16 gives a positive answer of J.H. Kwak’s
question how relate the results of papers [14] and [12].

3. The number of coverings of a closed orientable surface
Let Sk be a closed orientable surface of genus k and � = π1(Sk ). By the Riemann-

Hurwitz formula, any subgroup K of index m in � is isomorphic to π1(Sk ′), where 2k ′ =
(2k − 2) + 2m. Since H1(K) = Z

2k ′ we have |Hom (K , Z�)|=|Hom(H1(K), Z�)|=�(2k−2)m+2.
Hence,

∑

K<m�
|Hom(K , Z�)| = �(2k−2)m+2 sk (m), where sk (m) is the number of subgroups of

index m in π1(Sk ), given by Theorem 2.8.
Putting this into the statement of Theorem 3.15 we get

b(x) = exp

( ∞
∑

n=1

∑

�m=n

�(2g−2)m+2 sk (m)
xn

n

)

.

Example 3.17. Let bn = Iso (Sk ; n) be the number of connected or disconnected n-fold coverings
of a closed orientable surface Sk of genus k , and ν = 2k − 2. Then

Iso (Sk ; 2) = 4 · 2ν
Iso (Sk ; 3) = 2 · (2ν + 2 · 3ν + 6ν)

Iso (Sk ; 4) = 3 · 3ν + 9 · 4ν + 6 · 8ν + 12ν + 2 · 24ν .

4. The number of coverings of a torus
The fundamental group �=π1(S1) of torus S1 is isomorphic to a free abelian group Z

2. By [5]
we have s�(n) = σ(n), where σ(n) =∑

d|n d is the sum of positive divisors of n. By Theorem 3.15
we obtain

b(x) = exp

( ∞
∑

n=1

∑

�m=n

�2 σ(m)
xn

n

)

.
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In particular, the sequence bn is given by

1, 4, 8, 21, 39, 92, 170, 360, 667, 1316, 2393, 4541, 8100, 14824, 26071

for n = 1, 2, . . . , 15. This is sequence A061256 from the On-Line Encyclopedia of Integer
Sequences [30].

4 REGULAR COVERINGS OF MANIFOLDS

4.1 Regular A-coverings

In this section we enumerate the regular coverings of a manifold M with prescribed finite covering
transformation group A. It will be done in terms of the Möbius function defined on the lattice of
subgroup of A by P. Hall [31]. G. Jones ([16], [17]) used such Möbius function to find a method for
counting normal subgroups of a surface group and a crystallographic group, and applied it to count
some covering surfaces. The same approach has been used in [32] to calculate regular branched
coverings of a bordered surface. A covering p : M̃→M (connected of disconnected) is regular
if the covering transformation group

Cov(M̃, M) = {h ∈ Home(M̃) : p = p ◦ h}

has a subgroup A which acts transitively on each fibre of p and has no fixed points. If M̃ is
connected then A = Cov(M̃, M) and the later condition can be omitted. We call p simply an
A-covering. Two A-coverings p : M̃ → M and q : M′ → M are equivalent (or iso-
morphic) if there exists a homeomorphism h : M̃ → M̃′ such that p = q ◦ h. For a
connected A-covering p, the fibre F can be identified with the set of elements of the group
A. Then the action of π1(M, x0) on the fiber p−1(x0) coincides with action of the group A
on itself by the right multiplication. That is, an epimorphism ϕ : π1(M, x0) → A is well
defined. Moreover, for any x̃0 ∈ p−1(x0) the image p∗π1(M̃, x̃0) of the fundamental group
π1(M̃, x0) under the canonical projection p∗ : π1(M̃, x̃0) → π1(M, x0) coincides with ker-
nel of epimorphism φ : π1(M, x0) → A. Two epimorphisms ϕ : π1(M, x0) → A and
ψ : π1(M, x0)→ A share the same kernel if and only if there is an automorphism α ∈ Aut (A)
such that ψ = α ◦ ϕ. This shows that A-coverings of M are classified by equivalence classes
of epimorphisms ϕ : π1(M, x0) → A, and the equivalence relation identifies an epimor-
phism φ with each of epimorphism α ◦ ϕ, where α ∈ Aut (A). As a result, we have that the
number of non-equivalent A-coverings of a connected manifold M with the funda-
mental group � = π1(M, x0) and the number |Epi(�, A)| of epimorphisms of � onto
the group A are related by

Isoc (M, A) = |Epi(�, A)|
|Aut(A)| .

By using a similar argument in Section 2, we can have the following result obtained by
G. Jones [16].

Theorem 4.1. The number of connected A-coverings of a manifold M with finitely generated
fundamental group � is given by the formula

Isoc (M; A) = 1

|Aut (A)|
∑

K≤A
μ(K)|Hom(�, K)|.

In particular, for the cyclic group A = Z� from the above theorem and Lemma 3.2 we have
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Theorem 4.2. Let M be a connected manifold with finitely generated fundamental group � =
π1(M) and H1(�) = Zk1 ⊕ Zk2 ⊕ · · · ⊕ Zks . Then

Isoc (M, Z�) = 1

ϕ(�)

∑

d | �
μ

(

�

d

)

(k1, d)(k2, d) · · · (ks, d),

where μ(�) is the Möbius function and (k , d) is the greatest common divisor of k and d.

By applying Theorem 4.1 to a bordered surface Dr of Euler characteristic χ = 1 − r, we have
the following theorem obtained in [32]. (The definition of a branched covering will be given in the
next section.)

Theorem 4.3. For any finite group A, the number of connected branched A-coverings of Dr with
branched set B, |B| = b ≥ 0, is given by formula

Isoc (Dr , B; A) = 1

|Aut(A)|
∑

H≤A
μ(H )(|H | − 1)b|H |r ,

where the sum is taken over all subgroups H of the group A and 0b = 1 if b = 0.

In particulary, we have

Isoc (Dr , B; Zn) = 1

ϕ(n)

∑

m|n
μ
( n

m

)

(m− 1)bmr ,

Isoc (Dr , B; Dn) = 1

ϕ(n)

∑

m|n
μ
( n

m

)

[(2m− 1)b2r − (m− 1)b]mr−1

for n ≥ 3 and

Isoc (Dr , B; D2) = 1

6
(3b · 4r − 3 · 2r + 2 · 0b).

4.2 Cyclic coverings of non-orientable manifolds

In this section we calculate orientable and non-orientable cyclic coverings of a non-orientable
manifold. Let M be a non-orientable manifold with a finitely generated fundamental group � =
π1(M). Suppose that the groups � = (�, ω) and A = (A, η) are endowed by orientations ω and
η, respectively. Especially, we are interested in the case when �+ = Ker(ω) and A+ = Ker(η)
are the subgroups of orientation preserving homeomorphisms in � and A. Denote by Epi+(�, A)
and Epi−(�, A) the sets of epimorphisms of the group � onto the group A with orientable and
non-orientable kernel, respectively.

Let A = Z2� be a cyclic group and A+ = Z�. By a slight modification of arguments in [16] we
have the following proposition.

Proposition 4.4. Let M be a connected non-orientable manifold with the fundamental group �
and A = Z2�. Then the numbers of orientable and non-orientable A-coverings of M are given by
the formulas

(1) Isoc+(M, G) = |Epi+(�, G)|/|Aut (G)|,
(2) Isoc−(M, G) = |Epi−(�, G)|/|Aut (G)|.

Combining the above result with Theorems 4.2 and 3.9 we obtain the following
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Theorem 4.5. Let M be a non-orientable manifold with the fundamental group � and

H1(�) = Z
ε1
k1
⊕ Z

ε2
k2
⊕ · · · ⊕ Z

εn
kn

is the oriented homology group. Then the number Isoc+(M, Z2�) of cyclic orientable 2n-fold
coverings of M are given by the formula

1

ϕ(2�)

n
∏

j=1

1+ εj

kj
(kj , �)

2

∑

m
�
m :odd

μ

(

�

m

)

(k1, m)(k2, m) · · · (kn, m).

Moreover, we have Isoc−(M, Z2�) = Isoc (M, Z2�) − Isoc+(M, Z2�), where Isoc (M, Z2�) is
given by Theorem 4.2.

As a consequence, taking into account Proposition 3.10 we obtain the following two theorems

Theorem 4.6. Let S be a bordered non-orientable surface with the fundamental group Fr. The
number of orientable and non-orientable cyclic coverings of S with the covering group Z� is given
by the formulas

(1) Isoc+(S, Z�) = 2r − (2, �)

2r − 1

ϕr(�)

ϕ(�)
,

(2) Isoc−(S, Z�) = (2, �)− 1

2r − 1

ϕr(�)

ϕ(�)
.

Theorem 4.7. Let S be a closed non-orientable surface of genus p. Then the number of orientable
and non-orientable cyclic coverings of S is given by the formulas

(1) Isoc−(S, Z�) = 0 for � odd,

(2) Isoc+(S, Z2�) = (2, �)
1+ (−1)p(�−1)

2

ϕodd
p−1(�)

ϕ(�)
for � ≥ 1,

(3) Isoc−(S, Z2�) = 2(2p−1 − (2, �, p))
ϕodd

p−1(�)

ϕ(�)
for � ≥ 1, where (2, �, p) = GCD(2, �, p).

Let A is an arbitrary finite group. Then there are, in general a few different subgroups A+ of
index two in A. Denote by Epi ((�,�+), (A, A+)) the set of epimorphisms � to A sending �+ to
A+ and by Aut (A, A+) the set of automorphisms of A keeping A+ invariant.

We have to pass through all equivalence classes of subgroups of index two in A up to Aut(A)
action to get the following result [33].

Theorem 4.8. Let M be a connected non-orientable manifold with the fundamental group � and
A is a finite group. Then the number of orientable A-coverings of M is given by the formula

Isoc+(M, A) =
∑

A+

|Epi ((�,�+), (A, A+))|
|Aut (A, A+)| ,

where A+ runs over all representatives of equivalence classes of subgroups of index two in A up
to Aut(A) action.
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5 BRANCHED SURFACE COVERINGS

5.1 Branched coverings with prescribed branch sets

Let X̃ and X be compact surfaces, and let p : X̃ → X be a continuous surjection. We call
p : X̃ → X a branched covering if there is a finite subset B of points in X such that the restriction
p|X̃−p−1(B) : X̃ − p−1(B) → X − B is a covering. The smallest subset B of X with the above
property is called the branch set of p. We refer to p|X̃−p−1(B) as a covering associated with the

branched covering p. Notice that if B is empty, then p : X̃ → X is a covering. A branched covering
p : X̃ → X is regular if the associated covering is regular, that is, it means by definition, there
exists a (finite) group A which acts pseudofreely on X̃ so that the space X is homeomorphic to
the quotient space X̃ /A, say by h, and the quotient map X̃ → X̃ /A is the composition h ◦ p
of p and h. In this case, the group A is the group of covering transformations of the branched
covering p : X̃ → X . If the branched covering p : X̃ → X is regular with the group A of covering
transformations, then we call it simply a branched A-covering.

Two branched coverings pi : X̃i → X (i = 1, 2) are equivalent if there exists a homeomorphism
h̃ : X̃1 → X̃2 such that p2 ◦ h̃ = ◦p1.

For a combinatorial description of the branched surface coverings, Hurwitz [34] introduced
a system, now called Hurwitz system, and Gross and Tucker [35] introduced embedded voltage
graphs. In fact, the Hurwitz system is a kind of voltage assignment on a bouquet of circles (see
[36]). Let B� be the bouquet of � circles and let |B| = b. Let Sr be the symmetric group on r letters
and let A be a finite group. Let C1(B2h+b ↪→ Sh − B; r) (resp. C1(B2h+b ↪→ Sh − B; A)) denote
the subset of S2h+b

r (resp. of A2h+b) consisting of all (2h+ b)-tuples (σ1, . . . , σ2h+b) (i.e., voltage
assignments) that satisfy the following three conditions:

(C1) The subgroup 〈σ1, . . . , σ2h+b〉 generated by {σ1, . . . , σ2h+b} is transitive on {1, 2, . . . , r}
(resp. is the full group A),

(C2)
h
∏

i=1

σiσh+iσ
−1
i σ−1

h+i

b
∏

i=1

σ2h+i = 1,

(C3) σi �= 1 for each i = 2h+ 1, . . . , 2h+ b.

Kwak et al. [36] suggested the following version of Hurwitz existence and classification theorem
on branched surface coverings.

Theorem 5.1. (Existence and classification of branched coverings) Let S be an orientable surface
Sh of genus h, and let B be a set of b points in S. Every element φ in C1(B2h+b ↪→ S − B; r)
induces a connected branched r-fold covering p̃φ : Sφ → S of S with branch set B. Conversely,
every connected branched r-fold covering of S with branch set B can be derived from an element
in C1(B2h+b ↪→ S − B; r). Furthermore, for two such elements φ1 = (σ1, . . . , σ2h+b) and φ2 =
(σ ′1, . . . , σ ′2h+b), the derived branched coverings p̃φ1 : Sφ1 → S and p̃φ2 : Sφ2 → S are isomorphic
if and only if there exists a permutation α ∈ Sr such that

σ ′i = ασiα
−1

for each i = 1, 2, . . . , 2h+ b.

Theorem 5.2. (Existence and classification of branched A-coverings) Let S be an orientable sur-
face Sh of genus h, and let B be a set of b points in S. Every element φ in C1(B2h+b ↪→ S − B; A)
induces a connected branched A-covering p̃φ : Sφ → S of S with branch set B. Conversely,
every connected branched A-covering of S with branch set B can be derived from an element
in C1(B2h+b ↪→ S − B; A). Furthermore, for two such elements φ1 = (σ1, . . . , σ2h+b) and
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φ2 = (σ ′1, . . . , σ ′2h+b), the derived branched coverings p̃φ1 : Sφ1 → S and p̃φ2 : Sφ2 → S are
isomorphic if and only there exists a group automorphism α : A→ A such that

σ ′i = α(σi)

for each i = 1, 2, . . . , 2h+ b.

A corresponding result for a non-orientable surface Nk of genus k with the only difference being
that Bk+b replaces B2h+b and (C2)′ does (C2), where

(C2)′
k
∏

i=1

σiσi

b
∏

i=1

σk+i = 1.

In fact, the condition (C1) guarantees that the surface Sφ is connected, and the conditions (C2)(or
(C2)′) and (C3) provide that the set B is the branch set of the branched covering p̃φ : Sφ → S.

We observe that every branched covering surface of an orientable surface is orientable, but
that of a nonorientable surface can be orientable or nonorientable. The orientability of the derived
branched covering surface can be determined as follows. It follows from Theorems 5.1 and 5.2 that
branched coverings of the base surface are completely determined by the coverings of the punched
surface which is the surface obtained by deleting the branch points from the base surface. For
the nonorientable surface Nk , the punched surface Nk − B is also nonorientable. The fundamental
group of Nk − B can be presented as follows;

〈c1, . . . , ck , d1, . . . , db : a2
1 · · · a2

k d1 · · · db = 1〉.

The generators c1, . . . , ck are the curves whose tubular neighborhoods are Möbius bands and those
of the generators d1, . . . , db are annuli. Now, we consider an orientable covering of Nk − B. The
Hurwitz system of this covering is the (k + b)-tuples of permutations in Sr which are determined
by the liftings of the generators. Since every orientable surface contains no Möbius bands, the
preimage of c1 is consists of cycles of which each contains even number of points in the preimage
of the bass point. Let’s identify the preimage of the base point with the set {1, 2, . . . , 2r} so that the
permutation determined by the liftings of c1 reverses the parity. We denote it by σ1. Let σ2, . . . , σk
be the permutations determined by the liftings of ci for i = 2, . . . , k and σk+1, . . . , σk+b the
permutations determined by those of di for i = 1, . . . , b. Then the permutations σ2, . . . , σk reverse
the parity and σk+1, . . . , σk+b preserves the parity because the covering surface is orientable. The
converse is also true. We summarize our discussion as follows.

Lemma 5.3. (Orientability criterion)

(1) Let φ ∈ C1(Bk+b ↪→ Nk − B; r). Then the covering surface Sφ induced by φ is orientable if
and only if r is even, σ1, . . . , σk reverse the parity, and σk+1, . . . , σk+b preserve the parity.

(2) Let φ ∈ C1(Bk+b ↪→ Nk − B; A). Then the covering surface Sφ induced by φ is orientable
if and only if there exists a subgroup B of index 2 in A such that σ1, . . . , σk are elements of
A− B and σk+1, . . . , σk+b are elements of B.

We define an equivalence relation ∼ on the set of all transitive β-tuples (σ1, . . . , σβ) in Sβr by
(σ1, . . . , σβ) ∼ (σ ′1, . . . , σ ′β) if and only if there exists a permutation σ such that σσiσ = σ ′i
for each i = 1, 2, . . . ,β. Then Isoc (Bβ ; r) is equal to the number equivalence classes under this
relation. Since ∼ is induced by a Sr action, Isoc (Bβ ; r) is equal to the number orbits under the
corresponding Sr action.
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Example 5.4. We consider the set C1(B2h+3 ↪→ Sh−{x1, x2, x3}; r). For each i = 1, 2, 3, let Pi be
the property that the (2h+ i)-th coordinate of an element of S2h+3

r is the identity. For each subset
S of {1, 2, 3}, let A(PS) be the set of elements in the product S2h+3

r which satisfy conditions (C1),
(C2) and the properties Pi for all i ∈ S. Notice that A(P∅) is the set of all elements in the product
S2h+3

r which satisfy conditions (C1) and (C2). Also, the set C1(B2h+3 ↪→ Sk − {x1, x2, x3}; r) is
equal to the set of elements of S2h+3

r which satisfy conditions (C1) and (C2), but not any other
property Pi for i = 1, 2, 3. Moreover, |A(PS)| = |A(PS ′)| for any two subsets S, S ′ of {1, 2, 3} with
the same cardinality. It comes from the principle of inclusion and exclusion that

∣

∣C1(B2h+3 ↪→ Sk − {x1, x2, x3}; r)
∣

∣ = (−1)0
(

3
0

)

|A(P∅)| + (−1)1
(

3
1

)

|A(P{1})|

+ (−1)2
(

3
2

)

|A(P{1,2})| + (−1)3
(

3
3

)

|A(P{1,2,3})|.

Since the set A(PS) is invariant under the Sr action for each subset S of {1, 2, 3}, by taking the
Sn-action on the underlying sets of the both sides of this equation, we have

∣

∣C1(B2h+3 ↪→ Sh − {x1, x2, x3}; r)/Sr
∣

∣ = (−1)0
(

3
0

)

|A(P∅)/Sr| + (−1)1
(

3
1

)

|A(P{1})/Sr|

+ (−1)2
(

3
2

)

|A(P{1,2})/Sr| + (−1)3
(

3
3

)

|A(P{1,2,3})/Sr|.

Since A(PS) (S �= {1, 2, 3}) can be regarded as the set of all transitive (2h + 3 − |S| − 1)-tuples,
we can see that

|A(P∅)/Sr| = Isoc (B2h+3−0−1; r),

|A(P{1})/Sr| = Isoc (B2h+3−1−1; r),

|A(P{1,2})/Sr| = Isoc (B2h+3−1−2; r).

It is clear that

|A(P{1,2,3})/Sr| = Isoc (Sh, ; r).

Now, by Theorems 5.1 and 5.2, we have

Isoc (Sh, {x1, x2, x3}; r) = (−1)3Isoc (Sk ; r)+
2

∑

t=0

(−1)t
(

3
t

)

Isoc (S2h+3−t−1; r).

In general, by using Theorem 5.1, one can express the number Isoc (S, B; r) of connected r-fold
branched coverings of the surface S with branch set B in terms of the numbers Isoc (Sk ; r) and
Isoc (Bβ ; r) [37].

Theorem 5.5. Let S be either Sh or Nk and let B be a set of b points on S. Let Bm be the bouquet
of m circles. Then the number of connected r-fold branched coverings of S with branch set B is

Isoc (Sh, B; r) = (−1)b Isoc (Sh; r)+
b−1
∑

t=0

(−1)t
(

b
t

)

Isoc (B2h+b−t−1; r)
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and

Isoc (Nk , B; r) = (−1)b Isoc (Nk ; r)+
b−1
∑

t=0

(−1)t
(

b
t

)

Isoc (Bk+b−t−1; r).

Let Dr be a bordered surface with fundamental group Fr . The following theorem was obtained
in [32].

Theorem 5.6. Let B be a b-subset of the bordered surface Dr . Then the number of connected
n -fold branched coverings of the bordered surface Dr with branch set B is

Isoc (Dr , B; n) =
b

∑

t=0

(−1)t
(

b
t

)

Isoc (Br+b−t ; n),

where Bm is a bouquet of m circles.

Combining the V.A. Liskovets theorem and Theorem 5.6 we have the following result:

Theorem 5.7. Let B be a b-subset of the bordered surface Dr . Then the number of connected
n-fold branched coverings of the bordered surface Dr with branch set B is

Isoc (Dr , B; n) = 1

n

∑

m|n

∑

d| n
m

μ
( n

md

)

d Tm(d),

where Tm(d) is a polynomial of d defined by

Tm(d) = m
m
∑

k=1

(−1)k+1

k

∑

n1+···+nk=m
n1,...,nk≥1

(n1! . . . nk !dm)r−1(n1!. . .nk !dm − 1)b.

We illustrate this theorem by the following examples.

Example 5.8. Let B, |B| = b ≥ 0 be a branch set of the bordered surface D with fundamental
group Fr and ν = r − 1. Then

Isoc (Dr , B; 2) = 2 · 2ν − 0b,
Isoc (Dr , B; 3) = 6ν · 5b + 3ν · 2b − 2ν ,
Isoc (Dr , B; 4) = 24ν · 23b + 8ν · 7b − 6ν · 5b.

We remark that the above formulas are non-trivial even for a disc D = D0. In this case ν = −1
and we have

Isoc (D, B; 2) = 1− 0b,

Isoc (D, B; 3) = 1

6
· 5b + 1

3
· 2b − 1

2
,

Isoc (D, B; 4) = 1

24
· 23b + 1

8
· 7b − 1

6
· 5b.
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5.2 Regular branched surface coverings

For a finite group A, let Isoc (S, B; A) denote the number of connected branched A-coverings
of the surface S with branch set B. Notice that any two connected regular branched coverings
of S cannot be isomorphic if their covering transformation groups (or voltage groups) are not
isomorphic. Hence, the following equation comes from the fact that every connected regular r-fold
branched covering of S is isomorphic to a connected branched A-covering of S for some group A
of order r. The number IsocR(S, B; r) of isomorphism classes of regular r-fold branched coverings
of S with branch set B is

IsocR(S, B; r) =
∑

A
Isoc (S, B; A),

where the sum is over all representatives of isomorphism classes of groups of order r.
We define an equivalence relation ∼ on the set of all generating β-tuples (σ1, . . . , σβ) in A ×
· · · ×A by (σ1, . . . , σβ) ∼ (σ ′1, . . . , σ ′β) if and only if there exists a group automorphism ϕ on A
such that ϕ(σi) = σ ′i for each i = 1, 2, . . . ,β. For convenience, let Isoc (Bβ ; A) be the number of
elements in A× · · · ×A/∼.

Using reasoning similar to Theorem 5.5, one can use unbranched coverings to enumerate
branched ones [37].

Theorem 5.9. Let S be either Sh or Nk and let B be a set of b points on S. Let Bm be the bouquet
of m circles and let A be a finite group. Then the number of connected branched A-coverings of
S with branch set B is

Isoc (Sh, B; A) = (−1)b Isoc (Sh; A)+
b−1
∑

t=0

(−1)t
(

b
t

)

Isoc (B2h+b−t−1; A),

and

Isoc (Nk , B; A) = (−1)b Isoc (Nk ; A)+
b−1
∑

t=0

(−1)t
(

b
t

)

Isoc (Bk+b−t−1; A).

Kwak et al. [37] enumerated branched A-coverings of a surface. To state this, we need further
notation. For an irreducible character ξ of A, let

cξ = 1

|A|
∑

g∈A
ξ(g2) =

⎧

⎨

⎩

1 if ρ is real,
−1 if ξ is real but ρ is not real,

0 if ξ is not real

with the representation ρ corresponding to ξ . Now, by the result in [16, 18], Theorem 5.9 can be
rephrased as follows.

Theorem 5.10. Let S be either Sh or Nk and let B be a set of b points on S. Let A be a finite
group. Then number of connected branched A-coverings of S with branch set B is

Isoc (Sh, B; A) =
∑

K≤A

μ(K) |K |2h−1

|Aut (A)|

⎛

⎝(|K | − 1)b + (−1)b
∑

ξ

ξ(1)2−2h

⎞

⎠ ,

and

Isoc (Nk , B; A)
∑

K≤A

μ(K) |K |k−1

|Aut (A)|

⎛

⎝(|K | − 1)b + (−1)b
∑

ξ

ck
ξ ξ(1)

2−k

⎞

⎠ ,
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where ξ ranges over all irreducible characters of K except the principal one (i.e., ξ = 1).

We observe that if A is a finite abelian group, then every irreducible character is of degree 1.
So, for each subgroup K of A,

∑

ξ

ξ(1)2−2h = |K | − 1, and
∑

ξ

ck
ξ ξ(1)

2−k = 2λ(K) − 1,

where the sum is over all irreducible characters of K except the principal one and λ(K) is the
number of direct summands of K whose orders are even.

Note that Theorem 5.10 is efficient if the lattice structure of subgroups of A and their characters
are known.

In [37], one can find an enumeration formula for Isoc (Sh; A) and Isoc (Nk ; A) for any finite
abelian group A which does not involve the lattice structure of subgroups of A. By using it and
Theorem 3.4 in [15], one can obtain another enumeration formula from Theorem 5.9 which does
not involve the lattice structure of subgroups of finite abelian group A.

5.3 Orientable branched surface coverings of nonorientable surfaces

Using reasoning similar to Theorem 5.5, one can use unbranched coverings to enumerate branched
ones [37].

Theorem 5.11. Let Nk be a non-orientable surface of genus k and let B be a b-subset of Nk . Then,
every connected branched orientable covering of Nk must be even-fold, and for any r, the number
of the isomorphism classes of connected branched orientable 2r-fold coverings of Nk with branch
set B is

IsocO(Nk , B; 2r) = (−1)b IsocO(Nk ; 2r)+
b−1
∑

t=0

(−1)t IsocB(Bb+k−t−1; 2r).

Notice that IsocB(Bβ ; 2r) is computed in Theorem 3.11. Hence, by Theorems 2.11, 5.11 and
3.11, one can find a computation formula for the numbers IsocO(Nk , B; 2r).

Using reasoning similar to Theorem 5.11, we can have

IsocO(Nk , B; A) = (−1)b IsocO(Nk ; A)+
b−1
∑

t=0

(−1)t IsocB(Bb+k−t−1; A).

Now, we aim to introduce another formula to compute the number IsocO(Nk , B; A) for any finite
group A. The formula involves character theory and lattice structures of certain subgroups of A.
To do this, we need more terminologies.

For a subgroup S of A, let Aut (A, S) be the set of group automorphisms A which preserve S.
Let S be a subgroup of index 2 in A and fix an element t ∈ A− S. Then for each ξ ∈ Irr(S) the
character ξt defined by ξt(s) = ξ(tst−1) (s ∈ S) is also an irreducible character of S. An irreducible
character ξ of S is said to be of type 1 (or ξ ∈ �1(S)) if ξ and ξt are distinct, and of type 2 (or
ξ ∈ �2(S)) otherwise. It is known [38, 39] that ξ ∈ �1(S) if and only if there exists an irreducible
character ξ̂ of A such that ξ̂S = ξ + ξt , and that ξ ∈ �2(S) if and only if there exists an irreducible
character ξ̂ of A such that ξ̂S = ξ , where ξ̂S is the restriction of ξ̂ to S. We say that two subgroups
S1 and S2 of a group A are similar if there exists an automorphism σ on A such that σ(S1) = S2.
Now, we are ready to state the following results in [27].
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Theorem 5.12. Let A be a finite group and let B be a b-subset of a nonorientable surface Nk . Then
the number IsocO(Nk , B; A) of equivalence classes of connected branched orientable A-coverings
of Nk with branch set B is

IsocO(Nk , B; A) =
∑

S

∑

K≤A
K �=K∩S

μ(K) |K |k−1

2k−1|Aut (A, S)|

⎛

⎝

( |K |
2
− 1

)b

+ (−1)b
∑

ξ

dk
ξ ξ(1)

2−k

⎞

⎠ ,

where S ranges over the representatives of similarity classes of subgroups of index 2 in A, ξ does
all irreducible characters of K ∩ S except the principal character, μ is the Möbius function, and
dξ = c

ξ̂
− cξ if ξ ∈ �1(S) and dξ = 2c

ξ̂
− cξ if ξ ∈ �2(S).

Corollary 5.13. Let A be a finite abelian group and let B be a b-subset of a nonorientable surface
Sk . Then we have

IsocO(Nk , B; A)

=

⎧

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

∑

S

∑

K≤A
K �=K∩S

μ(K) |K |k−1

2k−1|Aut (A, S)|

⎛

⎝

( |K |
2
− 1

)b

+ (−1)b
∑

ξ

cξ ξ(g
2)

⎞

⎠ if k is odd,

∑

S

∑

K≤A
K �=K∩S

μ(K) |K |k−1

2k−1|Aut (A, S)|

⎛

⎝

( |K |
2
− 1

)b

+ (−1)b
∑

ξ

cξ

⎞

⎠ if k is even,

where S ranges over the representatives of similarity classes of subgroups of index 2 in A, and
ξ does all irreducible characters of K ∩ S except the principal character, and g is a fixed element
in K − S.

We observe that the number IsocRO(Nk , B; n) of equivalence classes of regular branched
connected orientable n-fold coverings of a nonorientable surface Nk with branch set B is equal to

IsocRO(Nk , B; n) =
∑

A
IsocO(Nk , B; A),

where A ranges over the representatives of isomorphism classes of groups of order n. Hence, by
Theorem 5.12. and Corollary 5.13., one can express the numbers IsocRO(Nk , B; n) in terms of
irreducible characters of groups of order n and those of their subgroups of index 2. For example,
we can see that

IsocRO(Nk , B; 2p) =

⎧

⎪
⎨

⎪
⎩

2

p− 1
(pk−1 − 1) if b = 0,

pk−2((p− 1)b−1(p+ 1)+ (−1)b) if b �= 0,

where B is a b-subset of Nk and p is an odd prime.

6 HURWITZ ENUMERATION PROBLEM

6.1 Branched coverings with prescribed ramification types

Let B be a branch set of a branched coveringπ : T → S. At each point x ∈ π−1(B), the projectionπ
is topologically equivalent to the complex map z→ zk for a natural number k . We call x the branch
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point of π and the number k the order of x. Denote by sp
k the number of branch points of order k

of the map π in the preimage π−1(bp), where p = 1, 2, . . . , r and k = 1, 2, . . . , n. We call r × n
matrix σ = (sp

k ) the ramification type of the covering π .
Let S and σ be as above and let g be the genus of the surface S. Then, the classical Hurwitz

enumeration problem can be stated in the following way.

Hurwitz enumeration problem. Determine the number Nn,g,σ of nonequivalent coverings of
multiplicity n of a surface S of genus g with a given ramification type σ .

Hurwitz [34], [40] constructed a generating function for the number of nonequivalent cov-
erings of the sphere having only simple branch points (of order two). Röhrl [41] obtained
upper and lower estimates for the number of nonequivalent coverings with a given rami-
fication type. Some partial solutions of the problem were obtained in [4], [37] and [42].
In particular, the number of coverings with a given branch set without restriction on the rami-
fication type were obtained in [37]. The complete solution of the Hurwitz enumeration problem is
contained in [43]. The solution is given in terms of irreducible characters of the symmetric group
which makes it very complicated. It was known just a few cases [5], [36], [44], [45] when it is
possible to avoid characters of symmetric groups for calculation the number of coverings. Recently,
some new results (see [46], [47] and [48]) were obtained to make it clear that, in some cases, the
number of coverings can be expressed in terms of the number theoretical functions. For instance,
this takes a place for the covering whose branch orders coincide with multiplicity [49].

Now, we represent a solution of Hurwitz problem for closed orientable surfaces. Let π : T → S
be a branched covering with branch set B = {b1, b2, . . . , br} of the ramification type σ =
(sp

k ) p=1,2,...,r
k=1,2,...,n

. The set B will be considered fixed in what follows. By (1s1 2s2 · · · nsn), we denote

a permutation of Sn consisting of sk cycles of length k , k = 1, 2, . . . , n. It follows from the results
of Hurwitz that each covering π with ramification type σ is uniquely defined by the ordered tuple
of permutations

(a1, b1, . . . , ag , bg , (1s1
1 · · · ns1

n), (1s2
1 · · · ns2

n), . . . , (1sr
1 · · · nsr

n)) ∈ S2g+r
n (1)

satisfying the relation

g
∏

i=1

[ai, bi]
r

∏

p=1

(1sp
1 2sp

2 · · · nsp
n) = 1 (2)

and generating a transitive subgroup of Sn (transitive tuples). By Theorem 5.1 two coverings are
equivalent if and only if the corresponding tuples are conjugate via a permutation from Sn. The
proof of these facts can be found, for example, in [36] and [50].

Denote by Bn,g,σ the set of all tuples of the form Eq.(1) satisfying equation Eq.(2) and select in
Bn,g,σ a subset Tn,g,σ formed by transitive tuples. We set Bn,g,σ = |Bn,g,σ | and Tn,g,σ = |Tn,g,σ |.
The following results have been obtained in [43].

Theorem 6.1. The number Bn,g,σ of elements of the set Bn,g,σ is defined by the formula

n!
∑

λ∈Irrn

r
∏

p=1

χλ
sp
1sp

2···sp
n

1sp
1 sp

1! · 2sp
2 sp

2! · · · nsp
n sp

n!

(

n!
f λ

)2g−2+r

, (3)

where Irrn is the set of all irreducible representations of the group Sn, f λ is the degree and χλ
sp
1sp

2···sp
n

the character of the permutation (1s1 2s2 · · · nsn) corresponding to the representation λ.
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Theorem 6.2. The number Tn,g,σ of elements of the set Tn,g,σ is defined by the formula

n
∑

k=1

(−1)k+1

k

∑

n1+n2+···+nk=n
σ1+σ2+···+σk=σ

(

n
n1, n2, . . . , nk

)

Bn1,g,σ1 · Bn2,g,σ2 · · ·Bnk ,g,σk . (4)

Denote by μ(n), ϕ(n) and �(x, n) the Möbius, Euler and von Sterneck-Ramanujan functions
respectively. The relationship between them is given by the formula

�(x, n) = ϕ(n)

ϕ
(

n
(x,n)

) μ

(

n

(x, n)

)

,

where (x, n) is the greatest common divisor of x and n. It was shown by O. Hölder that �(x, n)

coincides with the Ramanujan sum
∑

(d,n)=1 exp
(

2 ikd
n

)

.

Theorem 6.3. The number of non-equivalent n-fold coverings of a closed orientable surface of
genus g, with given ramification type τ = (tp

s )p=1,...,r
s=1,...,n

, is given by the formula

Nn,g,τ = 1

n

∑

�|v
m�=n

∑

�
(t,�) |d|�

μ

(

�

d

)

d(2g−2+r)m+1

(m− 1)!

×
∑

{js
k ,p}

Tm,g,σ

d
∑

x=1

∏

s,k , p

[

�(x, s
k )

d

]js
k , p ∏

k , p

(

sp
k

j1
k , p, . . . , jmd

k , p

)

, (5)

where t = GCD{tp
s , p = 1, . . . , r, s = 1, . . . , n}, v = GCD{stp

s , p = 1, . . . , r, s = 1, . . . , n}, sp
k =

∑md
s=1 js

k ,p, the sum
∑

{js
k ,p} is taken over all collections {js

k ,p} such that

∑

1≤k≤ st
p
s
�

s
(s,d) |k|s

kjs
k ,p =

stp
s

�
, s = 1, . . . , md, p = 1, . . . , r (6)

and js
k ,p = 0, if at least one of the conditions

1 ≤ k ≤ stp
s

�
and

s

(s, d)
|k|s (7)

fails. The indices in the products
∏

s,k ,p and
∏

k ,p varies in the limits s = 1, . . . , md, p = 1, . . . , r,
k = 1, . . . , m, and Tm,g,σ = Tm,g,(sp

k )k=1,...,m
p=1,...,r

is defined by (4).

Corollary 6.4. The number of nonequivalent n-fold coverings of a closed orientable surface of
genus g, with given ramification type σ = (sp

k )k=1,...,m
p=1,...,r

has the following asymptotic:

Nn,g,σ ∼ 2(n!)2g−2
r

∏

p=1

n!
1sp

1 · sp
1! · . . . · nsp

n · sp
n!

, g →∞. (8)
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The proof of Theorem 6.3 given in [43] is rather complicated, Here, we indicate a new proof
based on the main counting principal (Theorem 3.1) and on the results of the paper [25].

Let ρ : S̃ → S be an n-fold covering of surface S with ramification type τ = (tp
s )p=1,...,r

s=1,...,n
.

We represent ρ as a composition of two maps ρ = μ ◦ λ, where λ = λZ�
: S̃ → O = S̃/Z� is a

regular Z�-covering and μ : O→ S is an m-fold covering with ramification type σ = (sp
k )p=1,...,r

k=1,...m
.

We have to find the ramification type of λ and the signature of the fundamental group of cyclic
orbifold O = S̃/Z�. Let xp ∈ S be one of the points in the branched set of ρ : S̃ → S and
x̃p ∈ μ−1(xp). We set ordμ(x̃p) = k . Since λ is a regular covering the order function ordλ is constant
along λ−1(x̃p). We take any ˜̃xp ∈ λ−1(x̃p) and put ordλ( ˜̃x) = s/k for a suitable s. In this case

ordρ( ˜̃xp) = ordλ( ˜̃xp) ordμ(x̃p) = s/k · k = s.

Consider the set

J s
k , p = {x̃ ∈ μ−1(xp) : ordρ( ˜̃x) = s for any ˜̃x ∈ λ−1(x̃)

and stand js
k , p = |J s

k , p| for cardinality of J s
k , p. Since λ is a regular �-fold covering its local ramifi-

cation type over each point x̃ ∈ J s
k , p is equal to

( s
k

) � k
s . Hence, the ramification type of λ, totally, is

given by

{
( s

k

) � k
s js

k , p
: s = 1, . . . , n, p = 1, . . . , r, k = 1, . . . , m

}

.

Now, we can conclude that the Fuchsian group F = πorb
1 (O) has the following signature

{

γ ;
( s

k

)js
k , p

, s = 1, . . . , n, p = 1, . . . , r, k = 1, . . . , m

}

,

where γ is genus of underlying surface of O. We recall that Fuchsian group of the signature
{γ ; m1, m2, . . . , mr} has the following presentation

F = 〈a1, b1, . . . , aγ , bγ , .x1, . . . , xr :
γ
∏

i=1

[ai bi]
r

∏

j=1

xj = xm1
1 = · · · = xmr

r = 1〉.

The signature {γ ; mk1
1 , mk2

2 , . . . , mkr
r } is equivalent to

{γ ; m1, . . . , m1
︸ ︷︷ ︸

k1

, . . . , mr , . . . , mr
︸ ︷︷ ︸

kr

}.

Denote by Epi◦(�, Z�) the set of order preserving epimorphisms from � onto Z�. By the version
of Theorem 3.1 given in [25] we have the following formula

Nn,g,τ = 1

n

∑

�|n
m�=n

∑

λ:S̃→S̃/Z�
ρ=μ◦λ

|Epi◦(πorb
1 (S̃/Z�), Z�)|Mm,g,σ ,

where Mm,g,σ = 1
(m−1)!Tm,g,σ is the number of rooted n-fold coverings of S with ramification type σ .
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Moreover, it was shown in [25] that if F = πorb
1 (S̃/Z�) is the above presented Fuchsian group,

then

|Epi◦(F , Z�)| =
∑

M |d|�
μ

(

�

d

)

d2γ Ed(m1, . . . , mr),

where γ is the genus of an orbifold O = S̃/Z�, Ed(m1, . . . , mr) = 1
d

∑d
x=1�(x, m1)�(x, m2) · · ·

�(x, mr), and M = LCM{m1, . . . , mr} is the least common multiple of {m1, . . . , mr}.
Since sp

k =
∑

s js
k ,p, we have

∏

k ,p

( sp
k

j1
k ,p, ... ,jmd

k ,p

)

possibilities to create a decomposition ρ = μ ◦ λ
with prescribed values js

k ,p. Combining this results with the Riemann-Hurwitz relation

2γ − 2 = m(2g − 2+ r)−
∑

s,k , p

js
k , p

we obtain the statement equivalent to Theorem 6.3.
We observe that the number Iso (Nk , B; S; r) has not been determined yet for any surface S and r.

When the fold number r is odd, this can be completed if one can count the connected branched
coverings of a nonorientable surface with arbitrarily prescribed ramification type because any odd
fold branched covering surface of a nonorientable surface is also nonorientable.

6.2 Distributions

For any two surfaces S and S̃, let Iso (S, B; S̃; r) (resp. IsoR(S, B; S̃; r)) denote the number of r-fold
branched (resp. regular) coverings p : S̃ → S with branch set B. Similarly, we let Iso (S, B; S̃; A)
denote the number of branched A-coverings p : S̃ → S with branch set B.

From Theorem 6.3, one can obtain a computational formula for the numbers Iso (Sh, B; S; r) for
any surface S and r, because any branched covering of an orientable surface is also orientable. But,
it has not yet been determined that Iso (Nk , B; S; r) for any surface S and r.

In contrast, the number IsoR(S, B; S̃; r) was completely determined. It is clear that Iso
(S, B; S̃; 2) = IsoR(S, B; S̃; 2). For a prime number p, Kwak et al. [36, 45, 51] computed the
numbers IsoR(S, B; S̃; p), Iso (S, B; S̃; Dp), and Iso (S, B; S̃; mZp). For more general cases, Jones
[16, 17] obtained a formula that counts the number of connected branched A-coverings of a sur-
face with a prescribed ramification type. Using this, one can derive a computational formula for
Iso (Si, B; Sj; A) for any group A and Iso (Ni, B; Nj; A) for any group A that does not contain
any subgroup of index 2. Kwak et al. [33] obtained a formula that counts the number of con-
nected branched orientable A-coverings of a nonorientable surface when A is abelian. Goulden
et al. [27] obtained a formula for the number of connected branched orientable A-coverings of a
nonorientable surface with a prescribed ramification type. It gives a computational formula for the
number Iso (Ni, B; Sj; A) and hence, IsoR(Ni, B; Sj; r). Notice that one can obtain a computational
formula for IsoR(S, B; S̃; r) for any two surfaces S and S̃ by combining this and the results in [16,
17]. For example, by the Riemann-Hurwitz equation, we can see that the number |B| of branch
points of a branched A-covering p : Sn → N2 is one 1 or 2. If it is 1, then |A| = 6 or 8, and if it is
2, then |A| = 4. Now, by the classification of finite groups, one can determine that

IsocR(N2, B; S3; n) =

⎧

⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎩

4 if n = 4 and |B| = 2,

3 if n = 6 and |B| = 1,

6 if n = 8 and |B| = 1,

0 otherwise.

For a prime p, we can completely determine the number IsoR(S, B; S̃; p) as follows.
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Theorem 6.5. Let B be a b-subset of a surface S and let p be a prime.

(1) If S = Sh, then

IsoR(Sh, B; S̃; p) =

⎧

⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎩

p2h − 1

p− 1
if S̃ = S1+p(h−1), b = 0,

p2h−1(( p− 1)b−1 + (−1)b) if S̃ = Sph+ p−1
2 (b−2), b �= 0,

0 otherwise.

(2) If S = Nk , then

IsoR(Nk , B; S̃; 2) =

⎧

⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎩

1 if S̃ = Sk−1, b = 0,

2k − 2 if S̃ = N2(k−1), k �= 1, b = 0,

2k if S̃ = N2(k−1)+b, b �= 0, b = even,

0 otherwise,

and for any odd prime p,

IsoR(Nk , B; S̃; p) =

⎧

⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎩

pk−1 − 1

p− 1
if S̃ = Np(k−2)+2, b = 0,

pk−1(p− 1)b−1 if S̃ = Np(k−2)+b(p−1)+2, b �= 0,

0 otherwise.

7 CONCLUDING REMARKS

There are a few more aspects of the branched covering theory which are not covered by this paper.
Two coverings p : X̃ → X and q : Ỹ → Y are called homeomorphic if there are homeomorphisms
h : X → Y and ˜h : X̃ → Ỹ such that h ◦ p = q ◦˜h. It was discovered in classical papers by
Luröth and Clebsch that there is only one equivalence class of coverings sphere by sphere with
simple branched points. Later, the homeomorphic coverings given by polynomial were calculated
by S. Zdravkovska [52] and [53]. Some new invariants of homeomorphic coverings of sphere were
suggested by A. Protopopov ([54], [55]). The beautiful examples of non-homeomorphic coverings
with the same ramification type were constructed by G. Jones and A. Zvonkin [56]. The classes of
regular non-homeomorphic coverings with abelian covering groups were independently calculated
by S. Natanzon and E.Vinberg.

A lot of papers on coverings are related with well-know de Franchis theorem:
The number of holomorphic maps H (Sg , Sg′) of a genus g Riemann surface Sg onto genus g′
Riemann surface Sg′ , g ≥ g′ > 1, is finite and depends on genus g only.

The best known upper bound for H (Sg , Sg′)was done by Masaharu Tanabe [57]. See also papers
[58], [59] and [60] for revelent questions.

The existence of branched coverings between surfaces with prescribed branch data is still open
problem. For recent advance and discussion see paper by E. Pervova and C. Petronio [61].

And, finally there is a deep relationship between branched coverings and the intersection theory
of complex manifolds. For introduction and main results in this direction we refer the reader to
papers [7], [8] and [9].
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ABSTRACT: Hurwitz numbers were introduced by A. Hurwitz in the end of the nineteenth
century. They enumerate ramified coverings of two-dimensional surfaces. They also have many
other manifestations: as connection coefficients in symmetric groups, as numbers enumerating
certain classes of graphs, as Gromov–Witten invariants of complex curves. Certain series of
Hurwitz numbers can be expressed by nice explicit formulas, and the corresponding generating
functions provide solutions to integrable hierarchies of mathematical physics. The paper surveys
recent progress in understanding Hurwitz numbers, with stress made on their combinatorial rather
than geometric nature.

Hurwitz numbers were introduced by A. Hurwitz in the end of the nineteenth century. They enumer-
ate ramified coverings of two-dimensional surfaces with prescribed ramification types. Recently,
Hurwitz numbers attracted a close attention of many researchers because of their appearance in a
variety of important applications including the geometry of moduli spaces of algebraic curves and
meromorphic functions, the Gromov–Witten invariants of algebraic curves, and integrable hierar-
chies of mathematical physics. In the present paper, we survey recent progress in understanding
the combinatorial properties of Hurwitz numbers.

Hurwitz’s original approach [13, 14] treats Hurwitz numbers by means of characters of symmetric
groups. Numerous publications, of which we mention only [12, 25], follow the same way. However,
a direct application of this approach leads to complicated formulas, which does not say much about
the behavior of the answers as parameters vary. In contrast, Hurwitz himself gave in [14] a very
simple and unexpected formula enumerating ramified coverings of the sphere by the sphere with a
single point of degenerate ramification (see Sec. 3). Many other species of Hurwitz numbers also
admit very explicit and clear expressions. It was understood recently that these simple formulas
reflect a simple underlying geometry, see [6, 19, 23, 24].

In the present paper, we concentrate on combinatorial approaches to Hurwitz numbers. The
only geometric fact we mention is the ELSV formula expressing simple Hurwitz numbers in
terms of intersection indices on moduli spaces of algebraic curves, because it is the only known
way to deduce many important combinatorial properties. On the other hand, by using purely
combinatorial (including symmetric group representations) methods one can obtain such important
results as the cut-and-join equation for the generating function for simple Hurwitz numbers [8], the
Bousquet-Mélout–Schaeffer formula for the number of representations of a given permutation as
a product of a given number of permutations [2], the Toda hierarchy for the generating function for
double Hurwitz numbers [27], and the KP hierarchy for the generating function for simple Hurwitz
numbers [18].

The paper is organized as follows. In Sec. 1 we give a definition of simple and various other
species of Hurwitz numbers in terms of decompositions of permutations into products. We also
describe their relationship with the problem of enumerating ramified coverings. Section 2 is devoted
to the cut-and-join equation, a simple, but powerful tool for studying simple Hurwitz numbers.
In Sec. 3 we present certain explicit formulas for Hurwitz numbers enumerating ramified cover-
ings of the sphere by the sphere, which is, in a sense, the simplest possible case. In Sec. 4 we
discuss formulas describing the behavior of Hurwitz numbers as the degree of the covering grows
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preserving the degenerate ramification type. The corresponding generating functions belong to a
certain algebra of power series also described in this section. Section 5 produces a brief introduc-
tion to the theory of Kadomtsev–Petviashvili integrable hierarchy of partial differential equations,
and in Sec. 6 we prove that the generating function for simple connected Hurwitz numbers is a
solution to this hierarchy. Section 7 reproduces the ELSV formula, which is necessary to obtain
the results in Sec. 4 and many others. Finally, in Sec. 8 we give more details about shifted sym-
metric functions which appear naturally in Sec. 5 and discuss possible generalizations of Hurwitz
numbers.

I am obliged to M. Kazarian for numerous clarifying discussions. Various parts of this text were
presented as talks in the University of Utrecht, Netherlands, Mittag-Leffler Institute and KTH,
Stockholm, Sweden, and the Laboratory of Combinatorial and Computational Mathematics of the
Pohang University of Science and Technology, Pohang, South Korea. I am grateful to D. Siersma,
T. Ekedahl, C. Faber, and J.H. Kwak for the opportunity to give these talks.

1 HURWITZ NUMBERS

1.1 Simple and general Hurwitz numbers

Let Sn denote the symmetric group consisting of permutations of n elements {1, 2, . . . , n}. Any
permutation σ ∈ Sn can be represented as a product of transpositions, and there are many such
representations. For a given m, we are interested in enumeration of m-tuples of transpositions
τ1, . . . , τm whose product is a given permutation σ ,

σ = τm ◦ · · · ◦ τ1.

The following statements are clear:

• the number of such representations depends on the cyclic type of the permutation σ rather than
on the permutation itself;
• there is a minimal number mmin = mmin(σ ) for which such a representation exists, and this

minimal number is n − c(σ ), where c(σ ) is the number of cycles in σ . Indeed, the minimal
number of transpositions whose product is a cycle of length l is l − 1;
• all values of m for which the number of representations is nonzero have the same parity, which

coincides with the parity of the permutation σ .

Now we are ready to give a precise definition of a simple Hurwitz number.

Definition 1. Let μ be a partition of n, μ � n. The simple Hurwitz number h◦m;μ is defined as

h◦m;μ =
1

n! |{(τ1, . . . , τm), τi ∈ C2(Sn)|τm ◦ · · · ◦ τ1 ∈ Cμ(Sn)}|.

Here C2(Sn) denotes the set of all transpositions in Sn, and Cμ(Sn) is the set of all permutations of
cyclic typeμ � n in Sn, so that, in particular, C2(Sn) = C1n−221(Sn). The connected simple Hurwitz
number hm;μ is defined in a similar way, but we take into account only m-tuples of transpositions
such that the subgroup 〈τ1, . . . , τm〉 ⊂ Sn they generate acts transitively on the set {1, . . . , n}.

The terminology has a topological origin and will be explained later. Let us compute several
simple Hurwitz numbers. Below, we denote partitions in one of the two equivalent ways: either
as a sequence of decreasing parts, μ = (μ1,μ2, . . . ), where μ1 ≥ μ2 ≥ . . . , with only finitely
many nonzero parts, or in the multiplicative form 1k1 2k2 . . . , where ki denotes the multiplicity of
the part i in the partition, all but finitely many multiplicities being 0 (and the corresponding parts
omitted in the notation).
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Example 1. Let n = 3 and let μ = 31. Then the product of any two distinct transpositions
produces a cyclic (of length 3) permutation, and the subgroup generated by these two transpositions
coincides with S3, whence acts transitively. Thus

h◦2;31 = h2;31 = 1

6
· 6 = 1,

since there are 3 · 2 = 6 ordered pairs of distinct transpositions.

Note that if a simple Hurwitz number and the corresponding connected simple Hurwitz number
both are nonzero, then they coincide if and only if the permutation σ is cyclic: in this case the
subgroup of the symmetric group generated by the permutations τi automatically acts transitively,
while in all other cases this statement is false.

Example 2. Let n = 4 and let μ = 41. A cyclic permutation of length 4 can be represented
as a product of 3 transpositions, and this is the minimal possible number of transpositions in the
decomposition. There are 63 = 216 ordered triples of transpositions.

A product of 3 transpositions, being an odd permutation, can be either a cyclic permutation (of
cyclic type 41), or a transposition (of cyclic type 1221). The cycle can be obtained if either the
two transpositions τ1, τ2 are independent, and τ3 mixes the two permuted parts together (6 · 4 =
24 ways), or if τ1, τ2 have one element in common, and τ3 permutes the fourth element (6 · 4 · 3 =
72 ways). This yields the following value of the Hurwitz numbers:

h◦3;41 = h3;41 = 1

24
· (24+ 72) = 4.

As the order of the symmetric group and the complexity of the partition grow, the direct
computation becomes more involved, and we give only one example in addition.

Example 3. Let n = 3 and let μ = 1121 be the type of a transposition. Of course, a transposition
can be represented as a single transposition. But it also admits a representation as a product of
3 transpositions. Moreover, the product of any triple of transpositions, being an odd permutation,
is a transposition. Hence

h◦3;1121 = 1

6
· 33 = 9

2
.

Among the 33 = 27 triples of transpositions, 3 correspond to subgroups acting nontransitively
(those consisting of triples of coinciding transpositions). Thus

h3;1121 = 1

6
· (27− 3) = 4.

This example shows that Hurwitz numbers are not necessarily integers. This is true even for the
simplest case,

h◦1;21 = h1;21 = 1

2
· 1 = 1

2
.

More generally, for a tuple μ1, . . . ,μm of partitions of n, we can consider general Hurwitz
numbers enumerating representations of the identity permutation as the product of the form

σm ◦ · · · ◦ σ1,
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where each permutation σi has the cyclic type μi, 1 ≤ i ≤ m. (For simple Hurwitz numbers, all
the permutations but one are transpositions, and the last permutation is σ−1, whose cyclic type
coincides with that of σ ). The general Hurwitz number is defined as the number of m-tuples of
permutations σ1, . . . , σm of given cyclic types whose product is the identity permutation, divided
by n!. Connected Hurwitz numbers are defined similarly, but with the restriction that the subgroup
〈σ1, . . . , σm〉 ⊂ Sn generated by the permutations σi must act transitively. We do not introduce
notation for general Hurwitz numbers, since we are not going to use them in our survey.

1.2 Topological interpretation

Hurwitz numbers naturally arise in the problem of enumeration of ramified coverings of the
2-sphere. Below, we consider only oriented two-dimensional surfaces without boundary. An ori-
entation preserving continuous mapping f : E1 → E2 of two surfaces is called a covering if it is a
local homeomorphism, that is, for each point t ∈ E2 there is a disk neighborhood U = U (t) ⊂ E2
such that its total preimage f −1(U ) ⊂ E1 is a disjoint union of disks, and the restriction of f to each
of these disks is a homeomorphism. If E2 is connected, then the number of disks in the preimage
of any disk neighborhood U is the same whatever is the point t, and this number (which may well
be infinite) is called the degree of the covering.

A ramified covering is a continuous mapping f : E1 → E2 that becomes a covering after
puncturing the target surface E2 at finitely many points and such that each of the punctures possesses
a disk neighborhood whose total preimage is a disjoint union of disks. Locally, at a neighborhood
of each point in E1, a ramified covering looks like z �→ zk , where z is an appropriate complex
local coordinate. For all but finitely many points in E1, the value of k is 1, and it is greater than 1
for some preimages of the punctures. It is called the degree of the preimage. For any point t ∈ E2,
the sum of the degrees of all its preimages is the same, and it is called the degree of the ramified
covering. In other words, the degrees of the preimages of any point form a partition of the degree
of the covering. For a ramified covering of degree n, all partitions different from 1n constitute
the ramification type of the covering. Below, we shall consider finite ramified coverings of the
2-sphere S2 by compact oriented two-dimensional surfaces.

Consider the ramified covering z �→ zk of the unit disk by the unit disk. As a nonzero point in
the target disk goes around 0 and returns to its initial position, its k preimages experience a cyclic
permutation of length k . This property allows one to associate to a ramified covering of the sphere
a tuple of permutations.

Let f : E → S2 be a ramified covering of degree n, and let t1, . . . , tm ∈ S2 be all its points of
ramification. Pick a point t ∈ S2 distinct from all ti and connect it with the points ti by smooth
nonintersecting segments, whose cyclic order at t coincides with the numbering. Now make each
segment into a narrow pathγi around the ramification point in the positive direction. Then the pathγi
induces a permutation σi of the fiber f −1(t). The cyclic type of the permutation σi coincides with
the partition given by the degrees of the preimages in f −1(ti), and the product σm ◦ · · · ◦ σ1 is the
identity permutation of the fiber f −1(t), since the product of the paths γm ◦ · · · ◦ γ1 is contractible
in the punctured sphere S2\{t1, . . . , tm}.

The m-tuple of permutations of the fiber determines the covering uniquely. By numbering
the preimages f −1(t) of the generic point from 1 to n, we can make each permutation σi into
a permutation of the set {1, 2, . . . , n}. Since there are n! possible numberings, we conclude that
Hurwitz numbers enumerate ramified coverings of the 2-sphere, with prescribed ramification
types. The covering surface is connected if and only if the subgroup of Sn generated by the permu-
tations σi acts transitively on the fiber f −1(t), which justifies the definition of connected Hurwitz
numbers.

Let E → S2 be a ramified covering. The Riemann–Hurwitz formula allows one to recover the
Euler characteristic χ(E) of the covering surface E from the ramification type. We shall use this
formula only for the case of simple Hurwitz numbers, where it acquires the form

m = |μ| + c(μ)− χ(E).
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Here μ is a partition of n = |μ|, c(μ) is the number of parts in the partition, and m is the number of
transpositions. If the covering surface is connected, then its Euler characteristic is χ(E) = 2− 2g,
where g is the genus of the surface. Hence the number m of points of simple ramification can be
considered as a substitute for the genus of the covering surface.

1.3 Double Hurwitz numbers

In addition to simple Hurwitz numbers, double Hurwitz numbers are of special interest. The
latter enumerate decompositions of a product σ1 ◦ σ2 of a pair of permutations into a product
of transpositions. These numbers enumerate ramified coverings of the sphere with two points of
degenerate ramification. By definition,

h◦m;μ1,μ2
= 1

n! |{(τ1, . . . , τm), τi ∈ C2(Sn)|τ1 ◦ · · · ◦ τm = σ2 ◦ σ1, σj ∈ Cμj (Sn)}|,

where μ1,μ2 are two partitions of n.
Double Hurwitz numbers arise naturally in the computation of equivariant Gromov–Witten

invariants of the projective line, see [31, 27].

2 CUT-AND-JOIN EQUATION

Collect the simple Hurwitz numbers into two generating functions:

H ◦(u; p1, p2, . . . ) =
∞
∑

m=1

∑

μ

h◦m;μpμ1 pμ2 . . .
um

m! ; (1)

H (u; p1, p2, . . . ) =
∞
∑

m=1

∑

μ

hm;μpμ1 pμ2 . . .
um

m! , (2)

where in each case μ runs over the set of all partitions.
A very general combinatorial construction justifies the following relationship between these two

generating functions.

Proposition 4. We have H ◦ = exp(H ).

This assertion allows one to translate statements about simple Hurwitz numbers into statements
about connected simple Hurwitz numbers and vice versa.

Theorem 5 (cut-and-join equation, [8]). The generating function H ◦ for simple Hurwitz num-
bers satisfies the following partial differential equation:

∂H ◦

∂u
= 1

2

∞
∑

n=1

∑

i+j=n

(

(i + j)pipj
∂

∂pi+j
+ ijpi+j

∂2

∂pi∂pj

)

H ◦. (3)

Before proving the theorem, let us note that the cut-and-join equation provides an explicit formula
for the generating function H ◦. Indeed, assign to the variable pi the weight i, i = 1, 2, . . . , so that
a monomial pk1

1 pk2
2 . . . has the weight k1 + 2k2 + · · · . Then the function H ◦ can be represented as

the sum of the functions H ◦ = H ◦0 + H ◦1 + · · · , where H ◦k = H ◦k (u; p1, p2, . . . ) is the sum of the
monomials of weight k in H ◦. Each H ◦k is a sum of finitely many monomials in pi (their number
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is that of partitions of k) whose coefficients are power series in u. Since both operators ∂
∂u on the

left and

A = 1

2

∞
∑

n=1

∑

i+j=n

(

(i + j)pipj
∂

∂pi+j
+ ijpi+j

∂2

∂pi∂pj

)

on the right of Eq. (3) preserve the weights of the monomials, this equation is decomposed into the
direct sum of finite dimensional equations, one for each of the functions H ◦k .

The initial conditions are provided by the fact that there is a unique connected covering of the
2-sphere without ramification points, which is the identical covering of degree 1. This yields

H (0; p1, p2, . . . ) = p1,

whence

H ◦(0; p1, p2, . . . ) = e p1 ,

or

H ◦k (0; p1, p2, . . . ) = pk
1

k! .

For a given k , the finite dimensional cut-and-join equation can be solved explicitly. Let us look
at examples. The vector space of quasihomogeneous polynomials in pi of weight 1 is spanned by
the unique monomial p1. The operator A takes this monomial to 0, whence H ◦1 = p1. The vector
space of polynomials of weight 2 is spanned by two monomials, namely, p2

1 and p2. We have

A :p2
1 �→ p2; A :p2 �→ p2

1.

Hence the eigenvectors of the operator A are the Schur polynomials

s21 = 1

2
( p2

1 + p2); s12 = 1

2
( p2

1 − p2),

and the eigenvalues are 1 and−1, respectively. Taking the initial conditions H ◦2 (0; p1, . . . ) = p2
1/2

into account, we obtain

H ◦2 =
1

2
s21 eu + 1

2
s12 e−u.

More generally, for arbitrary k , the Schur polynomials sμ, μ � k , form a complete set of eigenvec-
tors of the operator A restricted to the subspace of degree k quasihomogeneous polynomials, with
eigenvalues given by the function

f2(μ) = 1

2

∞
∑

i=1

(
(

μi + 1

2
− i

)2

−
(

1

2
− i

)2
)

(we shall see the reasons for this and justify the notation f2 in Sec. 6.1 below). Together with the
initial conditions this yields

H ◦k (u; p1, p2, . . . ) =
∑

μ�k

sμ(1, 0, 0, . . . )sμe f2(μ)u.
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Another, and maybe simpler way of looking at the function H ◦ is to expand it in a power
series in u,

H ◦(u; p1, p2, . . . ) =
∞
∑

k=0

H ◦(k)( p1, p2, . . . )
uk

k! .

Then the cut-and-join equation can be rewritten as the recurrence

H ◦(k+1) =
1

2

∞
∑

n=1

∑

i+j=n

(

(i + j)pipj
∂

∂pi+j
+ ijpi+j

∂2

∂pi∂pj

)

H ◦(k).

Starting with H ◦(0) = ep1 , we immediately obtain the first few terms of the expansion:

H ◦(u; p1, p2, . . . ) = e p1

(

1+ 1

2
p2

u

1! +
(

p2
1 +

1

2
p2

2 + p3

)

u2

2! + · · ·
)

.

Note that the application of the operator on the right-hand side of the cut-and-join equation to the
function H ◦

(k) always produces finitely many nonzero terms, although the operator itself contains
infinitely many of them. The reason is that the function H ◦

(k) has the form e p1 times a polynomial
in p1, . . . , pk , and its derivatives over each pl with l > k vanish.

Proof of the cut-and-join equation. The cut-and-join equation describes what happens if one
of the transpositions in the decomposition of a given permutation is glued with the distinguished
permutation, that is, we replace the representation

σ = τm ◦ τm−1 ◦ · · · ◦ τ1

by the representation

τm ◦ σ = τm−1 ◦ · · · ◦ τ1

(here we used the fact that τ 2
m is the identity permutation). Decreasing of the number of transpo-

sitions on the right by one reflects the derivation with respect to u on the left of the cut-and-join
equation (3), since this procedure diminishes the degree of u by 1.

Multiplication by a transposition τm can change the permutation σ in one of the two different
ways: either τm exchanges two elements belonging to the same cycle of σ , or the elements it
exchanges belong to distinct cycles. In the first case, a cycle in σ is split into two cycles the sum
of whose lengths coincides with the length of the initial one. In the second case, conversely, two
cycles are glued into a single cycle of length equal to the sum of the lengths of the two. Each
of the two summands on the right of the cut-and-join equation is in charge of the corresponding
possibility. The coefficients reflect the number of ways to choose two elements to be transposed
by τm: for each of the i+ j elements in a cycle of length i+ j an appropriate pair can be chosen in
a unique way (if we fix the cyclic order), while in two cycles, of length i and j, respectively, there
are ij choices for a pair whose transposition glues them together. The theorem is proved.

In Sec. 6.1, we shall rewrite this proof into a more conceptual language.

3 CERTAIN FORMULAS FOR RATIONAL HURWITZ NUMBERS

Hurwitz numbers are said to be rational if the number of transpositions in the decomposition is
the minimal possible one. The terminology comes from the fact that these numbers enumerate
ramified coverings of the sphere by the sphere, that is, rational functions. Thus, rational Hurwitz
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numbers are, in a sense, the simplest species of Hurwitz numbers, and there are a number of explicit
formulas for them.

The first such formula is a formula, due to Hurwitz (1902), for rational connected simple Hurwitz
numbers.

Theorem 6 ([14]). We have

h|μ|+n−2;μ = (|μ| + n− 2)!
n
∏

i=1

μ
μi
i

μi! |μ|
n−3,

where μ = (μ1, . . . ,μn) is a partition of |μ| = μ1 + · · · + μn.

Here |μ| + n − 2 is the minimal number of transpositions in a product that can produce a
permutation of cyclic type μ. In fact, Hurwitz did not publish the proof of his formula stating that
it is too long for a journal paper. The first proof was given in [8], and the ELSV formula provides
an alternative geometric proof [6].

Another instance of formulas for rational Hurwitz numbers is the following

Theorem 7 ([8]). The number of factorizations of a cyclic permutation in Sn into a product of
permutations of cyclic types ν1, . . . , νk , νi 
 n, is

nk−1 (c(ν1)− 1)!
|Aut(ν1)| · · ·

(c(νk )− 1)!
|Aut(νk )| ,

where c(ν) denotes the number of parts in a partition ν, and |Aut(ν)| is the order of the
automorphism group of the partition ( for ν = 1�1 . . . n�n , we have |Aut(ν)| = �1! . . . �n!).

The proof in [8] is purely combinatorial. Once again, the geometric proof was given in [22].
The formula due to Bousquet-Mélou and Schaeffer enumerates decompositions of a given per-

mutation into a product of a given number of permutations, whatever are their types. It reads as
follows.

Theorem 8 ([2]). Denote by Gμ(r) the number of r-tuples of permutations whose product is a
permutation of cyclic type μ, divided by n!, μ � n. We have

Gμ(r) = r
((r − 1)n− 1)!

((r − 1)n− c(μ)+ 2)!
∏

i

(

rμi − 1

μi

)

μi,

where c(μ) is the number of parts in μ.

The original proof got a simplification in [11]. Similarly to the previous two formulas, this one
also must have a geometric proof, which is still lacking.

4 THE STRING AND THE DILATON EQUATION, AND ENUMERATION
OF PLANTED TREES

Minimal factorizations of a cyclic permutation into transpositions are in one-to-one correspondence
with rooted label trees, which yields, by the Cayley formula,

hn−1; n = nn−1.
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The exponential generating function for these numbers,

Y (q) =
∞
∑

n=1

hn−1; n
qn

n! =
∞
∑

n=1

nn−1 qn

n! =
1

1!q+
2

2!q
2 + 9

3!q
3 + 64

4! q
4 + · · · ,

together with the exponential generating function

Z(q) =
∞
∑

n=1

nn qn

n! =
1

1!q+
4

2!q
2 + 27

3! q
3 + · · · .

generate a very interesting algebra of power series. Although the functions Y and Z look very
similar, their behavior with respect to multiplication is quite different. We denote by A the algebra
of power series generated by Y and Z . Note that the functions Y and Z are algebraically dependent:

Z(q) = 1

1− Y (q)
.

Denote by hg,n;μ1,...,μk the Hurwitz number enumerating, with the weight equal to the inverse
order of the automorphism group of the covering, ramified coverings of the 2-sphere by surfaces
of genus g possessing the following properties:

• over given k points in S2, the ramification types are μ1, . . . ,μk , and, in addition, there are
necessarily many (that is, n− |μi|) simple sheets over each of these points;
• besides these k points of degenerate ramification, there is a required number of given points of

simple ramification.

Consider the exponential generating function for these numbers:

Hg;μ1,...,μk (q) =
∞
∑

n=1

hg,n;μ1,...,μk

qn

n! .

Theorem 9 ([10, 39, 40]). For any set of partitions μ1, . . . ,μk and any g, with the exception of
the case g = 1, k = 0, the generating function Hg;μ1,...,μk (q) belongs to the algebra A.

In the case of a single point of degenerate ramification, Theorem 9 acquires the form due to
M. Kazarian.

Theorem 10 ([17]). Let μ = (μ1, . . . ,μp) be a partition, |μ| = μ1 + · · · + μp. Then

Hg;μ(q) = Y m(q)(Z(q)+ 1)2g−2+pϕg;μ(Z(q)),

where Y and Z are the generators of the algebra A, and ϕg;μ is a polynomial of degree at most
3g − 3+ p.

Theorem 10 allows one to obtain explicit formulas for certain series of simple Hurwitz numbers
by computing only finitely many elements of these series. Namely, knowing 3g − 2 + p values,
we can reconstruct the coefficients of the polynomial ϕg;μ, whence the whole expression for the
generating function Hg;μ.

Theorem 9 is proved by induction on the number k of ramification points, the base being provided
by Theorem 10. The main reason why Theorem 10 is true is that the Hurwitz numbers satisfy the
so-called string and dilaton equations well known in the intersection theory on moduli spaces of
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complex curves of given genus. Simple Hurwitz numbers can be expressed in terms of this theory
by means of the ELSV formula [5, 6], see Sec. 7 below.

Now we give a combinatorial interpretation of the string and the dilaton equations for planted
trees enumeration, due to D. Zvonkine [39, 40]. Enumeration of planted trees generalizes the Cayley
formula enumerating trees, according to which the power series Y is the exponential generating
function for rooted marked trees.

The trees will be planted on certain simple graphs. Graphs we consider are undirected, and they
may have loops and multiple edges. A rooted graph H is said to be simple if (i) it is connected;
(ii) it contains no vertices of valency 1 except for, may be, the root and the vertices adjacent to the
root, and it contains no vertices of valency 2 except for, may be, the root. Let G be a rooted connected
graph, and let v be a vertex of valency 1 (a leaf ) in G that is neither the root, nor a root’s neighbor.
Then the graph Sv(G) is obtained from G by erasing the vertex v together with the edge connecting
it with a vertex in G. For a vertex w of valency 2 that is not the root, the graph Dw(G) is obtained by
deleting w with further merging the two outgoing half-edges thus making them into a single edge.

Applying operations S and D to appropriate vertices of a rooted connected graph in an arbitrary
order, we obtain a simple graph, which is independent of the order of the operations we have
applied. This simple graph H is called the base of the initial graph G, and we say that G is a forest
planted on H .

Denote by fH (n) the weighted number of rooted graphs with n+ 1 vertices whose base is H and
whose vertices different from the root are marked by distinct numbers from 1 to n. The weight in
question is inverse to the order of the symmetry group of the marked graph. Now introduce the
generating function

FH (q) =
∞
∑

n=0

(

fH (n)
qn

n!
)

where the summation is carried over all forests planted on H . Then

FH (q) = 1

|Aut(H )|Y
|V (H )|(1+ Z)|E(H )|. (4)

here |V (H )| is the number of vertices in H , the root not taken into account, and |E(H )| is the
number of edges in H . Thus the generating function FH (q) lies in the algebra A.

The proof of Eq. (4) is simple: the factor Y |V (H )| enumerates trees attached to the vertices
of the base graph H , while the factor (1 + Z)|E(H )| enumerates trees attached to the edges of
the base graph H . Each tree of the first kind has a single root which is the vertex identified
with the corresponding vertex of H . Each tree of the second kind has two distinguished vertices,
namely, the two vertices that are the closest ones to the ends of the edge in H (note that these two
vertices can coincide). There is a unique path in a tree connecting any given pair of vertices, and
this path is identified with a segment in the edge to which the tree is attached. The generating
function 1+ Z is exactly the one enumerating marked trees with two distinguished vertices.

What the generating functions for the planted trees and for the Hurwitz numbers have in common,
which justifies their belonging to the algebra A, is the associated string and dilaton equations.
Denote by 〈τd1 . . . τdn〉H the weighted number of marked graphs with the base H with the vertex i
having valency di + 1, i = 1, . . . , n. In particular,

fH (n) =
∑

d1,...,dn

〈τd1 . . . τdn〉H .

Then the following relations hold:

〈τd1 . . . τdnτ0〉H = 〈τd1−1 . . . τdn〉H + · · · + 〈τd1 . . . τdn−1〉H (string relation)

〈τd1 . . . τdnτ1〉H = (2g − 2+ n)〈τd1 . . . τdn〉H (dilaton relation)
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Here g = b1(H ) is the first Betti number of H , that is, the number of independent cycles in it,
and by the Euler formula we have 2 − 2g = |E(H )| − |V (H )| + 1. The string relation describes
the behavior of the number 〈τd1 . . . τdn〉H under the operation S which deletes a leaf (a vertex of
valency 1), while the dilaton equation describes the behavior of this number under the operation D
which deletes a vertex of valency 2. The proof of both is immediate.

5 THE KP EQUATIONS AND SEMIINFINITE GRASSMANNIAN

The Kadomtsev–Petviashvili hierarchy is a completely integrable system of partial differ-
ential equations playing an important role in mathematical physics. A general theory of
Kadomtsev–Petviashvili equations, due to Sato, interprets solutions to these equations as semi-
infinite planes, that is, points in the semiinfinite Grassmannian. In this section, we present a brief
overlook of Sato’s construction. Proving that a given function is a solution, is reduced thus to iden-
tification of the semiinfinite plane corresponding to this function. There is no need, in particular, to
know the explicit form of the equations. For the function H (u; p1, p2, . . . ), which is the generating
function for simple Hurwitz numbers, we shall make this identification in the next section.

5.1 Grassmannian embeddings and Plücker equations

Consider the Grassmannian G(2, 4) of vector 2-planes in the 4-space V ≡ C
4. Any 2-plane in V

can be represented by the wedge product ϕ1 ∧ϕ2 of any pair ϕ1,ϕ2 of linearly independent vectors
in it. This wedge product is well defined up to a constant factor; it determines the 2-plane uniquely
and thus defines an embedding of G(2, 4) into the projectivization of the wedge square of V ,
G(2, 4) ↪→ P�2V . An immediate generalization of this construction produces an embedding of
any Grassmannian G(k , n) of k-planes in n-space V into the projectivization P�k V .

The Plücker equations are the equations of the image of this embedding. Note that the dimension
of G(k , n) is k(n− k), while the dimension of P�k V is

(n
k

)− 1, whence, generally speaking, the
image of the embedding does not coincide with the whole projectivized wedge product P�k V . For
example, the image of the embedding of G(2, 4) into P�2V is a hypersurface in the 5-dimensional
projective space.

Let us find the equation of this hypersurface. Pick a basis e1, e2, e3, e4 in V . Then �2V is
endowed with the natural basis fij = ei ∧ ej , 1 ≤ i < j ≤ 4, and the corresponding natural
coordinate system yij . The image of the embedding of the Grassmannian consists of decomposable
vectors. By definition of the wedge product, for a pair of vectors (a1, a2, a3, a4), (b1, b2, b3, b4),
the image of the plane spanned by these two vectors has the projective coordinates

yij =
∣

∣

∣

∣

ai bi
aj bj

∣

∣

∣

∣
= aibj − ajbi.

An immediate calculation shows that these coordinates satisfy the homogeneous equation

y12y34 − y13y24 + y14y23 = 0,

and this is the Plücker equation of the image.
For general values of n and k , the Plücker equations still are quadratic equations. In other words,

the ideal in the ring of polynomials consisting of polynomials vanishing on the image of the Plücker
embedding is generated by quadratic polynomials.

5.2 Space of Laurent series

Take for the space V the infinite dimensional vector space of formal Laurent series in one
variable. Elements of this space have the form c−k z−k + c−k+1z−k+1 + · · · . The powers zk ,
k = . . . ,−2,−1, 0, 1, 2, . . . form the standard basis in V . By definition, the semi-infinite wedge
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product �
∞
2 V is the vector space freely spanned by the vectors

vμ = zm1 ∧ zm2 ∧ zm3 ∧ . . . , m1 > m2 > m3 > . . . , mi = μi − i,

where μ is a partition, μ = (μ1,μ2,μ3, . . . ), μ1 ≥ μ2 ≥ μ3 ≥ . . . , and all but finitely many
parts are 0. In particular, mi = −i for all i large enough.

The vacuum vector

v∅ = z−1 ∧ z−2 ∧ z−3 ∧ . . .
corresponds to the empty partition. Similarly, we have

v11 = z0 ∧ z−2 ∧ z−3 ∧ . . . , v21 = z1 ∧ z−2 ∧ z−3 ∧ . . . ,
v12 = z0 ∧ z−1 ∧ z−3 ∧ . . . ,

and so on.

5.3 The boson-fermion correspondence

Numbering basic vectors in the semiinfinite wedge product�
∞
2 V by partitions establishes a natural

vector space isomorphism between this space and the vector space of power series in infinitely
many variables p1, p2, . . . . This isomorphism takes a basic vector vμ to the Schur polynomial sμ =
sμ(p1, p2, . . . ). The latter is a quasihomogeneous polynomial, of degree |μ|, in the variables pi,
with the degree of pi set to be i.

The Schur polynomial corresponding to a one-part partition is defined by the expansion

s0 + s1z + s2z2 + s3z3 + s4z4 + · · · = e p1z+p2
z2
2 +p3

z3
3 +···,

and for a general partition λ it is given by the determinant

sλ = det ||sλj−j+i||. (5)

The indices i, j here run over the set {1, 2, . . . , n} for n large enough, and since λi = 0 for i
sufficiently large, the determinant, whence sλ, is independent of n. Here are a few first Schur
polynomials:

s0 = 1, s11 = p1, s21 = 1

2
( p2

1 + p2), s31 = 1

6
( p3

1 + 3p1p2 + 2p3),

s12 = 1

2
( p2

1 − p2), s1121 = 1

3
(p3

1 − p3), s13 = 1

6
( p3

1 − 3p1p2 + 2p3).

5.4 Semiinfinite Grassmannian and the KP equations

The semiinfinite Grassmannian G(∞2 ,∞) consists of decomposable vectors in P�
∞
2 , that is, of

vectors of the form

ϕ1(z) ∧ ϕ2(z) ∧ ϕ3(z) ∧ . . . ,
where eachϕi is a Laurent power series in z and, for i large enough, the leading term in the expansion
of ϕi is z−i:

ϕi(z) = z−i + ci1z−i+1 + ci2z−i+2 + · · · .
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Definition 2. The Hirota equations are the Plücker equations of the embedding of the semiinfinite
Grassmannian in the projectivized semiinfinite wedge product P�

∞
2 V . Solutions to the Hirota

equations (that is, semiinfinite planes) are called τ -functions for the hierarchy.

As polynomial equations for the coefficients of the expansions of τ -functions, the Hirota equa-
tions can be treated as partial differential equations for the functions themselves. Being Plücker
equations, the Hirota equations are quadratic in τ .

Definition 3. The form the Hirota equations take for the logarithms of τ -functions under the
boson-fermion correspondence is called the Kadomtsev–Petviashvili, or KP, equations.

In other words, any solution to the KP equations can be obtained as the result of the following
procedure:

• take a semiinfinite plane ϕ1(z) ∧ ϕ2(z) ∧ . . . in V ;
• by expanding, rewrite the corresponding point in the semiinfinite Grassmannian as a linear

combination of the basic vectors vλ and normalize so as the coefficient of v∅ becomes 1;
• replace in this linear combination each vector vλ by the corresponding Schur polyno-

mial sλ(p1, p2, . . . ), which produces a series in infinitely many variables p1, p2, . . . ;
• take the logarithm of the resulting series.

Example 11. The first KP equation for an unknown function W = W ( p1, p2, . . . ) looks like

∂2W

∂p2
2

= ∂2W

∂p1∂p3
− 1

2

(

∂2W

∂p2
1

)2

− 1

12

∂4W

∂p4
1

(pay attention to the fact that it is homogeneous, in a natural sense). Take ϕ1(z) = z−1+az0+bz1,
a, b ∈ C, and set ϕi(z) = z−i for i ≥ 2. Then the implementation of the above procedure yields:

ϕ1 ∧ ϕ2 ∧ · · · = v∅ + av11 + bv21 �→ 1+ ap1 + 1

2
b( p2

1 + p2).

Now,

W ( p1, p2) = log
(

1+ ap1 + 1

2
b( p2

1 + p2)

)

is a solution to the first KP equation (and, of course, to all of them). The fact that it is a solution to
the first KP equation can be verified directly, but the verification is laborious.

5.5 Action of the diagonal matrices

Linear transformations of the vector space V of Laurent polynomials induce linear transforma-
tions of the semiinfinite wedge product �

∞
2 V . Since linear transformations of V take planes

in V to planes, the induced transformations preserve the embedded Grassmannian. In this section
we consider the action of those transformations that can be represented by diagonal matrices in
the basis {zk } in V , k ∈ Z: these are the only transformations we need in the study of simple
Hurwitz numbers. By obvious reasons, the induced action on �

∞
2 V , written in the basis vλ, also is

diagonal.

Example 12. Consider the linear transformation V → V which multiplies z−1 by a constant a
preserving all the other basic vectors. Clearly, the action of this transformation on�

∞
2 V , written in
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the basis vλ, multiplies by a each basic vector containing z−1 in its decomposition (v∅, v12 , and so
on), and preserves all other basic vectors (v11 , v21 , and so on). The requirement that z−1 enters the
decomposition of a vector vλ means that the partition λ contains a part λi such that λi − i = −1.
Note that any partition can have at most one such part, since the parts λi follow in a decreasing
order, while the sequence i grows strictly.

An important consequence of this example is that the eigenvalue of the action on�
∞
2 V of a diago-

nal matrix on V corresponding to the eigenvector vλ depends symmetrically on the differences λi−i.
In other words, it belongs to the ring of so-called shifted symmetric functions.

Definition 4. A function on partitions λ = (λ1, λ2, . . . ) is said to be shifted symmetric if it is
symmetric under permutations of the parts λi − i.

Let us stress once again that the parts λ1, λ2, . . . of the partition λ go in the non increasing order,
λ1 ≥ λ2 ≥ . . . , and all but finitely many of them are 0. The definition of a shifted symmetric
function bases heavily on this order.

The space of shifted-symmetric functions depending on infinitely many variables is the projec-
tive limit 
 of spaces 
k of shifted symmetric functions depending on k variables. (In [28], the
algebra 
 is denoted by �∗. We use a different notation in order to prevent confusion with the
wedge products). The limit is taken with respect to the projections 
k+1 → 
k obtained by setting
the last argument equal to 0. All complex-valued shifted symmetric functions form an algebra.
This algebra was introduced and thoroughly studied in [20]. The reason for introducing it is that
the characters of certain natural elements in the centers of group algebras of symmetric groups are
shifted symmetric.

Now, we have a naturally defined action on �
∞
2 V of any diagonal matrix zk �→ ak zk , ak �= 0,

with finitely many entries ak with negative indices different from 1. Indeed, were there infinitely
many such coefficients, in order to compute the action of the corresponding matrix on a basic
vector, say v∅, we would have to compute the product of infinitely many entries. Fortunately, the
action on the projectivized space P�

∞
2 V , which is the main subject of our interest, can be extended

to the action of diagonal matrices with infinitely many entries ak with negative indices different
from 1. Indeed, since we are interested in the action on the projectivized space, only the ratio of
the eigenvalues of the basic eigenvectors matters, and this ratio is well defined for an arbitrary
diagonal matrix.

Indeed, any two basic vectors vλ, vμ ∈ �∞2 V have a common tail: their decompositions are
different in the beginning, but coincide after some position, say K . Hence the ratio of the corre-
sponding eignevalues is just

aλ1−1 ... aλK−K

aμ1−1 ... aμK−K
(and this explains why we impose the restriction that

the diagonal entries of the matrix must not vanish). That is, we must define the action of a diagonal
matrix on �

∞
2 V in a way that preserves this ratio of eigenvalues. Thus the result depends only on

the eigenvalue of the vacuum vector v∅, which can be chosen arbitrarily. The most natural normal-
ization is to choose this eigenvalue to be 1. This yields the following induced action on �

∞
2 V of a

diagonal matrix (ak ) on V :

vλ �→
( ∞
∏

i=1

aλi−i

a−i

)

vλ.

The product in the brackets is well defined, since all but finitely many factors are 1. The action of
the torus of diagonal matrices on the projectivized semiinfinite external product of V is just the
inductive limit of the actions of the tori TK consisting of diagonal matrices with diagonal entries
ai equal to 1 for i = −(K + 1),−(K + 2), . . . .

Since the action of the infinite dimensional torus
⊕

i∈Z(C∗)i on the projectivized semiinfi-
nite wedge product is well defined, it also defines an action of the corresponding Lie algebra.
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The latter action also is diagonal, and a diagonal matrix (αi)i∈Z (with not necessarily nonzero
entries) belonging to the Lie algebra acts on a basic vector vλ by

vλ �→
⎛

⎝

∞
∑

j=1

(αλj−j − α−j)

⎞

⎠ vλ.

5.6 The KP hierarchy and the r-KdV hierarchies

The r-KdV hierarchy, r = 2, 3, . . . , is a reduction of the KP hierarchy. Consider subspaces in V that
are invariant under multiplication by zr . Semiinfinite such subspaces form a sub-Grassmannian
Gr(
∞
2 ,∞) ⊂ G(∞2 ,∞). By definition, logarithms of the corresponding τ -functions are solutions

to the r-KdV hierarchies. Under the boson-fermion correspondence, these logarithms are those
solutions of the KP hierarchy that are independent of the coordinates pi whose index i is divisible
by r. The 2-KdV hierarchy is also referred to as just the KdV hierarchy.

The KP-hierarchy and the r-KdV hierarchies can be also deduced in another way. Consider
pseudodifferential operators as operators on the space of functions on C of the form

ak (z)∂
k + ak−1(z)∂

k−1 + · · · + a0(z)+ a−1(z)∂
−1 + a−2(z)∂

−2 + · · · , (6)

where ∂ is the operator of differentiation with respect to z, ∂ = d/dz, and ∂−1 is the formal inverse
operator. It commutes with ∂ , ∂ ◦ ∂−1 = ∂−1 ◦ ∂ is the identity operator, and the commutation
relation with the operator of multiplication by a function a(z) looks like

[∂−1, a(z)] = −a′(z)∂−1 + a′′(z)∂−2 − · · · .

This rule allows one to represent any product of pseudodifferential operators in the standard
form (6). A pseudodifferential operator is just a differential operator if the coefficients ai(z)
are 0 for all negative i.

We denote the positive part of a pseudodifferential operator A by A+; for a pseudodifferential
operator presented in the standard form (6), this is the differential operator

ak (z)∂
k + ak−1(z)∂

k−1 + · · · + a0(z).

For a family of pseudodifferential operators

Q = ∂ + α−1(z; t1, t2, . . . )∂−1 + α−2(z; t1, t2, . . . )∂−2 + · · · ,

consider the sequence Qk = (Qk )+. The operator Qk is a differential operator of order k . Since
[Qk , Q] = 0 for any k , the commutator [Qk , Q] of any such differential operator with Q is a
pseudodifferential operator whose positive part is 0. This allows one to consider the system of
differential equations

∂Q

∂tk
= [Qk , Q], k = 1, 2, 3, . . . .

These differential equations are equations of the deformations of the coefficients α−i of the
operator Q in variables tk , and these are the KP equations.

Remark 13. The KP equations for the unknown functions αi in variables tj thus obtained are
related to the KP equations for semiinfinite planes in the space of Laurent polynomials in the
following way. Denote by γi the residues (that is, coefficients of ∂−1) of the operators Qi:

γi(z; t1, t2, . . . ) = Res(Qi), i = 1, 2, . . . .
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Then the functions γi can be expressed in terms ofαi by means of a triangular change of variables.

The r-KdV equations are specializations of the KP equations to the case where the operator Q
is the rth root of a genuine differential operator

Qr = ∂r + β2(z; t1, t2, . . . )∂r−2 + · · · + βr(z; t1, t2, . . . ).

In this case, all the operators Qmr = Qmr , m = 1, 2, 3, . . . commute with Qr = Qr , and we can
consider the system of equations

∂Q

∂tk
= [Qk , Qr], k = 1, 2, 3, . . . .

These equations, the r-KdV equations, are the equations on the unknown functions β2, . . . ,βr ,
which are an alternative set of unknowns for α−1, . . . ,α1−r . Obviously, their solutions are inde-
pendent of tmr for m = 1, 2, 3, . . . . This system of equations is known to be completely integrable,
which means, in particular, that it has a solution for any initial conditions bi(z) = βi(z; 0, 0, . . . ),
i = 2, . . . , r.

As an example, let us write out the first equation in the KdV (= 2-KdV) hierarchy. For this
hierarchy, the operator Q2 = Q2 is the second order differential operator

Q2 = ∂2 + U (z; t1, t3, t5, . . . )

(we omit the variables with even indices, since U = B2 is independent of them). The operator Q
has the form

Q = ∂ + 1

2
U∂−1 − 1

4
U ′∂−2 + · · · ,

where prime denotes the z-derivative. Two first negative powers of ∂ in Q are sufficient to determine
the differential operator Q3:

Q3 = (Q3)+ = ∂3 + 3

2
U∂ + 3

4
U ′.

Now, the commutator looks like

[Q3, Q2] = 3

2
U ′U + 1

4
U ′′′,

and the first equation of the hierarchy, the KdV equation, is

∂U

∂t3
= 3

2
U ′U + 1

4
U ′′′.

6 SYMMETRIC GROUP REPRESENTATIONS

In this section, we prove that the generating series H (u; p1, p2, . . . ) for simple Hurwitz numbers is
a solution to the KP hierarchy for each value of the parameter u. This statement is true for u = 0,
since H (0; p1, p2, . . . ) = p1: the (nonramified) identical covering S2 → S2 is the only one without
points of simple ramification. For general value of u, the statement follows from the fact that
exp(H ) is an integral curve of a vector field in P�

∞
2 V tangent to the semiinfinite Grassmannian.

This vector field is induced by a linear transformation V → V , which is diagonal in the standard

basis zk . Namely, this is the transformation zk �→ (

k − 1
2

)2
zk .
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6.1 Expressing Hurwitz numbers in terms of characters of symmetric groups

Let Sn denote the symmetric group of permutations of n elements, and let C[Sn] be the
n!-dimensional group algebra of this group. For each partition κ of n, denote by Cκ ∈ C[Sn]
the sum of all permutations in Sn having the cyclic type κ . We will use a special notation C1 for the
class C1n of the unit permutation, which is the unit of the algebra C[Sn], and C2 for the sum C1n−221

of all transpositions. For any κ , the element Cκ is a central element in C[Sn]. These elements span
the center of C[Sn].

Example 14. The center of the group algebra C[S3] is spanned by the three elements C1 = id,
C2 = (12)+ (23)+ (13), and C3 = (231)+ (312).

The simple Hurwitz numbers possess the following natural interpretation. Take the product of
the class Cκ with the mth power of the class C2. Then h◦m;κ is nothing but the coefficient of C1 in
the product CκCm

2 divided by n!.

Example 15. For n = 3, κ = 31, and m = 4, we have

C3C4
2 = 54C1 + 27C3,

whence

h◦4;31 = h4;31 = 54

6
= 9.

(Let us explain how the coefficient 54 of the class C1 in the above formula is obtained. Each of
the 27 products of three transpositions in S3 is a transposition. Taking for the fourth transposition
one of the two transpositions different from the product we obtain 54 cyclic permutations, each
producing the identity permutation when multiplied by exactly one element in C3).

The coefficient of C1 in a central element of the group algebra can be extracted by computing
the trace of the action of this element on C[Sn] by multiplication either on the left or on the right.
Indeed, multiplication by any permutation in Sn except for the identity element, being a permutation
without fixed points of the basis in C[Sn], has zero trace. Hence multiplication by any basic element
Cκ except for C1 has zero trace, while the trace of multiplication by C1 is n!, the dimension of the
space of representation.

For each finite group G, there is a natural algebra isomorphism between its group algebra and
the direct sum of the algebras of automorphisms of all its irreducible representations:

C[G] = ⊕End(Vi),

where the sum on the right is carried over all irreducible representations Vi of G. The irreducible
representations of the symmetric group Sn are in a natural one-to-one correspondence with the
partitions of n, whence, for G = Sn, we obtain

C[Sn] = ⊕
μ�n

End(Vμ). (7)

Consider the central element

P =
∑

κ�n

pκCκ ∈ C[Sn][p1, p2, . . . ],

where pκ = pκ1 pκ2 . . . is the monomial in formal variables and the summation is carried over
all partitions κ of n. Now take the trace of the central element PCm

2 applied to both sides of the
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isomorphism (7). On the left, we obtain

n!
∑

κ�n

h◦m;κpκ .

On the right, the trace can be computed by rearranging the sums:

tr PCm
2 =

∑

κ�n

tr pκCκCm
2

=
∑

μ�n

(

tr
∑

κ�n

pκCκCm
2

)

|End(Vμ)

=
∑

μ�n

( f2(μ))
msμ( p).

Here f2(μ) is the trace of the action of the central element C2 on the irreducible representa-
tion Vμ and sμ( p) is, by (yet another) definition, the Schur polynomial corresponding to the
partition μ,

sμ( p) =
∑

κ�|μ|
pκ tr Cκ |Vμ .

The equivalence of the two definitions of the Schur polynomials is a standard fact known
as the Frobenius theorem; the proof can be found, for example, in [33]. Finally, we
obtain

∑

κ�n

h◦m;κpκ =
∑

μ�n

sμ(1, 0, 0, . . . )sμ( p)f2(μ)
m.

After multiplication by um/m! and summation over all m and n we conclude that

H ◦(u; p1, p2, . . . ) =
∑

μ

sμ(1, 0, 0, . . . )sμ( p)ef2(μ)u.

6.2 Toda equations for double Hurwitz numbers

Double Hurwitz numbers h◦m;μ,ν were introduced in Sec. 1.3 as numbers enumerating ramified
coverings of the sphere with two points of degenerate ramification,μ and ν being the corresponding
ramification types. Introduce the generating series for double Hurwitz numbers:

H ◦double(u; p1, p2, . . . , q1, q2, . . . ) =
∞
∑

m=0

∑

μ,ν,|μ|=|ν|
h◦m;μ,νpμ1 pμ2 . . . qν1 qν2 . . .

um

m! .

Here the second summation is carried over all pairs of partitions of the same number, and the two
families of variables, pi and qj , are indexed by the parts of the corresponding partition. A theorem
similar to that for simple Hurwitz numbers is valid for double Hurwitz numbers.

Theorem 16 ([27]). The logarithm Hdouble of the generating function H ◦double is a one-parameter
family of solutions to the Toda lattice hierarchy of partial differential equations.

The Toda lattice hierarchy of partial differential equations was introduced by Ueno and Takasaki
in [37]. We refer the reader to that paper for the details. It is similar in nature to the KP
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hierarchy. Okoun’kov’s proof of the theorem is based on the following explicit form of the function
H ◦double:

H ◦double =
∑

μ

ef2(μ)usμ(p1, p2, . . . )sμ(q1, q2, . . . ),

which is obtained exactly in the same way as the formula for the simple Hurwitz numbers in the
previous section.

7 THE ELSV FORMULA

The ELSV formula expresses simple Hurwitz numbers in terms of intersection indices of cer-
tain cohomology classes on moduli spaces of complex curves with marked points. In spite of its
geometric origin, it has a number of combinatorial consequences. It reads

hm;b1,...,bn = m!
n
∏

i=1

bbi
i

bi!
∫

Mg;n

1− λ1 + λ2 − · · · ± λg

(1− b1ψ1) · · · (1− bnψn)
. (8)

Here m = 2g − 2 + n + b1 + · · · + bn and Mg;n denotes the moduli space of stable complex
curves of genus g with n marked points; ψi and λj denote certain cohomology classes on these
spaces. We do not give their definition, since we are going only to use the fact thatψi ∈ H 2(Mg;n)

for all i and λj ∈ H 2j(Mg;n). An immediate corollary of the ELSV formula is the following
statement.

Corollary 17. The simple Hurwitz numbers hm;b1,...,bn have the form

hm;b1,...,bn =
n
∏

i=1

bbi
i

bi!Pm(b1, . . . , bn),

where Pm is a symmetric polynomial of n variables, which is the sum of homogeneous polynomials
of degrees between n+ 2g − 3 and n+ 3g − 2.

This statement has been conjectured in [10]. The ELSV formula also leads to several explicit
formulas for simple Hurwitz numbers in the cases where the necessary intersection indices are
known from geometric argument. For example,

Proposition 18. The connected simple Hurwitz numbers enumerating coverings of the sphere by
the torus are

hm;b1,...,bn =
m!
24

n
∏

i=1

bbi
i

bi!

(

en
1 −

n
∑

i=2

( j − 2)!eie
n−i
1 − en−1

1

)

,

where m = b1 + · · · + bn + n and ei, i = 1, . . . , n, are the elementary symmetric functions
in b1, . . . , bn, e1 = b1 + · · · + bn.

This formula was conjectured in [10] and the first proof, using purely combinatorial tools, was
given in [9].

It was indicated in Sec. 4 (see Theorems 9, 10) that certain generating functions for the Hurwitz
numbers belong to the algebra A of power series generated by two functions Y and Z . The only
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known proof of this fact is based on the properties of the intersection indices of the classes ψi
and λj entering the ELSV formula. Namely, introduce notation

〈τd1 . . . τdn〉j =
∫

Mg;n

λjψ
d1
1 . . . ψdn

n .

Here the genus g is chosen so as to make the degree of the integrand coincide with the dimension
of the moduli space Mg;n. Then the value 〈τd1 . . . τdn〉j satisfies the string and the dilaton equation

〈τd1 . . . τdnτ0〉j = 〈τd1−1 . . . τdn〉j + · · · + 〈τd1 . . . τdn−1〉j (string relation)

〈τd1 . . . τdnτ1〉j = (2g − 2+ n)〈τd1 . . . τdn〉j (dilaton relation)

for each j = 0, 1, 2, . . . . The proof of this fact, although not a complicated one, heavily bases on
the geometry of the moduli spaces of curves.

8 SHIFTED SYMMETRIC FUNCTIONS AND COMPLETED CYCLES

8.1 Universal classes

The center of the group algebra C[SN ] of the symmetric group SN is spanned by the classes
Cλ(SN ), where λ is a partition of N . The class Cλ(SN ) is the sum of all permutations with the cyclic
type λ. For example, C1N−221(SN ) is the sum of all transpositions in SN .

It is convenient, however, to introduce certain classes in the centers of group algebras for all
symmetric groups simultaneously. Let λ be a partition of an integer n. For an arbitrary integer N ,
choose n elements out of {1, . . . , N } and consider in C[SN ] the sum of all permutations of these n
elements, of cyclic type λ, all the other N − n elements being fixed. Denote by C̃λ the element in
the center of C[SN ]which is the sum of all such permutations, for all

(N
n

)

choices of the n elements
out of N . (If n > N , then C̃λ = 0 ∈ C[SN ]; if n = N , then C̃λ = Cλ(SN )).

For example, the class C̃11 can be understood as the sum of identity permutations, with a
distinguished element in each permutation. In other words, the class C̃11 is the same as the class
NC̃∅ = NC1N (SN ). Similarly, the class C̃12 coincides with the class N (N−1)

2 C̃∅: there are
(N

2

) =
N (N−1)

2 ways to pick two elements in the identity permutation.
The classes C̃λ have the following advantage when compared to the classes Cλ(SN ): the products

of the classes C̃λ can be expressed as universal linear combinations of these classes, which are
independent of the order N of the symmetric group. For example, the equation

C̃21 C̃12 = C̃21 + 2C̃1121 + C̃1221

is valid in the center of the group algebra C[SN ] of any symmetric group SN , for arbitrary N .
The universality means that there is a natural inclusion of the center of C[SN ] into that of C[SN+1]

for any N . Tending N to infinity, we obtain a universal center of the group algebra, which can be
identified with the infinite dimensional vector space freely spanned by the elements C̃λ, for arbitrary
partitions λ. This space also is endowed with an algebra structure.

This algebra is isomorphic to the algebra 
 of shifted symmetric functions defined in Sec. 5.5.
The latter can be considered as the algebra of functions on partitions. As a vector space, it is
spanned by the functions fλ indexed by partitions. By definition, the value of the function fλ on a
partition μ is the value of the character χλ on the representation Vμ. The Frobenius characteristic
mapping C̃λ �→ fλ establishes an isomorphism between the two algebras.

8.2 Completed cycles and r-Hurwitz numbers

Simple Hurwitz numbers count decompositions of a given permutation into a product of transpo-
sitions. It is a natural idea to generalize them by replacing transpositions by permutations in other
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specific classes. For example, why not consider 3-cycles C̃3? Besides pure curiosity, these numbers
are presumably related to the geometry of moduli spaces of 2-spin structures on algebraic curves
(whatever this means). However, such a straightforward approach fails. Namely, enumerative for-
mulas for decompositions of a given permutation in a product of 3-cycles lose elegance, when
compared to that for Hurwitz numbers, and their relationship with both mathematical physics and
geometry is broken. The same is true for k-cycles for any k ≥ 3. Fortunately, consistency can be
restored by replacing k-cycles C̃k with certain linear combinations of the classes C̃λ, for certain
partitions λ.

Definition 5 ([30]). The completed r-cycle Ck is the preimage under the Frobenius characteristic
map of the kth power function

(μ1,μ2, . . . ) �→ 1

k

∞
∑

i=1

(
(

μi − i + 1

2

)k

−
(

1

2
− i

)k
)

.

We have explained the reasons why the kth power function must be of such a form in Sec. 5.5
(we use a normalization differing from that in [30] by a constant).

Let us give formulas for few first completed cycles among which we know that the completed
2-cycle simply coincides with the ordinary 2-cycle:

C1 = C̃11

C2 = C̃21

C3 = C̃31 + C̃12 + 1

12
C̃11

C4 = C̃41 + 2C̃1121 + 5

4
C̃21 .

These formulas explain the origin of the term ‘‘completed cycle’’: the expansion of a class Ck as
a linear combination of the classes C̃λ starts with the class of the k-cycle C̃k1 , and then terms of
smaller order follow. Explicit formulas for the coefficients on the right of the expressions for all
completed cycles can be found in [30].

Now we can define the generalized Hurwitz numbers.

Definition 6. The simple r-Hurwitz number for an integer m and a partition μ is the coefficient
of C̃μ in the mth power of the completed r-cycle,

h(r)◦m;μ = [C̃μ](Cr)
m.

The simple r-Hurwitz numbers are collected into the generating function

H (r)◦(u; p1, p2, . . . ) =
∞
∑

m=0

∑

μ

h(r)◦m;μ pμ1 pμ2 . . .
um

m! ,

and its logarithm H (r)(u; p1, p2, . . . ) = log H (r)◦(u; p1, p2, . . . ) is the generating function for
connected simple r-Hurwitz numbers.

The definition of the r-Hurwitz numbers and explanation in Sec. 5.5 immediately imply

Theorem 19. The function H (r)(u; p1, p2, . . . ) is a one-parameter family of solutions to the KP
hierarchy of partial differential equations.
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Indeed, this one-parameter family is induced by the diagonal Lie algebra transforma-
tion of the vector space V of Laurent polynomials taking the vector zk to 1

r

(

k − 1
2

)r
zk ,

k = . . . ,−2,−1, 0, 1, 2, . . . .
A similar theorem is valid for generating functions defined by any finite linear combination of

completed cycles. In this case the eigenvalues 1
r

(

k − 1
2

)r
are replaced by an appropriate polynomial

in k , which can be arbitrary.
The relationship of r-Hurwitz numbers defined by means of the completed cycles to the geometry

of moduli spaces of (r−1)-spin structures on algebraic curves is less clear at the moment, and this
question is a subject of further investigation.
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ABSTRACT: In this talk we discuss the applications of finite permutation groups to combinatorial
designs.
We will divide this talk into the following seven sections:

(1) Definition of 2− (v, k , λ) designs and examples;
(2) Automorphism groups of designs, elementary properties;
(3) The socle of Aut(D), where D is a 2− (v, k , 1) design;
(4) The studies on block transitive 2− (v, k , 1) designs with k small,
(5) Some works on designs with block transitive and solvable automorphism groups;
(6) Simple groups of Lie type of low rank act on designs;
(7) Classical groups of high dimensions act on designs.

1 DEFINITION OF 2− (v, k , λ) DESIGNS AND EXAMPLES

Definition 1.1. Let v, k , λ, t be integers such that v > k > λ. Let P be a set with v points, B be a
collection of some k-subsets (called blocks) of P . If every subsets of P with t points lies in exactly
λ blocks, then the system D = (P , B) is called a t − (v, k , λ) design.

We give some examples.

Example 1.2. Let P = {1, 2, 3, 4, 5, 6, 7}, B = {B1, B2, . . . , B7}, where

B1 = {1, 2, 4}, B2 = {2, 3, 5}, B3 = {3, 4, 6}, B4 = {4, 5, 7},
B5 = {5, 6, 1}, B6 = {6, 7, 2}, B7 = {7, 1, 3}.

Then (P , B) is a 2− (7, 3, 1) design.

Example 1.3 Projective Plane. Let V be a n-dimensional vector space over the field GF(q),
where n ≥ 3. We regard the 1-dimensional subspaces as points of P , and the 2-dimensional
subspaces as blocks of B, then (P , B) is a 2− (q2 + q+ 1, q+ 1, 1) design.

Clearly, Example 1.2 is an instance of Example 1.3, where n = 3 and q = 2.

Example 1.4 Affine Geometrie. Let n ≥ 2 be an integer and V be a n-dimensional vector space
over the field GF(q) . We regard the vectors of V as points, and the cosets of 1-dimensional
subspaces as blocks, then we obtain a 2− (q2, q, 1) design.
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Example 1.5 Netto system N (q). Let q be a prime with q ≡ 7(12).
Take the field F = GF(q). Suppose that ε is a fixed primitive sixth root of unity in F and

A�L2(1, q) is the group of all permutations of F of the form x → a2x + b, where a, b ∈ F and
a �= 0.

Let F be the point set, and the set of images of the triple {0, 1, ε} under the action of A�L2(1, q)
be block set B. Then we get a 2− (q, 3, 1) design (F , B).

Example 1.6 Witt-Bose-Shrikhande system. Take the group G = SL(2, 2n) where n ≥ 3. We
define:

(i) The subgroups of G isomorphic to the dihedral group of order 2(2n + 1) are the points
(ii) The involutions of G are the blocks.

(iii) We say a point x is in a block B if the involution B is an element of the subgroup x. Then we
obtain a 2− (2n−1(2n + 1), 2n−1, 1) design.

Example 1.7 Hermite Unital. The Hermite unital of order q is defined in a projective plane
PG2(q2). Let q be a prime power, then the field GF(q2) has an automorphism σ of order 2. Let
V be a 3- dimensional vector space, then the 1-dimensional subgroups of V are the ‘‘points’’ of
PG2(q2), and the 2-dimensional subspaces are ‘‘lines’’. Use [x, y, z] to represent the ‘‘point’’ which
is generated by a vector (x, y, z) as a 1-dimensional subspace of V , where (x, y, z) �= (0, 0, 0),
and < a, b, c> represents the line consisting of all points [x, y, z] which satisfy the condition
ax + by + cz = 0. We say a point [x, y, z] or a line <x, y, z> is absolute if xxσ + yyσ + zzσ = 0.

Then the set P of all absolute points and the set B of all non-absolute lines constitute a 2−(q3+1,
q+ 1, 1) design, that is the Hermite unital of order q. (See [21])

Example 1.8 Ree Unital. Let q = 32n+1, and G = 2G2(q). we define:

• The points of the Ree unital of order q are the Sylow 3-subgroups of G, and
• The blocks are the involutions.
• A point is in a block if the involution normalizes the Sylow 3-subgroup.

Then we obtain a 2− (q3 + 1, q+ 1, 1) design.
Note that some people call 2− (v, k , 1) designs finite linear spaces.

Definition 1.9. A finite linear space is an incidence structure consisting of a finite set of points P
and a set of lines L in the power set of P such that any two points are incident with exactly one line.

A linear space is called non-trivial if every line contains at least three points and there at least
two points.

A linear space is called regular if all line are incident with the same number of points.

Thus 2− (v, k , 1) designs are just regular linear spaces.

2 ELEMENTARY PROPERTIES

Suppose we are given a t − (v, k , λ) design D and there are b blocks in D.

Proposition 2.1.

(1) b is determined by the parameters t, v, k , λ. Indeed,

b = λ v(v − 1) · · · (v − t + 1)

k(k − 1) · · · (k − t + 1)
,
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(2) Every t − (v, k , λ) design is also a (t − 1)− (v, k , λ0) design, where

λ0 = λ
(

v − t + 1

k − t + 1

)

.

(3) Every point is in exactly r blocks, where

r = λ (v − 1) · · · (v − t + 1)

(k − 1) · · · (k − t + 1)
.

Proposition 2.2 (Fisher’s inequality).

b ≥ v.

3 AUTOMORPHISM GROUPS OF DESIGNS, ELEMENTARY PROPERTIES

Definition 3.1. Let D = (P , B) be a t − (v, k , λ) design,
π be a permutation of P .
If π sends every block into a block, then π is called an automorphism of D.
The set of all automorphisms of D forms a group, the automorphism group of D and denoted by

Aut(D).

Definition 3.2. Let G ≤ Aut(D).
If G is transitive on the set P , then G is said to be point transitive.
If G is primitive on set P then G is said to be point primitive.
If Aut(D) is point transitive (point primitive), then D is said to be point transitive (point primitive,

respectively).

By the definition of automorphisms every automorphism of D induces a permutation of set B.

Definition 3.3. Let G ≤ Aut(D).
If G is transitive on the set B, then we say that G is block transitive.
If G is primitive on the set B, then G is block primitive.
If Aut(D) is block transitive ( block primitive), then D is said to be block transitive (block

primitive, respectively).

Definition 3.4. Let D = (P , B) is a t − (v, k , λ) design, a pair ( p, B) is called a flag, if p ∈ P ,
B ∈ B and p ∈ B.

If G ≤ Aut(D) is transitive on the set of flags, then G is flag transitive.
We have the following implications.

Theorem 3.5 (Block [1]). Let D be a 2− (v, k , 1) design. If G ≤ Aut(D) is block transitive, then
G is point transitive.

Theorem 3.6 (Higman and McLaughlin [20]). Let D be a 2− (v, k , 1) design. If G ≤ Aut(D)
is flag transitive, then G is point primitive.
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4 ON DOYEN-DELANDTSHEER CONJECTURE

We don’t know whether the block primitivity implies the point primitivity. Instead we have a
conjecture:

Conjecture A (Doyen and Delandtsheer). Let D be a 2 − (v, k , 1) design. If G ≤ Aut(D) is
block primitive, then G is point primitive.

Several papers have been published on this conjecture:
Delandtsheer ([12]) proved that if k < 30, then this conjecture holds,
W. Liu proved that if k ≤ 40, then the conjecture holds.
In [15] and [38] this conjecture is studied. We introduce the following parameters:

k1 = (k , v), k2 = (k , v − 1), b1 = (b, v), b2 = (b, v − 1).

Then it is clear that

v = k1b1, r = k2b2, k = k1k2, b = b1b2.

We observe that if G is block transitive and � is an orbit of G on the set of flags, then the size
of � is a common multiple of b and v, namely b1b2k1||�|.

Thus we have the following Lemma:

Lemma 4.1. For any block B, k1 is a divisor of the size of any orbit of GB on the points of B.

From this we know that if k2 = 1, that is k|v, then the all points in B form an orbit of GB and so
G is flag transitive. Thus we get an easy proof of the well-known theorem of Camina and Gagen [8]:

Theorem 4.2. If G is block transitive and k|v, then G is flag transitive.

This theorem obtained a series of generalizations:
Fang and Li proved (See [15]) that if k2 ≤ 4, then block transitivity implies flag transitivity,
Liu and Li (See [38]) showed that if k2 ≤ 10, this implication is also true.
Recently, Zhou and Ma proved that it is true when k2 ≤ 12.

Now we describe the idea of these works.
Let G be a block transitive automorphism group of a 2 − (v, k , 1) design D = (P , B). We

regard G as a permutation group on the point set P . Let P(B)(2) = {(α,β)|α �= β ∈ B}. Then
GB acts on it. Let ψ1,ψ2, . . . ,ψt be the orbits of GB on it. Also we let �1,�2, . . . ,�r−1 be
orbits of G in the set {(α,β)|α �= β ∈ P}. Then the map ρ : ψi → �j where ψi ⊆ �j is a
bijection from {ψ1,ψ2, . . . ,ψt} to {�1,�2, . . . ,�r−1}. Thus t = r − 1, and so we may assume
that ρ : ψi → �i. If (α,β) ∈ ψi ⊆ �i, then |�i| = |G : Gα,β | = |G : GB||GB : Gα,β | = b|ψi|.
If 
 is a Gα-orbit containing β, then v|
| = |�i| = b|ψi| and so k1|
| = b2|ψi|. From this we
have that |
| ≡ 0(mod b2).

Lemma 4.3. Let ψ1, . . . ,ψt be the orbits of GB on the set P(B)(2) and �1, . . . ,�s be the orbits
of G on the set P(2). Then:

(1) (See also H. Li [25]) The map ρ which maps ψi to �j if ψi ⊆ �j is bijective;
(2) Every subdegree is a multiple of b2;

Now let G be imprimitive on P . Let P = C1 ∪ C2 ∪ · · · ∪ Cc, where C′i s are the imprimitivity
blocks of G, and |Ci| = s. Thus v = sc. Let α ∈ C1. Since every suborbit has length a multiple of
b2, c ≡ 1(mod b2). Since v ≡ 1(mod b2), we know that c ≡ 1(mod b2).
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Now suppose that s = 1 + xb2, c = 1 + yb2. Recall that b2 = (k , r). We have the following
Lemma:

Lemma 4.4. Suppose that G is imprimitive on P and {C1, C2, . . . , Cc} is a complete set of
imprimitivity blocks, and s = 1+ xb2 and c = 1+ yb2. Then we have:

(1) xy < k2
2 ;

(2) Both 1
2 xb2 and 1

2 yb2 are integers;
(3) There are integers n, m such that

s =

(

k
2

)

− n

m
, c =

(

k
2

)

− m

n
.

Proof.

(1) Since v = sc = (1+xb2)(1+yb2) = 1+(x+y+xyb2)b2 and v−1 = r(k−1) = k2b2(k−1),
we have x + y + xyb2 = k2(k − 1). Thus

xyb2 < k2(k − 1),

and so

xyr < k2
2 (k − 1) < k2

2 k .

But r ≥ k , thus we obtain that xy < k2
2 .

(2) A pair of points {α,β} is said to be inner if α,β are in the same imprimitivity block. Since G is
block transitive, every block possesses the same number of inner pairs. Suppose this number
is n. Then we have bn = v(s−1)

2 , or n = xk1
2 , which is an integer. Also, since

x + y + xyb2 = k2(k − 1),

we have

1+ yb2 = k(k − 1)− yk1

xk1
.

Since both xk1 and k(k − 1) are even integers, so is yk1. Hence m = yk2
2 is an integer.

(3) Use the notation as above, we know that

c = 1+ yb2 =

(

k
2

)

− m

n
.

Also, since

x + y + xyb2 = k2(k − 1),

we have

1+ xb2 = k2(k − 1)− x

y
=

(

k
2

)

− m

n
.
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Lemma 4.5. The integer k1 divides (k2 + x)(k2 + y).

Proof. We know that

v = k2(k − 1)− x

y
× k2(k − 1)− y

x
= (k2k − (k2 + x))(k2k − (k2 + y))

xy
.

So

vxy = (k2k − (k2 + x))(k2K − (k2 + y)).

But we know that k1|v and k1|k , thus k1|(k2 + x)(k2 + y).

Thus if k2 is given, we can use the following procedure to determine a series of integers
(x, y, k1, k , n, m, s, c, v, b2). In Step 1, we determine all possible values for x, y such that xy < k2

2 .
Then, in next steps we determine other parameters. If for some values of (x, y) we can not find an
integral value for n, m (in step 4) or s, c (in step 6), we will stop with these x, y, k , . . ., take an other
values for x, y and determine values for other parameters.

Step 1. Choose integers x, y such that xy < k2
2 ;

Step 2. Choose integer k1, such that k1|(k2 + x)(k2 + y) and (k1, k2) = 1;
Step 3. Let k = k1k2, and k ≥ 3;
Step 4. Calculate n = xk1

2 and m = yk1
2 . If one of them is not an integer, then we droop x, y, k1, . . .

we just get; If they are all integers, we do the next step;
Step 5. Let

s =

(

k
2

)

− n

m
, c =

(

k
2

)

− m

n
.

If one of them is not integer, we stop and take other x, y and turn to (2);
Step 6. Let v = sc;
Step 7. Calculate b2 = s−1

x and b2 = c−1
y ;

Step 8. Let b1 = v
k1

.

The following is the result of above procedure for k2 = 3;

x y k1 k n m s c v b2

Case 1 1 1 16 48 8 8 140 140 19600 139
Case 2 1 2 20 60 10 20 88 175 15400 87
Case 3 2 1 20 60 20 10 175 88 15400 87
Case 4 1 5 16 46 8 40 28 136 3808 27
Case 5 5 1 16 48 40 8 136 28 3808 27

By using the permutation group theory we can show that there is no permutation group having
the parameters listed in the above table, and so we know that there is no a 2− (v, k , 1) design with
an automorphism group G which is block transitive, point imprimitive and for which k2 = 3.

5 CLASSIFICATION OF DOUBLY TRANSITIVE DESIGNS

Kantor (1985) classified the designs with automorphism groups which are doubly transitive on the
point sets. See [23]
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Theorem 5.1. Let D is a design with λ = 1 admitting an automorphism group 2-transitive on
points. Then D is one of the following designs:

(i) PG(d, q);
(ii) AG(d, q);

(iii) Ree Unital;
(iv) One of two affine planes having 34 or 36 points, or
(v) One of designs having v = 36 and k = 32.

6 CLASSIFICATION OF FLAG TRANSITIVE DESIGNS

In 1990, a team of six mathematicians completes a classification of flag transitive designs:

Theorem 6.1 [4]. Suppose that G is a flag transitive group of automorphisms of the non-trivial
linear space S, then either

1. (S, G) is in one of the following cases:

(a) S = PG(d, q) and PSL(d + 1, q) ≤ G ≤ P�L(d + 1, q);
(b) S is the Hermitean unital UH (q) and PSU (3, q) ≤ G ≤ P�U (3, q);
(c) S is the Ree unital of order q = 32n+1 and 2G2(q) ≤ G ≤ Aut(2G2(g));
(d) S is the Witt-Bose-Shrikhande Design associate with PSL(2, q) where q = 2n with n ≥ 3,

and PSL(2, q) ≤ G ≤ P�L(2, q);
(e) S is a Desarguesian Affine Space and G0 ≤ �L(d, q);
(f) S is a non-Desarguesian Affine Space: S is an affine plane of order q2, where q = 22n+1

with n ≥ 1 and 2B2(q) ≥ G0 ≥ AUT (2B2(q)); S is the Hering plane of order 27 and
G0 = SL(2, 13) or S is the nearfield plane of order 9;

(g) S is one of two flag transitive linear spaces on 39 points withlines of size 32. or

2. S has q = ps points (p prime ) and G is a subgroup of the group A�L(1, q) of one-dimensional
semilinear affine transformations.

For the proof, see [13], [24], and [46].

7 THE SOCLES OF Aut(D), WHERE D IS A 2− (v, k , 1) DESIGN

After classification of flag transitive designs, the next important task is to classify all line transitive
designs.

Camina proved the following theorem [5]:

Theorem 7.1. Let G be a line-transitive, point-primitive automorphism group of a linear space S.
Then the socle of G is either elementary Abelian or simple.

Then Camina and Praeger proved: [10]

Theorem 7.2. Let G be a line-transitive, point-quasiprimitive automorphism group of a linear
space S. Then the socle of G is either elementary Abelian or simple.

Here the quasiprimitivity is a concept suggested by C. Praeger.
A transitive permutation group G on a set � is called quasiprimitive if each nontrivial normal

subgroup of G is transitive on �.
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Thus a line transitive group G ≤ Aut(S) acts on the point set P in the following three form:

(1) G has a minimal normal subgroup acting intransitively on P;
(2) G has an elementary Abelian normal subgroup acting on P regularly;
(3) G is almost simple.

Now most works published are on the groups in (3).
Perhaps this is because of the classification of finite simple groups.
Generally in case (3) we are given a linear space S and a group G ≤ Aut(S), such that T � G ≤

Aut(T ) where T is a finite simple group.
We face the following four possibilities:

(i) G = T is primitive on P .
(ii) G = T is transitive but not primitive on P .

(iii) G �= T and G is primitive on P .
(iv) G �= T and G is transitive but not primitive on P .

Of course, among these cases, (i) is the easiest to handle and (iv) the hardest.

8 THE STUDIES ON BLOCK TRANSITIVE 2− (v, k , 1) DESIGNS WITH k SMALL

Here, 3 ≤ k ≤ 10, say.

Results: For some small k , people determined all block transitive 2− (v, k , 1) designs.

For k = 4: G is solvable: Camina and Siemons [7].
G is unsolvable: H. Li [25].

For k = 5: G is solvable: W. Tong and H. Li, [48];
G is unsolvable: G. Hang and H. Li [18].

For k = 6, 7, 8: G is solvable, Liu, [34, 35].
G is unsolvable: G. Han (for exceptional simple groups of Lie type, submitted.)

Method: For small k , one can easily list all permutation groups of degree k , transitive and
intransitive.

Thus we know the possible structures of the group GB
B, the group induced by GB on the set of

points of B.
Then we know the possible rank and possible subdegrees of the group G by Lemma 2.2.
By using this information, sometimes we can determine these designs.
Now we determine all block transitive 2− (v, 3, 1) designs. Let D be a 2− (v, 3, 1) design, then

b = v(v−1)
6 , r = v−1

2 and D has other parameters k1, k2, . . . . Let G ≤ Aut(D). From the structures
of GB we can determine the rank, subdegrees of G. We list these as the following table:

Case GB rank of G Subdegrees of G Remark

1 〈1〉 7 1, b2, b2, b2, b2, b2, b2 |G| is odd
2 〈(12)〉 4 1, 2b2, 2b2, 2b2
3 〈(123)〉 3 1,3b2,3b2 |G| is odd
4 S4 2 1,6b2

In Cases 1 and 3, G is solvable since its order is odd. We can easily see that G is primitive on P .
Thus v = pc for some prime p and integer c. Since |G| is odd, b2 is odd and so v ≡ 7(mod 12).
Therefore p ≡ 7(mod 12) and c is odd. If c = 1, then G ≤ AGL(1, v). If c ≥ 3, then the maximum
primitive divisor of pc − 1 divides b2. Thus by Hering’s result we have G ≤ AGL(1, v).

Thus in Case 1, G is the semi direct product of Zpc by Z pc−1
6

.
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In Case 3, G = AGL2(1, pc), that is, G consists of all maps ρ : x→ ax+b, where a, b ∈ GF(pc)

with a �= 0 being a square. Let B = {0, 1, ε} be the block of D containing 0 and 1. We have an
element σ : x → ax + b of order 3 in GB. Suppose it sends 0 to 1, sends 1 to ε and sends ε to 0.
Then we have that b = 1, a = ε − 1 and 0 = ε2 − ε + 1. This means that ε is a sixth root of unity.
We conclude that D is a Netto system.

Case 2 does not occur. This can be seen by Theorem 2 of Camina and Siemons [7], which saying
that if G ≤ Aut(D) is block transitive and every element in GB fixes at most one point of B, then
|G| is odd or G is flag transitive on D.

In Case 4, G is doubly transitive. From Kantor’s result, we know that D = PG(d, 2) or AG(d, 3).
We also use the following properties:

Lemma 8.1. Let S be a 2− (v, k , 1) design and g is an automorphism of S. If f is the number of
fixed points of g in P , then f ≤ r + k − 3.

Lemma 8.2. Let G be a block transitive automorphism group of a 2 − (v, k , 1) design. Let B be
a block and H a subgroup of GB. Assume that H satisfies the following two conditions:

(i) |FixH ∩ B| ≥ 2, and
(ii) If K ≤ GB and |FixK ∩ B| ≥ 2 and K is conjugate to H in G then H is conjugate to K in GB.

Then either (a) FixH ⊆ B, or ( b) the induced structure in FixH is a 2 − (v0, k0, 1) design,
where v0 = |FixH |k0 = |FixH ∩ B|. Further, NG(H ) acts as a block transitive group on this
design.

These lemmas appeared in Camina and Siemons [7]. These are very useful properties.

9 SOME WORKS ON DESIGNS WITH BLOCK TRANSITIVE
AND SOLVABLE AUTOMORPHISM GROUPS

Let me mention some papers on block transitive and solvable groups:

Theorem 9.1 (H. Li and W. Liu [27]). Let k ≥ 3 be a fixed positive integer and (S, G) be a
pair, where S is a 2− (v, k , 1) design and G be a group of automorphism group of S such that G

is solvable and block transitive. If v > (k
3
4 + 1)ϕ(k(k−1)), then v is a prime power and G is flag

transitive or G ≤ A�L(1, v).

Thus for a fixed integer k , in order to list all possible 2 − (v, k , 1) designs with solvable and
block transitive automorphism groups, we need to consider three cases:

(1) G is flag transitive;
(2) G ≤ A�L(1, v); and
(3) the ‘‘exceptional’’ case.

Even if we know what the group G is, the structure of S still is unknown. In this case computer
calculation is needed.

The proof of Theorem 5.1 is based on the results of Hering on solvable linear groups (See [19]).
Let p be a prime and n, t be integers. We say that t is a primitive divisor of pn − 1 if t|pn − 1 but

t does not divide pk − 1 for all k < n. It is known that pn − 1 always possesses a primitive divisor
unless n = 1 and p = 2, n = 2 and p+ 1 = 2s for some s, and p = 2 and n = 6.

Now we use �n(x) to denote the nth cyclotomic polynomial, �n(p) is its value at a prime p.
We set �∗n(p) = �n(p)/f α where f = (n,�n(p)) and α satisfies that f α|�n(p) but f α+1 does not
divide�n(p). The�∗n(p) is the maximum primitive divisor of pn−1. Hering proved that: Let U be
a solvable subgroup of GL(n, p), r|(|U |,�∗n(p)), and R �= 1 be an r-subgroup of U . If R � U , then
U ≤ �L(1, pn). If U is not normal in U , then U has a normal subgroup N such that N = TZ(N )
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where T is an extra-special group of order 22a+1, and r = n+ 1 = 2a + 1 for some a ≥ 1, Z(N )
is a cyclic group of order 2 or 4 and T ∩ Z(N ) = Z(T ), N ≤ S, where S is the closure of R in U ,
and Z(N ) ≤ CU (T ) = Z(U ). Note if we let V be a vector space over GF(b) and U acts on it, then
R irreducibly acts on V .

The sketch of the proof of Theorem 9.1
Suppose G ≤ Aut(D) is block transitive and solvable and v > (k

3
4 + 1)ϕ(k(k−1)).

(1) We can easily show that v >
((

k
2

)

− 1
)2

. Then by Lemma 2.3,3, G is primitive on P . Thus

we may assume that v = pn, where p is a prime and n an integer, and G has a normal subgroup
which is elementary and regular on the point set P . We identity this normal group with P , thus
we view P as a vector space over GF( p). Let G0 be the stabilizer in G of zero vector.

In the following we suppose that p is odd and n ≥ 6, and prove that the theorem holds in
this case. For other cases we can prove the theorem in the same way.

We will show that some primitive divisor of pn − 1 will divide b2. Recall that v − 1 =
k2b2(k − 1).

(2) Suppose n > φ(k2) and n > φ(k − 1). Then any prime divisor s of k2(k − 1) satisfies
pφ(k2) ≡ 1(mod s) and pφ(k−1) ≡ 1(mod s). In other words, s|pφ(k2) − 1 and s|pφ(k−1) − 1.
Hence s is not a primitive divisor of pn − 1. But pn − 1 does have a primitive divisor r and
so r|b2.

(3) Now suppose that n ≤ φ(k2) and n ≤ φ(k − 1). Then n < φ(k2(k − 1)). Take the least integer
d satisfying pd ≡ 1(mod k2), pd ≡ 1(mod k − 1). Then, since pn − 1 ≡ 1(mod k2) and
pn − 1 ≡ 1(mod k − 1), we must have d|n. If d < n, then all prime divisors of k2(k − 1) are
not primitive divisors of pn − 1. Thus b2 has a prime divisor which is a primitive divisor of
pn − 1.

(4) If d = n. Then n|φ(k2(k − 1)). Suppose that f is the greatest prime divisor of n. Then f |φ(k2)

or f |φ(k − 1). So f < k and we have

�∗n(p) = �n(p)/f ≥ �n(p)/k ≥ (p− 1)φ(n)/k ≥ (p− 1)4/k

≥ (k 3
4 )4/k = k3/k = k2 > k(k − 1)

In particular,�∗n( p) > k2(k−1). So�∗n( p) does not divide k2(k−1). Thus b2 has a primitive

divisor of pn − 1.
(5) Thus there is a primitive prime divisor r of pn − 1, such that r|b2. Since G is block transitive r

is a divisor of the order of G. t P . Thus we can regard P as a subgroup of G and also as a
vector space over the field GF( p). Let R be a Sylow subgroup of G0. If R is normal in Go, then
U ≤ GL(1, pn) and so G ≤ A�L(1, pn). If R is not a normal subgroup of G0, then by Hering’s
result, we know that G0 has element of order 2 which sends every vector to its negative. In this
case G is flag transitive on D by Lemma 5 of [7].

10 SIMPLE GROUPS OF LIE TYPE OF LOW RANK ACT ON DESIGNS

Results: Some works is about the case where the socle of G is a simple group T of Lie type of low
rank. We list some of them

A1(q): W. Liu [33];
2B2(q): W. Liu,H. Li and C. Ma, [40]
2G2(q): W. Liu, [41], S. Zhou [49, 51]
PSU (3, q): W. Liu [31]
PSL(3, q): N. Gill [16]
G2(q): W. Liu [36, 37];
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3D4(q): W. Liu [30, 32, 43]
2F4(q): S. Zhou [50].

For each of these simple groups, people have a list of its maximal subgroups. Thus we have some
knowledge of all primitive permutation representations of these simple groups. If we suppose the
group G is one of these simple groups and suppose that G acts primitively on the set P , then from
this knowledge we can sometimes easily determine the pair (S, G) or disprove its existence. If we
just assume the socle is one of them or that G acts transitively on P new ideas are needed. But the
problem in some cases is hard and in some cases is not.

As an example we give the sketch of the proof of the following theorem.(See [40])

Theorem 10.1. Let D be a 2− (v, k , 1) design and G ≤ Aut(D) be block primitive, then the socle
of G is not isomorphic to Sz(q).

First, we list some properties of Sz(q).
Let q = 22m+1. Then Sz(q) is defined as a subgroup of GL(4, q). The order of Sz(q) is q2(q2+1)

(q− 1), and Sz(q) are the only finite simple groups whose orders are prime to 3.
Let G = Sz(q). G has the following subgroups:

• Let F be a Sylow 2-subgroup of G. F has order q2, has exponent 4, and F ′ = Z(F). Z(F)
has order q and is elementary Abelian. All involutions of F are in Z(F). The normalizer
NG(F) = FH of F is a semi-direct product of F by a cyclic subgroup H of order q − 1, and
H acts regularly on the set of all involutions of F .
• The normalizer NG(H ) of H is a semi-direct product of H by a cyclic subgroup of order 2.
• G has a cyclic subgroup A1 of order q + 2t + 1, where t = 2m. The normalizer NG(A1) is a

semi-direct product of A1 by a cyclic subgroup of order 4.
• G has a cyclic subgroup A2 of order q − 2t + 1, where t = 2m. The normalizer NG(A2) is a

semi-direct product of A2 by a cyclic subgroup of order 4.
• If q0 is a power of 2 such that q = q0

s for some s, then G has subgroups isomorphic to Sz(q0).

The maximal subgroups of G are all determined. Let Sz(q0) denotes a fixed subgroup of G where
q = qs

0 with s a prime. Then NG(F), NG(H ), NG(A1), NG(A2) and Sz(q0) and their all conjugates
are the maximal subgroups of G.

From this list of maximal subgroups of G we know that if p is an odd prime, then a Sylow
p-subgroup S of G is cyclic and its normalizer is conjugate to one of NG(H ), NG(A1), NG(A2).

Now suppose D is a 2− (c, k , 1) design, G ≤ Aut(D) is block primitive. Let the socle T of G is
isomorphic to Sz(q). We prove the theorem in several steps:

Step 1. We may assume that G � Sz(q).
Since G is block primitive, GB is maximal. Then T transitively acts on P . Since GB ∩ T
is maximal in T , T primitively acts on P . Thus T satisfies all hypothesis of the Theorem.
In the following we assume that G � Sz(q).

Step 2. We can show that Gα is conjugate to one of NG(H ), NG(A1), NG(A2) or NG(F).
By Kantor’s result we know that D is not a projective plane. Thus there is a prime p (a
significant prime) such that p|b but (p, v) = 1. Let S be a Sylow subgroup of Gα , then S
is also a Sylow subgroup of G and α is its only fixed point. Thus NG(S)≤ Gα . Hence by the
subgroup structure of Sz(q)we know that Gα is conjugate to one of NG(H ), NG(A1), NG(A2)

and NG(F).
Step 3. Gα is not conjugate to NG(F).

If Gα is conjugate to NG(F), then G doubly transitively acts on P . By Kantor’r result, we
know this is impossible. From this we know that v is even.

Step 4. We calculate the possible number of fixed points in P of an involution of G.
Let z be a fixed involution in G and let N be the number of fixed points of z on P .
We consider the set of pairs (i,α) where i is an involution, α is a point in P and i ∈ Gα .
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By using two methods to determine the number of the size of the set of such pairs, we have

e(G)N = |P| · e(Gα),
where e(G) and e(Gα) are the numbers of involutions in G and in Gα , respectively. So

N = |G :Gα| · e(Gα)
e(G)

.

But e(G) = (q2 + 1)(q− 1), thus

N = q2 · e(Gα)
|Gα| .

From this we know that, if Gα � NG(H ), then N = q2/2; if Gα � NG(A1) or Gα �
NG(A2), then N = q2/4.

Step 5. In any one maximal subgroup of G, all involutions are conjugate to each other.
In NG(H ), NG(A1) or NG(A2), the Sylow 2-subgroups are cyclic, so the conclusion is
obvious. Since H acts regularly on the set of involutions of F , any two involutions of F
are conjugate in F . If the maximal subgroup is Sz(q0) for some q0, the conclusion is also
obvious.

Step 6. The final contradiction.
Let z be an involution in F , then z ∈ GB for some B. Let Q = 〈z〉, then Q satisfies all
conditions of Lemma 4.2. Hence by Lemma 4.2, either (a) FixQ ⊆ B, or (b) FixQ has a
structure of a 2− (v0, k0, 1) design D0, where v0 = |FixQ| and k0 = |FixQ∩B|. Moreover,
NG(Q) is block transitive on D0.
If (b) occurs, then v0 = q2/2 or q2/4, and so v0 is a power of 2. Let D0 has b0 blocks,
since NG(Q) = F is block transitive on D0 we have b0||F | = q2. From this we know that
v0|b0, thus b0/v0 is a power of 2. But since b0|v0(v0 − 1), b0/v0 is odd. Thus we must
have that b0 = v0, that is D0 is a projective plane. But since v0 is even, this is impossible.
Now suppose that (a) occurs, then FixQ ⊆ B. Since v is even, k is also even. Thus if a
block B1 of D is fixed by z then B1 ∩ FixQ = ∅, and so z has k/2 orbits of lenght 2 on
B1. Hence P − B is a disjoint union of some blocks B′ fixed by z and B′ �= B. Thus we
know that |P − B| = v − k is a multiple of k , and so k|v. By Camina’s theorem D is flag
transitive. But by the classification of flag transitive designs, this is impossible.

11 CLASSICAL GROUPS OF HIGH DIMENSIONS ACT ON DESIGNS

In 2003, Camina, Neumann and Praeger published a paper [6], in which they proved the following
result:

Theorem 11.1. Suppose that T � G ≤ Aut(T ), where T = Alt(n) and n ≥ 5. If G acts as a line-
transitive automorphism group of a non-trivial linear space S then S = PG1(3, 2) and G = Alt(7)
or G = Alt(8).

This is a surprising result for us.
Recently, another paper was submitted, in which a theorem on the case where G is a large

dimensional classical group is proved. This theorem resolves the problem of classification of the
pairs (S, G)where G is a large dimensional classical groups, that is, as groups of Lie type, the rank
of G are high. In Section 6 we saw a series results on groups of Lie type with low rank. Thus we
need results on groups with middle rank, that is on the classical groups of middle dimension and
simple exceptional groups of Lie type, such as E8(q), E7(q) and so on.
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To finish this talk I would like to mention two theorems:

Theorem 11.2 (Gill [17]). Suppose that a group G has socle a group of Lie type of characteris-
tic p. Suppose furthermore that g acts transitively upon the lines of a linear space S with significant
prime p. Then G acts flag transitively on S and we have one of the following examples:

• U3(q) ≤ G ≤ P�U (3, q) and S is a Hermitean unital;
• 2G2(q) ≤ G ≤ Aut(2G2(q)) and S is a Ree unital.

Theorem 11.3 (H. Li and Y. Liu [31]). Let S be a 2 − (v, k , 1) design and G ≤ Aut(S) be
block transitive. If G is a simple group of Lie type and the point stabilizers are maximal parabolic
subgroups, then G is flag transitive. If G is classical, then the conclusion is also true provided the
point stabilizers are parabolic.

These theorem work to all groups of Lie type, no matter what are the rank of them.
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ABSTRACT: We survey the algebraic background for constructing representations of triangle
groups in linear groups over algebras arising from quotients of multivariate polynomial rings,
leading to improvements of upper bounds on the order of epimorphic images of triangle group with
a given injectivity radius and to bounds on the size of the associated hypermaps with a given planar
width.

1 INTRODUCTION

Let (l, m, n) be a hyperbolic triple of positive integers, that is, 1/l + 1/m + 1/n < 1. With such
a triple we associate a face-3-coloured trivalent tessellation U (l, m, n) of the hyperbolic plane H,
which can be described as follows. Faces of U (l, m, n) coloured 1, 2, and 3 are congruent 2l-gons,
2m-gons, and 2n-gons, respectively, and each vertex is incident to precisely one face of each colour.
The underlying trivalent 1-complex of U (l, m, n) is a bipartite graph with bi-partition induced by
the clockwise cyclic order of colours of the incident faces (1, 2, 3 or 1, 3, 2).

The group of orientation- and face-colour-preserving hyperbolic isometries of the tessellation
U (l, m, n) is isomorphic to the well-known (hyperbolic) triangle group presented in the form

T (l, m, n) = 〈r, s, t| rm = sn = tl = rst = 1〉 (1)

where r, s, and t represent clockwise hyperbolic rotations about centres of three mutually adjacent
2l-, 2m-, and 2n-gons of U (l, m, n) by the angles of π /l, π /m, and π /n, respectively.

Any epimorphism ϕ : T (l, m, n) → H onto a finite group H with a torsion-free kernel N
determines a finite, face-3-coloured quotient hypermap M = U (l, m, n)/N of type (l, m, n) in the
compact, orientable surface S = H/N , with H acting on M as colour and orientation preserving
automorphism group. Due to the regular action of H on vertices of M in the same bi-partition
class, the hypermap M is called regular.

Hypermaps and regular hypermaps can, of course, be defined in a purely combinatorial way. We
will not go into such details, however, since all finite, regular hypermaps on compact, orientable
surfaces can be obtained by the above construction [7]. In the special case when l = 2 one usually
considers a different cell-complex representation, obtained from the hypermap by contracting faces
coloured 2 to single points and quadrangles coloured 1 to single edges. This results in a regular
embedding of a graph, or, simply, a regular map. Regular action of H on vertices of one colour
class of the original hypermap then transforms into a regular action on arcs of the embedded graph.
For surveys on regular maps we recommend [12, 15].
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The point of departure of our research is looking at the regular quotient hypermap M =
U (l, m, n)/N as an object arising from a fundamental region F in H associated with the normal
subgroup N by identifying sides of the boundary polygon of F according to a certain side-pairing.
The interior of F may then be viewed as a region in which the restriction of the covering projection
U (l, m, n)→M = U (l, m, n)/N is injective. In this situation it is natural to speak about a certain
‘radius of injectivity’, introduced by means of either the covering projection and hyperbolic dis-
tance in F , or non-contractible closed curves in M, or else combinatorics of words in T (l, m, n)
relative to the epimorphism ϕ. We focus on the third option, with mentioning the second in passing
as well.

We are now in position to present our main concepts. In the triangle group T (l, m, n) presented
as in (1), for any w ∈ T (l, m, n) such that w �= 1 we let �(w) denote the smallest length of a
word in {r, r−1, s, s−1, t, t−1} that represents w in T (l, m, n). We define the injectivity radius of
the epimorphism ϕ : T (l, m, n) → H to be the largest k such that ϕ(w) �= 1 for all non-identity
w ∈ T (l, m, n) such that �(w) ≤ k .

The ‘non-contractible curves’ counterpart to this definition is as follows. Let K be the 1-skeleton
of the hypermap M = U (l, m, n)/N and let S be the supporting surface of M. The planar width
of M is the least number of intersections |C ∩ K | taken over all non-contractible closed curves
C on S.

Relations between the two parameters can be obtained by extending the analysis of [16]. Letting
μ = max{l, m, n}, for any positive integer d the following holds:

If ϕ is an epimorphism from T (l, m, n) onto a finite group with torsion-free kernel N and of
injectivity radius at least dμ/2, then the planar width of the hypermap M = U (l, m, n)/N is
larger than d. Conversely, if the planar width of M is larger than d, then the injectivity radius of
ϕ is at least d.

The aim of this paper is to acquaint the reader with the algebraic background developed recently
in [8] and applied to constructions of relatively small finite groups onto which there is an epi-
morphism from a triangle group with a given injectivity radius. We will do so without going into
numerous (and often non-trivial) technical details. In the course of explanation we will also review
techniques used in earlier attempts [1, 4, 16].

The paper is organized as follows. In Section 2 we outline the strategy for constructions of
epimorphic images of triangle groups by means of congruence subgroups. The strategy consists
in choosing an appropriate faithful representation of a triangle group in a linear group over a
polynomial ring, and then in selecting an appropriate ideal for factorization. The theory for the
faithful representation part will be reviewed in Section 3. To have the injectivity radius and the order
of the quotient group under control in this strategy, in Section 4 we develop a way to ‘measure’
ideals, leading to our main results regarding bounds on the order of finite groups admitting an
epimorphism from a triangle group with a given injectivity radius. The final Section 5 is devoted
to applications of the results to planar width of regular hypermaps.

2 EPIMORPHISMS OF LARGE INJECTIVITY RADIUS ONTO ‘SMALL’
FINITE GROUPS AND CONGRUENCE SUBGROUPS

The fact that for every hyperbolic triple (l, m, n) there exist torsion-free epimorphisms with arbi-
trarily large injectivity radius from T (l, m, n) into finite groups is equivalent to residual finiteness
of hyperbolic triangle groups, as was pointed out in [16]. The residual finiteness result itself
follows from a general theorem of [9] on matrix groups, and also from the specific approach in
[10] which we will present later. Nevertheless, explicit bounds on the smallest order of a finite
group H for which there exists an epimorphism T (l, m, n) → H of injectivity radius at least δ
appear not to have been considered until recently [16].

The counting argument of [11] related to the radii of certain subconfigurations in hyperbolic
tessellations can be used to show that for every epimorphism of injectivity radius at least δ from
a hyperbolic triangle group T (l, m, n) onto a finite group H we have |H | > cδ where c depends
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on l, m, n but not on δ. With regard to the upper bounds on |H | this shows that the best one
can hope for are estimates of the form |H | < Cδ where, again, C may depend on l, m, n but
not on δ.

The main idea of constructing epimorphisms giving such an upper bound on |H | has roots in
[9] and consists in looking at congruence subgroups, that is, normal subgroups determined by
certain congruences (ideals), and at the corresponding factor groups. To place this idea into a
general setting, let R be a ring of algebraic integers over an algebraic number field and let G be a sub-
group of the general linear group GL(q, R) for some q ≥ 2. A subgroup K of G is called congruence
subgroup if there exists a non-zero ideal I of R such that the group G ∩ ker(GL(q, R) → GL
(q, R/I )) is contained in K . Note that such a K necessarily has a finite index in G.

Even at this level of generality it is not true that every finite hyperbolic regular hypermap can
be obtained from a congruence subgroup for a fixed R and q. Namely [14], by non-trivial group
theory, GL(q, R/I ) is always an extension of a soluble finite group by a direct product of a finite
number of groups of type GL(r, pt) where t is bounded from above by a constant, and it is known
that such a group cannot contain symmetric groups of arbitrarily large degree. In the category
of maps, concrete examples of regular maps that do not arise from congruence subgroups are
described in [5].

Nevertheless, we will see that the congruence subgroup approach indeed leads to bounds of type
|H | < Cδ discussed above. The principle is best explained by using the language of algebras. Let
A be a u-dimensional abelian Z-algebra, i.e., an abelian ring with unity such that the additive group
of A is a u-dimensional free Z-module with bilinear multiplication. Let B = {β1, . . . ,βu} be an
additive basis of A, which means that every element α ∈ A can be uniquely expressed in the form
α = a1β1 + · · · + auβu, where ai ∈ Z for 1 ≤ i ≤ u. The integer 〈α〉 = maxi|ai| is the integral
norm of α relative to the basis B. We extend the integral norm in the obvious way (keeping the
notation) also to vectors and matrices over A. We may now formulate the result of [8] whose early
version was first outlined in [16] and which appears to underpin all the existing work on injectivity
radius [1, 4, 8, 16].

Theorem 1. Let A be a u-dimensional abelian Z-algebra. Let ϑ: T (l, m, n) → SL(q, A) be a
faithful representation of the triangle group T (l, m, n) = 〈r, s, t|rm = sn = tl = rst = 1〉 and let
	 = {ϑ(r)±1,ϑ(s)±1,ϑ(t)±1}. Further, let λ = maxX∈	〈X 〉 where the norm is with respect to
a fixed basis of A containing 1 and let κ = max{〈Xα〉/〈α〉; α ∈ Aq\{0}, X ∈ 	}. Assume that
there is a positive integer δ and a prime p such that κδ−1λ + 1 < p < κδ . If ψp is the natural
projection SL(q, A)→ SL(q, A/pA), then the representation ψpϑ has injectivity radius at least δ

and |Im(ψpϑ)| < Cδ where C = κ(q2−1)u.

Motivation for this result goes back about a decade in connection with attempts to bound the
number of vertices of a regular map of planar width larger than a preassigned integer d; we briefly
review the results. In [13] the authors presented a construction of regular maps of hyperbolic type
(2, m, n) and arbitrary planar width, leading to no explicit upper bound on the number of vertices.
With the help of faithful representations of triangle groups in orthogonal groups over rings of
algebraic integers, an upper bound of the form C̃(2, m, n)d for the smallest number of vertices
of a regular map of hyperbolic type (2, m, n) with planar width larger than d was given in [16].
Exploring the same method in more detail, improvements resulting in smaller order of magnitude
of the functions C̃(2, m, n) and, in general, C̃(l, m, n), were subsequently obtained for regular maps
[4] and regular hypermaps [1]. The contribution of [1, 4] relied on exploring representations over
factor rings of multivariate polynomials and a more accurate evaluation of the bounds at the expense
of compactness of the resulting formulas. Very recently, a novel approach to deriving various types
of estimates on C̃(l, m, n) has been developed in [8], yielding asymptotically much better results.
We will revisit these sources later in our article. At this point, note that while for the constant
c = c(l, m, n) appearing in the lower bound |H | > cδ derived from Moran’s work [11] we have√

lmn < c(l, m, n), one of the best results of [8] only gives log2 C̃(l, m, n) < 64 lmn log2(4μ),
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where μ = max{l, m, n}. This motivates a further search for narrowing down the (still) huge gap
between the existing lower and upper bounds.

3 FAITHFUL REPRESENTATIONS OF TRIANGLE GROUPS
IN LINEAR GROUPS OVER POLYNOMIAL RINGS

Recall [7] that any hyperbolic triangle group T (l, m, n) acts on the universal tessellation U (l, m, n) as
the group of orientation-preserving isometries of the hyperbolic plane, leaving U (l, m, n) invariant
and preserving face colours. This viewpoint leads to a useful matrix representation of T (l, m, n).
Let ξ = 2 cos(π/l), η = 2 cos(π/m), and ζ = 2 cos(π/n); these quantities are algebraic integers
over Z. Under a suitable coordinate system in the hyperbolic plane the generators r, s, and t of
T (l, m, n) in (1) can then be represented [10] by the 3 × 3 matrices R, S, and T , respectively, of
the form

R =
⎛

⎝

η2 − 1 0 η

ζ + ξη 1 ξ

−η 0 −1

⎞

⎠, S =
⎛

⎝

−1 −ζ 0
ζ ζ 2 − 1 0
η ξ + ηζ 1

⎞

⎠, T =
⎛

⎝

1 ζ η + ζ ξ
0 −1 −ξ
0 ξ ξ2 − 1

⎞

⎠ . (2)

The group 〈R, S, T 〉 = 〈R, S〉 is a subgroup of the orthogonal group O(3, R) with respect to a
suitable quadratic form [10]. As usual in representation theory, the hard part is to prove that the
assignment r �→ R, s �→ S, and t �→ T indeed extends to a faithful representation, that is, to an
injective homomorphism, from T (l, m, n) to O(3, R). This was done in [10] by an implicit usage
of properties of hyperbolic tessellations. Another two proofs of faithfulness of this representation,
both invoking canonical bilinear forms of reflection groups, were given in [2] (with the original
idea due to Tits [17]) and in [3].

As outlined in the general strategy, a natural way to arrive at finite groups admitting an epi-
morphism from a triangle group with a given injectivity radius is to regard the image of the above
representation of T (l, m, n) as a subgroup of O(3, Z[ξ , η, ζ ]) and factorize the ring Z[ξ , η, ζ ] by a
suitable ideal. This translates into looking for certain congruence subgroups of Z[ξ , η, ζ ] and was
first considered in [16]. We defer the problem of choosing ideals to the next section and concentrate
here on matrix groups (over various algebraic rings) that admit faithful representations of triangle
groups.

Consider first the rings themselves. Let k be the least common multiple of l, m, n and let k =
l′l = m′m = n′n. Also, let θ = 2 cos(π/k), let fθ (x) ∈ Z[x] be the minimal polynomial for
θ , and let Pj(x) be the j-th modified Tchebyshev polynomial. Then, the ring Z[ξ , η, ζ ] used in
the representation above is naturally embedded in the ring Z[θ ] ∼= Z[x]/( fθ (x)) and ξ = Pl′(θ),
η = Pm′(θ), and ζ = Pn′(θ).

In a first set of subsequent modifications considered in [1, 4], the ring Z[θ ] was replaced with
Z[x, y, z]/J where the ideal J = (f (x), g(y), h(z)) was chosen so that the substitution ξ �→ x + J ,
η �→ y + J , and ζ �→ z + J in (2), gives a faithful representation of T (l, m, n).

More substantial improvements in [8] have been based on representing ξ , η and ζ as sums of
an element and its reciprocal, which in turn was motivated by spectra of R, S and T . We will
explain the method on two types of rings: in Z[x]/(�2k (x)) where k is as above and �2k (x) is the
2k-th cyclotomic polynomial, and in Z[x, y, z]/( f (x), g( y), h(z))where f (x) = (x2l−1)/(x2−1),
g( y) = ( y2m − 1)/( y2 − 1) and h(z) = (z2n − 1)/(z2 − 1).

From now on we will assume that R, S, and T are matrices as in (2), but with ξ , η and ζ taken
from more general structures (rings or fields) that will be specified in the course of explanations.
With this convention in mind one can show [8] that in the two types of rings introduced above
we still have faithful representations of triangle groups. In both cases we assume that (l, m, n) is a
hyperbolic triple.
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Proposition 1. Let k = l.c.m.(l, m, n) = l′l = m′m = n′n. Let f (x) ∈ Z[x] be a monic reciprocal
polynomial of even degree. Let R, S, and T be matrices as in (2) defined over the ring Q[x]/( f (x)),
where ξ = xl′ + x−l′ + ( f (x)), η = xm′ + x−m′ + ( f (x)), and ζ = xn′ + x−n′ + ( f (x)). If the 2k-th
cyclotomic polynomial divides f (x) and if f (x) divides (x2k−1)/l.c.m.(x2l′ −1, x2m′ −1, x2n′ −1),
then the assignment r �→ R, s �→ S and t �→ T extends to a faithful representation of the triangle
group T (l, m, n) in SL(3, Q[x]/( f (x))).

Proposition 2. Let J = ( f (x), g(y), h(z))be an ideal in Q[x, y, z]where f (x) ∈ Z[x], g(y) ∈ Z[y],
and h(z) ∈ Z[z] are monic reciprocal polynomials of even degree. Let R, S, and T be matrices as
in (2) defined over the ring Q[x, y, z]/J , where ξ = x + x−1 + J , η = y + y−1 + J , and ζ =
z + z−1 + J . Assume that�2l(x)| f (x) and f (x)|(x2l−1)/(x2−1),�2m( y)|g( y) and g( y)|( y2m−
1)/( y2−1), and�2n(z)|h(z) and h(z)|(z2n−1)/(z2−1). Then, the assignment r �→ R, s �→ S and
t �→ T extends to a faithful representation of the triangle group T (l, m, n) in SL(3, Q[x, y, z]/J ).

4 BOUNDING THE ORDERS OF FINITE TARGET GROUPS
FOR EPIMORPHISMS OF LARGE INJECTIVITY RADIUS

As indicated in Section 2, upper bounds on the order |H | of finite groups H for which there is
an epimorphism T (l, m, n) → H of injectivity radius at least δ were initially derived from factor
rings associated with minimal polynomials of algebraic integers of type 2 cosπ/j, with bases for
the integral norm being formed by powers of such algebraic integers. The first such estimate from
[16] was of the form |H | < Cδ where log2(C) < 72(mn)3. The best construction improvement
obtained by the same technique [1] give |H | < Cδ with log2 C < 9(l2 + m2 + n2)lmn. For l = 2
the best result of the same type [4] is |H | < Cδ with log2 C < 2(φ(2m)2 + φ(2n)2)φ(2m)φ(2n),
where φ is the Euler function.

With the help of the two faithful representations of hyperbolic triangle groups introduced earlier,
substantial improvement of these constructions have been obtained in [8] by applying Theorem
1 to the Z-algebras used in Propositions 1 and 2. This requires establishing estimates on inte-
gral norms with respect to bases that are more sophisticated than the ones used previously. We
now describe a basis that was successfully used in [8]. Consider a monic, reciprocal polynomial
f (x) = x2u+ c1x2u−1+ · · · + cu−1xu+1+ cuxu+ cu−1xu−1+ · · · + c1x+ 1 ∈ Z[x] of even degree
2u. Because f is reciprocal, elements of the form x + x−1 + ( f (x)) are well defined in the ring
Z[x]/( f (x)). Define θ = x+ x−1+ ( f (x)) and θi = xi+ x−i+ ( f (x)) for any i ∈ Z; in particular,
θ0 = 2 and θ1 = θ . Then, the set B = {1, θ1, θ2, . . . , θu−1} is a basis of the Z-algebra Z[θ ]. For
the associated norm we will write 〈 f 〉 instead of 〈 f (x)〉 = maxi|ci|, and 〈 g〉 instead of 〈 g(θ)〉 for
elements g(θ) ∈ Z[θ ].

Quite remarkably, the effect of the change of basis is enormous. The point is that the new basis
allows for obtaining much better estimates on the parameters κ , λ, and C introduced in Theorem 1.
Leaving numerous technical details aside (such as the fact that 〈Xα〉 ≤ κ〈α〉 implies 〈X jα〉 ≤ κ j〈α〉
which is used throughout), application of the faithful representation in Proposition 1 in conjunction
with Theorem 1 gives the following [8]:

Theorem 2. Let (l, m, n) be a hyperbolic triple, let k = l.c.m.(l, m, n) = l′l = m′m = n′n, and
let μ = max{l′, m′, n′}. Let f (x) be the 2k-th cyclotomic polynomial and let 〈 f 〉 be the largest
absolute value of its coefficients. Then, for every positive integer δ there exists an epimorphism
ϕ : T (l, m, n)→ H onto a finite group H of injectivity radius at least δ such that |H | ≤ Cδ where
C ≤ (3+ 〈 f 〉)8μφ(2k).

A look at the first few values might suggest the false impression that coefficients of the k-th
cyclotomic polynomial are always small compared to its degree. However, in [18] it was proved
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that the natural logarithm of the norm of the k-th cyclotomic polynomial is larger than
exp(ln 2 ln k/ ln ln k) for infinitely many k . This fact has to be taken into account in asymptotic
analysis of the bound from Theorem 2.

In a similar manner one can apply the faithful representation in Proposition 2 to obtain improve-
ments. Since this is not as straightforward as in the previous case, we include a few more details.
The polynomials f (x) = (x2l − 1)/(x2 − 1) ∈ Z[x], g( y) = ( y2m − 1)/( y2 − 1) ∈ Z[ y],
and h(z) = (z2n − 1)/(z2 − 1) ∈ Z[z] are monic, reciprocal, and of even degree; let
uf = deg( f )/2, ug = deg( g)/2, uf = deg(h)/2, and let u = uf uguh < lmn. Take the ideal
J = ( f (x), g( y), h(z)) ∈ Q[x, y, z] and define ξ = x + x−1 + J , η = y + y−1 + J , and
ζ = z + z−1 + J . Further, let ξi = xi + x−i + J , ηj = y j + y−j + J , and ζk = zk + z−k + J
for any integers i, j, k . Having now three independent variables, it is natural to take the basis B of
the Z-algebra A = Z[ξ , η, ζ ] to be formed of all products ξiηjζk where 0 ≤ i < uf , 0 ≤ j < ug ,
and 0 ≤ k < uh; observe that the dimension of A is equal to u and replacing ξ0 η0 ζ0 with 1 we
will have 1 ∈ B. Again, after working out details regarding estimates on the parameters κ , λ, and
C from Theorem 1, the counterpart of Theorem 2 reads as follows [8].

Theorem 3. Let (l, m, n) be a hyperbolic triple. Then, for every positive integer δ there exists an
epimorphism ϕ : T (l, m, n) → H onto a finite group H of injectivity radius at least δ such that
|H | ≤ Cδ where C ≤ 232lmn.

The exponent at C can be decreased further by observing that the calculations in [8] remain valid
if, for k ∈ {l, m, n}, the polynomial (x2k − 1)/(x2− 1) is replaced with xk + 1 or (xk + 1)/(x+ 1),
depending on whether k is even or odd. It can be shown that the dimension of A then decreases by
a factor of 8, and hence C ≤ 24lmn.

As regards pros and cons of the two approaches, Proposition 1 allows to work with algebras of
relatively small dimension, particularly in the case when the greatest common divisor of l, m, n is
relatively large compared to l, m, n. Also, working in the ring of algebraic integers Z[2 cos(π/k)]
may be of advantage; for instance, its embeddability in a field which has been used in [8].
A disadvantage carried by Proposition 1 is the upper bound on κ which tends to be rather large.
This drawback disappears in applications of Proposition 2 which allows κ to be constant, but on
the other hand the dimension of the algebra (necessarily containing divisors of zero) then tends to
be enormous if the greatest common divisor of l, m, n is relatively large compared to l, m, n.

Some of these drawbacks may be overcome by various refinements in calculations associated
with bounding the parameters κ , λ, and C featuring in Theorem 1. Details [8] are quite involved and
non-trivial in a number of places; they involve generalization of the concept of integral norm, and
estimates of norms of matrices by a detailed investigation of the behaviour of matrix multiplication
with respect to the new norm. We just list the following representative result [8] of the refined
considerations.

Theorem 4. Let (l, m, n) be a hyperbolic triple and let k be the least common multiple of l, m, n.
Let f (x) be the 2k-th cyclotomic polynomial. Then, for every positive integer δ there exists an
epimorphism ϕ : T (l, m, n) → H onto a finite group H of injectivity radius at least δ such that
|H | ≤ D · Cδ where D ≤ (3+ 〈 f 〉)4kφ(2k) and C ≤ 216φ(2k).

We conclude this section with pointing out advantages of the algebraic background worked
out in [8]. First, using variables of the form of a sum of an element and its reciprocal enabled
to Tchebyshev’s polynomials (that have a huge norm) aside and, instead, work with polynomials
(x2k − 1)/(x2 − 1) of norm 1. Second, the corresponding change of basis opened up room to
working with powers of the generating matrices in a more direct way. Last, extending the concept
of norm to generating sets allowed to use representations over complex numbers of comparatively
small dimension.
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As mentioned earlier, the (significant) improvements on the estimates on C and C̃ are exponential
in lmn, while the lower bound extracted from [11] is polynomial in lmn. Possible paths to further
improvements of lower bounds lead to the study of the shape of fundamental regions of normal,
torsion-free, finite-index subgroups of triangle groups. Upper bounds could be refined by our
methods applied to different bases or, possibly, with the help of the classification of 2-dimensional
linear representations of triangle groups over finite fields [14]. Linear representations over u-
dimensional algebras will, however, not help in removing the exponent u appearing in Theorem 1,
because of Minkowski’s theorem on lattice points in convex subsets of multidimensional spaces
(see e.g. [6]).

5 APPLICATIONS TO PLANAR WIDTH OF REGULAR HYPERMAPS

In Section 2 we have indicated that research into injectivity radius of epimorphisms of triangle
groups was actually motivated by questions about planar width of regular maps of type (m, n),
which can be identified with regular hypermaps of type (2, m, n). Accordingly, a pair (m, n) is
hyperbolic if 1/m + 1/n < 1/2. A standard surface representation of a regular map is obtained
from the corresponding face-3-coloured hypermap by contracting faces coloured 2 to points and
collapsing quadrangles coloured 1 to line segments. This, of course, changes the 1-skeleton of
the map (compared to the 1-skeleton of the original hypermap). The corresponding triangle group
T (2, m, n) is usually presented as a two-generator group in the form T (2, m, n) = 〈r, s| rm =
sn = (rs)2 = 1〉, which requires a modification of definitions of injectivity radius and planar
width when applied to a map. Therefore, in the context of maps, the map-injectivity radius of an
epimorphism φ : T (2, m, n)→ H = 〈ρ, σ | ρm = σ n = (ρσ)2 = · · · = 1〉 is defined with respect
to the ‘alphabet’ {r, r−1, s, s−1}, and the planar width of a regular map is the smallest number of
intersections of a non-contractible closed curve with the 1-skeleton of the map. In algebraic terms,
the planar width of the map associated with an epimorphism ϕ : T (2, m, n)→ H is the smallest
positive integer d such that there exists a ‘word’ w = (ri1 s j1)(ri2 s j2) . . . (rid s jd ) such that w �= 1
and ϕ(w) = 1.

Bounds on the map-injectivity radius of epimorphisms of T (2, m, n) and on planar width of
regular maps can therefore be obtained by the general methods outlined in the previous sections,
with a number of shortcuts. Indeed, for l = 2, in every representation of T (2, m, n) of the type (2),
we can use ξ = 0 and, of course, ignore the matrix T and work just with R and S. Again, leaving
details aside, one can prove the following result [8].

Theorem 5. Let (m, n) be a hyperbolic pair and let k be the least common multiple of m, n. For
any δ, d ≥ 2 there exists a representation of T (2, m, n) of map-injectivity radius at least δ onto a
group of order at most D · Cδ , where C ≤ 134φ(2M ), and a regular map of type (m, n) of planar
width larger than d with automorphism group of order at most D · C̃δ , where C̃ ≤ (5mn)8φ(2M ); in
both cases D depends on m and n but not on δ.

Further simplification can be made for concrete values of m, n. We illustrate this on the example
{m, n} = {3, 7}, important in the theory of maps; finite quotients of T (2, 3, 7) are known under the
name Hurwitz groups The best we can obtain by our methods (including refinements depending
on the values of m, n) is the following, cf. [8].

Theorem 6. For any d, δ ≥ 2 there exists a representation of T (2, 3, 7) of map-injectivity radius
at least δ into a finite group of order at most 59δ , and a regular map of type (3, 7) of planar width
larger than d with automorphism group of order at most 219d .

The constants 59 and 219 are much smaller than the values of 1348 and 10596 obtained by
substituting m = 3 and n = 7 in the bounds of Theorems 5.
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ABSTRACT: The various genus parameters for finite groups can be viewed in a broader context.
A sizing is a function s from the set of all finite groups to the nonnegative integers satisfying
s(A) ≤ s(B) whenever A is isomorphic to a subgroup of B. Numerous example and non-examples
are given. Natural questions about a sizing s are its range (gaps), whether s(Q) ≤ s(A) when Q is a
quotient group of A, whether s provides a certificate for isomorphism so that s(A) = s(B) implies
A is isomorphic to B. Given two sizings, the comparison set C(s, t) is defined to be the set of all
rational numbers s(A)/t(A) where t(A) �= 0. This provides a general setting for a variety of results
like the 5/8 theorem for commuting pairs or a similar 3/4 theorem for proportion of involutions.
It also provides a setting for asymptotic comparisons: define s and t to be asymptotic if both C(s, t)
and C(t, s) are bounded. It is shown, for example, that all the genus parameters are asymptotic with
each other for all groups of genus greater than one, but none are asymptotic to the order of a group.

1 INTRODUCTION

This paper is a sketch of some ideas I have been carrying around for the last few years and which
I have discussed in a few seminars and conference talks in Christchurch (NZ) in 2000 and an
AMS Special Session at Santa Barbara (USA) in 2005. Some sections here are just a definition
and a few comments. Others are much more fully developed. There are many open questions
and computations. Some are barely more than an exercise in an elementary group theory book;
others are far more serious, even daunting. Once one starts looking at group theory through the
glasses of sizings, one sees questions and conjectures sprouting everywhere. This viewpoint should
provide plenty of work for anyone interested in group theory, from undergraduates to specialists.
Participants at this conference asked for something they could reference, and that is why I have put
these ideas on paper.

I wish to thank Marston Conder for helpful conversations.
Let G be the collection of all finite groups and let N denote the set of nonnegative integers.

A function s : G→ N is called a sizing if whenever the group A is isomorphic to a subgroup of B,
then s(A) ≤ s(B).

Examples of sizings include:

1. The various genus parameters ([10]):

(a) γ (A), the smallest g such that some Cayley graph for A can be embedded in the surface Sg
of genus g

(b) σ(A), the smallest g such that A acts (faithfully) as a group of homeomorphisms of Sg
(c) σ o(A), the smallest g such that A acts as a group of orientation-preserving homeomorphism

of Sg
(d) γ̃ (A), the smallest number c such that a Cayley graph for A embeds in the nonorientable

surface Nc with c crosscaps
(e) σ̃ (A), the smallest c such that A acts as a group of homeomorphism of Nc

2. β(A), the least Betti number of any Cayley graph for A
3. ord(A), the order of A
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4. exp(A), the exponent of A
5. #sub(A), the number of subgroups of A
6. #r(A), the number of elements of order r
7. com(A), the order of the commutator of A
8. #compair(A), the number of ordered pairs of commuting elements
9. #norpair(A), the number of element-subgroup pairs (a, B) such that aBa−1 = B

10. isomdim(A), the least n such that A is isomorphic to an isometry group of euclidean space En,
alternatively the smallest n such that A has a faithful representation in GL(n) (see [2])

11. perm(A), the smallest n such that A has a faithful permutation representation on n symbols
12. Given any group property P inherited by subgroups (e.g abelian, solvable), the 0 – 1 sizing

defined by P(A) = 0 if A has property P and P(A) = 1 otherwise.

Most of these are sizings by definition. The parameters γ , γ̃ , and β are sizings because of Babai’s
theorem [3] that given a subgroup B of the group A, any Cayley graph for A edge-contracts to a
Cayley graph for B (and then use that edge-contraction cannot increase genus or Betti number).

There are also many natural parameters which are not sizings:

1. rank(A), the smallest size of a generating set for A
2. abel(A), the order of the abelianization A/A′
3. series(A), length of a composition series for A
4. transperm(A), the smallest n such that A acts faithfully and transitively on n symbols
5. pres(A), the length of the shortest presentation for A, measured by number of keystrokes in

some standardized format

The simple observation that every group is a subgroup of the symmetric group Sn for some
n explains why the first four parameters are not sizings (for the fourth, note that if A is abelian,
transperm(A) = ord(a)). For pres(A), consider presentations such as A = 〈X , Y : X 2 = Y 1000 =
[Y, XYX ] = 1〉 with B = 〈Y, XYX 〉. The sum of the lengths of the relators for A are 2+ 1000+ 8.
Letting U = Y , V = XYX , we get B = 〈U , V : U 1000 = V 1000 = [U , V ] = 1〉 so the sum of the
lengths for B is 1000 + 1000 + 4, and it is not hard to show there can be no shorter presentation
for B ∼= Z1000 × Z1000.

2 GAPS AND POLES

A long standing problem for genus parameters is whether for every g there is a group of genus g.
Call n a gap for the sizing s if there is no group A with s(A) = n, that is n is not in the range of s.
At the other extreme, call n a pole for s if there are infinitely many groups A with s(A) = n.

For the genus parameters, it is known that 0 and 1 are the only poles for γ , σ , σ o, because the
Riemann-Hurwitz equation, and its generalization to embeddings of Cayley graphs [5], implies
ord(A) is bounded above by 164(γ (A)−1), 84(σ o(A)−1) and 168(σ (A)−1). May and Zimmerman
[7] have shown that σ o has no gaps, but it is not known whether there are any gaps for γ or σ . Conder
and Tucker [4] have shown that the only possible gaps for σ occur when g ≡ 8, 14 mod(18) and
there is a prime p dividing g− 1 such that p ≡ 5 mod (6) and the exponent of p in the factorization
of g − 1 is odd.

We give two more elementary examples of gaps and poles.

Theorem 2.1. For the sizing #2(A), the number of involutions in A, all even positive numbers are
gaps and all odd numbers, together with 0, are poles.

Proof. Clearly all odd order groups have no involutions, so 0 is a pole. If A has even order, by
pairing an element with its inverse, we see that the number of nonidentity, noninvolutoary elements
must be even, so the number of involutions must be odd. For every odd n > 1, the dihedral group
Dn has n involutions and if m is odd, then #2(A × Zm) = #2(A), so all odd numbers n > 1 are
poles. The groups Z2m for m odd all have exactly one involution, so 1 is also a pole. �
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If p is an odd prime, then #p(A) must be divisible by p − 1 since the different subgroups of A
of order p intersect only in the identity. Thus the only nongaps are for n divisible by p− 1. Which
multiples of p− 1 are possible seems not to be known. Of course, all nongaps are poles (by taking
products with groups whose order is not divisible by p).

Theorem 2.2. For the sizing β(A), the least Betti number of a Cayley graph for A, the only gaps
are 2 and p+ 1, where p is a prime, and the only pole is 1.

Proof. Let C(A, X ) be a Cayley graph for A of valence d; note that d is the number of involutions
in X plus twice the number of non-involutions. Then the Betti number b of C(A, X ) is E − V + 1,
where E = dV /2 is the number of edges of C(A, X ) and V = ord(A) is the number of vertices.
Thus b− 1 = ord(A)(d/2− 1), so b− 1 is composite for d > 4. Moreover, if d = 4, then b− 1 is
composite unless ord(A) is prime, in which case A = Zp so β(A) = 1. Thus if b− 1 = p, a prime,
the only possibility is that d = 3 and b− 1 = ord(A)/2 = p. But then ord(A) = 2p and the only
groups of order 2p are Z2p or Dp, for which β(A) = 1. Thus p+ 1, for any prime p, is a gap for β.
Also, if β(A) = 2, then d = 3 ord(A) = 2, but then β(a) = 1, so 2 is a gap as well.

Suppose instead that n is composite. We will show there is a group A with β(A)− 1 = n. First
assume n is divisible by distinct odd primes. Then r2 ≡ 1 mod(n) has a solution other than r = ±1,
so A = 〈X , Y : X 2 = Y n = 1, XYX = Y r〉, has β(A)− 1 = 2n(3/2− 1) = n. If p is an odd prime
and n = pr , for r > 1, then A = Zp×Zpr−1 satisfies β(A)− 1 = n(4/2− 1) = n. Finally, if n > 2
is even then A = Z2 × Zn satisfies β(A) − 1 = 2n(3/2 − 1) = n. Note that the trivial group has
β = 0.

Finally, 1 is a pole since all cyclic groups have β = 1. Since ord(A) ≤ 2(β(A) − 1), when
β(A) > 1, there can be only finitely many groups with β = n for n > 1, so 1 is the only pole. �

We have not considered gaps and poles for other sizings, such as the examples given above. For
some, such as ord, exp or perm, there are clearly no gaps and no poles. For others, such as #sub or
com, the answers are not so obvious.

3 STRUCTURE OF THE COLLECTION OF ALL SIZINGS

The collection S of all sizings is clearly closed under addition and multiplication and hence forms
a semi-ring. There is also an action on S by the set ND of nondecreasing functions f : N → N
defined by fs(A) = f (s(A)). A natural question is whether S has some countable basis B. How
one combines members of B, either simply by nonnegative integer linear combinations, or by
multinomials, or by allowing orbits under the action of ND, would be open to interpretation. Note
that if one allows orbits under ND, one cannot argue simply by cardinality, since ND is uncountable.
To indicate the freedom one can have, if fn ∈ ND is the characteristic function for the interval of
integers [n,∞), then {fn} forms a basis for ND in the sense that every f ∈ ND can be written as
an infinite linear combination �anfn: note that the sum is finite for any given value of x since
fn(x) = 0 for all n > x.

4 CERTIFICATION

A sizing s is certifying if s(A) = s(B) implies A and B are isomorphic, so that the values of
s provide certificates for isomorphism class. Any sizing s without poles can be turned into a
certifying sizing by spreading out each value in the range of s: if Gn is the set of groups A such
that s(A) = n, define t inductively to be any one-to-one function from Gn to the closed interval
of integers �i<n|Gi| + 1 ≤ k ≤ �i≤n|Gi|. On the other hand, it would be interesting to have a
certifying sizing whose values are related to some structural parameters on groups. For example,

s(A) = 2ord(A)3com(A)5#sub(A)7β(A)11σ(A)
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is a sizing and s(A) = s(B) would imply ord(A) = ord(B), com(A) = com(B), #sub(A) =
#sub(B),β(A) = β(B), and σ(A) = σ(B).

5 COMPARISON AND ASYMPTOTICS

Given sizings s and t, define the comparison set to be the set of rational numbers C(s, t) =
{s(A)/t(A) : t(A) �= 0}. Define s and t to be asymptotic if both C(s, t) and C(t, s) are bounded.
Given a subset H ⊂ G, we can define the relative comparison set CH(s, t) = {s(A)/t(A) : t(A) �=
0, A ∈ H}, and we can define s and t to be asympotic relative to H if both CH(s, t) and CH(t, s) are
bounded.

Comparison sets provide a setting for some familiar exercises in elementary group theory:

Theorem 5.1. C(#compair(A), ord(A)2) ⊂ (0, 5/8] ∪ {1}.

Proof. Assume A is not abelian. Then the center Z(A) of A has index at least 4, since a cyclic
extension of a central group is abelian. If a /∈ Z(A), then the centralizer C(a) of a has index at least
two, so a fails to commute with at least half the elements of A. Thus the number of noncommuting
pairs is at least (3/4)ord(A)(1/2)ord(A), so #compair(A)/ord(A)2 ≤ 5/8. The value of 5/8 is
achieved by the quaternions Q, since the center has index exactly 4 and every element not in the
center has centralizer of index exactly 2. �

It is interesting to try to characterize the groups such that #compair(A)/ord(A)2 = 5/8. Clearly,
Q × B, where B is abelian, achieves the 5/8 bound (this includes all hamiltonian groups).

Theorem 5.2. ([9]) C(#2(A)+ 1, ord(A)) ⊂ [0, 3/4] ∪ {1}.

Proof. (Marston Conder) Supppose #2(A) + 1 > (3/4)ord(A). We will show then that A is an
elementary abelian 2-group. Let I be the set of involutions in A together with the identity and let
x ∈ I . Since |I | > (3/4)ord(A), we have |xI∩I | > (1/2)ord(A). Each element of xI∩I corresponds
to an involution z such that (xz)2 = 1, that is z is in the centralizer of x. We conclude that the
centralizer of x has index less than two, so x is central. Thus I ⊂ Z(A) so since |I | > (3/4)ord(A),
we have that A is abelian and all elements are involutions, except the identity. �

Theorem 5.3. C(#norpair(A), ord(A)#sub(A)) is dense in [0, 1].

Proof. This is the main result of [8]. �

As an example of asymptotic sizings, we consider the various genus parameters. The following
result appears in [6] and is alluded to in [11]. We include a sketch of the proof. First, define
ε(ρ) = 1 for ρ = γ , σ , σ o and ε(ρ) = 2 for ρ = γ̃ , σ̃ .

Theorem 5.4. Let ρ and τ be any of the genus parameters γ , σ , σ o, γ̃ , σ̃ . Then there is a number
m(ρ, τ), depending only on ρ and τ such that given any group A and any normal subgroup N:

ρ(A/N )− ε(ρ) ≤ m(ρ, τ)(τ (A)− ε(τ ))/ord(N ).

Proof. We consider only the case ρ = σ o and τ = γ ; the other cases are handled in the same way.
We want to find an m such that σ o(A/N )− 1 ≤ m(γ (A)− 1)/|N |. Suppose that γ (A) is achieved
by an embedding of the Cayley graph C(A, X ) of valence d in a surface of Euler characteristic
2− 2γ (A). By standard counting arguments using Euler’s formula and the fact that all faces have
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size 3 or more, we have

2− 2γ (A) ≤ |A|(1− d/2+ d/3) = |A|(1− d/6).

Since the image of X under the quotient map from A to A/N generates A/N , the quotient group A/N
has a Cayley graph of valence d as well. That Cayley graph has a strongly symmetric embedding
in some surface; the Euler characteristic of that surface is at least |A/N |(1 − d/2) (assume there
are no faces at all). Thus 2− 2σ o(A/N ) ≥ |A/N |(1− d/2), and therefore

σ o(A/N )− 1 ≤ |A|(d − 2)

4|N | .

First assume that d > 6. Rewriting the inequality for γ (A), we have

|A| ≤ (2γ (A)− 2)/(d/6− 1) ≤ 12(γ (A)− 1)/(d − 6),

Thus,

σ o(A/N )− 1 ≤ 3c(γ (A)− 1)/|N |,
where c = (d − 2)/(d − 6). Since d > 6, we have c ≤ 5, so σ o(A/N ) − 1 ≤ m(γ (A) − 1)/|N |
with m = 15.

Assume now that d ≤ 6. Then σ o(A/N ) − 1 ≤ |A|/|N |. By the Hurwitz bound [5] for γ ,
|A| ≤ 168(γ (A)−1), so σ o(A/N )−1 ≤ m(γ (A)−1)/|N |, where m = 168. Choosing the larger m
from the two cases, we have the desired inequality. �

Applying this theorem for the case where N is the trivial group, we get that any two genus
parameters ρ, τ are sympotitic relative to the set of groups satifying ρ(A) > ε(ρ) and τ(A) > ε(τ).
It is not hard to show, using the same calculations, that one can also allow ρ(A) = β(A), with ε = 1,
and hence all the genus parameters are asymptotic with β, over all groups of genus greater than 1.

The presence of the normal subgroup N is useful for another property of sizings. Call the
sizing s normal if s(Q) ≤ S(A) for any quotient Q of A. Many sizings are obviously normal:
ord(A), com(A),#sub(A), #r(A), #compair(A). Others are not: Marston Conder has an example
with perm(A) < perm(Q) with perm(A) = 8. By the Riemann-Hurwitz equation, σ , σ o, σ̃ are all
normal and β(A) is normal as well. It is still an open question whether γ or γ̃ are normal. The case
of Theorem 5.4 for ρ = τ = γ or ρ = τ = γ̃ sheds some light on the difficulty of the question.

It is worth noting that ord(A) and β(A) are not asymptotic, since β(Zn
2) = 2n(n/2− 1).

6 SIZINGS FOR GRAPHS

One can also define sizings for graphs (and many other mathematical objects). Here there are
choices for the partial ordering one chooses: graph minors, induced subgraphs. For example,
indep(G), the largest independent set in graph G, is a sizing for induced subgraph, but not minors,
while the Betti number or genus of G are sizings for minors. In particular, the independence ratio,
studied extensively by Alberston, Hutchinson and others, [1], is a form of comparison set for
indep(G) and ord(G), the number of vertices in G. Sizings might form an interesting viewpoint
for graph minors.
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ABSTRACT: Let X be a Riemann surface, and f : X → C a non-constant meromorphic function
on X (here C = C∪{∞} is the complex Riemann sphere). The function f is called a Belyi function,
and the pair (X , f ), a Belyi pair, if f is unramified outside {0, 1,∞}. The study of Belyi functions,
otherwise called the theory of dessins d’enfants, provides a link between many important theories.
First of all, it is related to Riemann surfaces, as follows from the definition. Then, to Galois theory
since, according to the Belyi theorem, a Belyi function on X exists if and only if X is defined
over the field Q of algebraic numbers. It is also related to combinatorics of maps, otherwise
called embedded graphs, since f −1([0, 1]) is a graph drawn on the two-dimensional manifold
underlying X . Therefore, certain Galois invariants can be expressed in purely combinatorial terms.
More generally, many properties of functions, surfaces, fields, and groups in question may be ‘‘read
from’’ the corresponding pictures, or sometimes constructed in a ‘‘picture form’’. Group theory is
related to all the above subjects and therefore plays a central role in this theory.

The theory of Belyi functions is very rich with beautiful examples. It is difficult to give a
representative sample of them, but we will try to do it at least to some extent.

1 MAPS AND HYPERMAPS

Convention 1.1. We consider only connected graphs; loops and multiple edges are allowed. All
maps in this paper will be oriented.

When we draw a graph on a piece of paper, we add to it an additional structure. Namely, we
choose a particular cyclic order of the edges in the vicinity of each vertex. Also, the drawing itself
subdivides the plane into a number of regions. The resulting object is a map; however, the theory
of maps is more beautiful when we draw graphs not on the plane (‘‘piece of paper’’) but on the
sphere, the torus, or another compact two-manifold.

Definition 1.2 (Map). A map is a graph embedded in a compact oriented two-dimensional
manifold in such a way that

• the edges do not intersect;
• the complement of the graph in the surface is a disjoint union of regions homeomorphic to open

disks.

These regions are called faces of the map. The genus of the map is, by definition, the genus of the
underlying surface.

We define the degree of a vertex as the number of incident edges (loops are counted twice), and
the degree of a face, as the number of edges surrounding it (‘‘inner edges’’ are counted twice).

Figures 1, 2, 3 will help to understand the above definitions.

Definition 1.3 (Hypermap). A hypermap is a bicolored map: its vertices are colored in black
and white in such a way that the adjacent vertices have opposite colors.
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Figure 1. One graph but two different maps. The face degrees of the map on the left are 1 and 5, and for that
on the right, 3 and 3. Note that a graph does not have faces at all: it has only vertices and edges.

Figure 2. This is not a map: one of the ‘‘regions’’ obtained after cutting the surface along the edges of the
graph is not homeomorphic to an open disk.

=

Figure 3. The graph K4 gives rise to a map of genus 0 (tetrahedron) having 4 faces of degree 3, and to a map
of genus 1 having 2 faces, of degree 8 and 4 respectively.
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Figure 4. A hypermap.

Figure 5. Maps may be considered as hypermaps whose white vertices are all of degree 2.

An example of a hypermap is given in Figure 4.
The above definition suggests that a hypermap is a particular case of a map. However, hypermaps

were first invented as generalizations of maps [5]. Indeed, taking a map, we may insert a white vertex
in the middle of every edge (see Figure 5), thus obtaining a particular case of a hypermap—such
that all its white vertices are of degree 2.

Convention 1.4. Our convention will be as follows:

• we always work with hypermaps;
• if it so happens that all the white vertices of a given hypermap are of degree 2, we erase them in

order to simplify the picture and draw the hypermap as a map—and quite often even call it a map;
• in order to be coherent with the previous definitions, the segments joining a black vertex with a

white one are called not edges but half-edges; then, for example, the degree of a face is equal to
the number of surrounding half-edges divided by 2; the term ‘‘edge’’ is reserved for maps.

For a hypermap H with n half-edges, the Euler characteristic is computed as follows:

χ(H ) = 2− 2g = B+W + F − n

where B is the number of black vertices, W is the number of white ones, and F is the number of
faces.

Encoding by permutations. Hypermaps admit an encoding by triples of permutations. In con-
structing this incoding, we twice use the fact that the surface on which the hypermap is drawn is
oriented: first, a half-edge has a left bank and a right bank; second, the vicinity of every vertex has
a positive and a negative orientation.
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Let H be a hypermap with n half-edges. We label the half-edges by the labels from 1 to n, and
place the label of a half-edge near its left bank when we go from its black end to the white one.
Then we associate to H the following triple of permutations (σ ,α,ϕ) on the set of n labels:

• a cycle of σ contains the labels of the half-edges incident to a black vertex, taken in the positive
(i. e., counterclockwise) direction around this vertex; thus, there are as many cycles in σ as there
are black vertices, and the degree of a vertex is equal to the length of the corresponding cycle;
• the cycles of α correspond, in the same way, to white vertices;
• a cycle of ϕ contains the labels placed inside a face; these labels are taken in the positive direction

around the center of the face; thus, there are as many cycles in ϕ as there are faces, and the degree
of a face is equal to the length of the corresponding cycle.

Example 1.5. For the hypermap of Figure 6, we obtain the following permutations:

σ = (1, 2, 3)(4, 5)(6)(7, 8, 9),

α = (1, 4)(2, 9, 3)(5, 6, 7)(8),

ϕ = (1, 5, 9)(2)(3, 8, 7, 6, 4).

For the outer face, the first impression is that the corresponding cycle (3, 8, 7, 6, 4) turns in the
negative direction. In fact, we must look ‘‘from the opposite side of the sphere’’, or, otherwise,
‘‘from the inside of the outer face’’, and then the direction becomes positive.

Remark 1.6. The following very important observation is true for any hypermap (the proof is a
simple exercise):

σαϕ = 1.

Therefore, in order to encode a hypermap, we may take any two of the three permutations. The
form we have chosen is, however, more symmetric.

The correspondence between hypermaps and triples of permutations also works in the opposite
direction.

Proposition 1.7. To any triple of permutations (σ ,α,ϕ) such that

• the permutation group G = 〈σ ,α,ϕ〉 is transitive,
• σαϕ = 1,

there corresponds a hypermap.

The condition of transitivity ensures the connectivity of the corresponding graph.

1

23

4

5
6

7

8
9

Figure 6. A labeling of the hypermap of Figure 4.
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2 DIGRESSION: THE CARTOGRAPHIC GROUP

A fact which rarely attracts attention is that a simple picture drawn on a piece of paper, via the triple
of permutations described above, generates a permutation group. We call this group G = 〈σ ,α,ϕ〉
the cartographic group corresponding to a (hyper)map. Of course, more often than not the group
thus obtained is either Sn or An. But there exist also many other, more interesting examples. A very
small sample is given in Figures 7, 8, 9.

PS L  (2)3

M
12

Figure 7. A map with 4 edges representing the group PSL3(2), and four maps with 6 edges representing the
Mathieu group M12. In total, there are 50 planar maps with 6 edges representing M12.

M24

Figure 8. Two maps with 12 edges representing the Mathieu group M24; the one on the right was found by
N. Adrianov (private communication).
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......

Figure 9. A hypermap with 24 half-edges representing M24 (this example is borrowed from [3]). The
horizontal line is an equator on the sphere. All the 6 faces are of degree 4.

3 BELYI FUNCTIONS: PLANAR CASE

Definition 3.1 (Belyi function). Let H be a planar hypermap with n half-edges. A rational func-
tion f of degree n is a Belyi function corresponding to H if H may be embedded in the Riemann
complex sphere C in such a way that:

1. All black vertices of H are roots of the equation f (x) = 0, the multiplicity of each root being
equal to the degree of the corresponding vertex.

2. All white vertices of H are roots of the equation f (x) = 1, the multiplicity of each root being
equal to the degree of the corresponding vertex.

3. The hypermap itself is the preimage of the segment [0, 1], that is, H = f −1([0, 1]).
4. Inside each face of H there exists a (single) pole of f (or, if you like, a root of the equation

f (x) = ∞), the multiplicity of the pole being equal to the degree of the face. We will call this
pole the center of the face (of course, it is in no way its ‘‘geometric center’’).

5. Besides 0, 1, and∞, there are no other critical values of f .

(A critical point of f is a root of its derivative (with a standard change of variables when it comes
to infinity); a critical value of f is the value of f at its critical point.)

In fact, it is not difficult to see that any rational function which does not have critical values
outside the set {0, 1,∞} is a Belyi function corresponding to a hypermap. (If there are three critical
values but they are not equal to 0, 1 or ∞, we may apply a linear fractional transformation and
place them to 0, 1, and∞.) Therefore, we may take as a definition of a Belyi function the property
of not having critical values outside the set {0, 1,∞}.

The correspondence also works in the opposite direction.

Theorem 3.2. For every hypermap H, there exists a corresponding Belyi function f = f (x). This
function is unique, up to a linear fractional transformation of the variable x.

This theorem is a particular case of Riemann’s existence theorem which we will formulate later.
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a b

dc

e

Figure 10. A ‘‘dessin d’enfant’’.

An interesting and highly nontrivial question is, given a hypermap, how to compute the corre-
sponding Belyi function. Let us illustrate some initial stages of such a computation. Suppose we
have the ‘‘dessin d’enfant’’ shown in Figure 10.

According to the 1st condition of Definition 3.1, the points a, b, c, d, e must be the roots of the
function f we are looking for, with multiplicities corresponding to the vertex degrees. Therefore,
the numerator of f must have the form

(x − a)3(x − b)3(x − c)2(x − d)2(x − e)2.

In fact, it is much more convenient to write this expression in the form

(x2 + px + q)3(x3 + rx2 + sx + t)2

since the parameters p, q, r, s, t belong to a smaller and simpler field than a, b, c, d, e ( just imagine
r, s, t being rational numbers while c, d, e being cubic irrationals).

Our map has 6 edges, which means that the hypermap in question has 6 white vertices, all of
degree 2. Therefore, the numerator of the function f − 1 is a product of 6 quadratic factors, or,
better (as before), a square of a polynomial of degree 6.

Finally, the map has three faces, of degree 5, 4, and 3 respectively. Therefore, according to the
4th condition of Definition 3.1, the denominator of f factorizes as (x − A)5(x − B)4(x − C)3.

As a result we have:

f (x) = K
(x2 + px + q)3(x3 + rx2 + sx + t)2

(x − A)5(x − B)4(x − C)3
,

and

f (x)− 1 = K
(x6 + mx5 + nx4 + ux3 + vx2 + wx + z)2

(x − A)5(x − B)4(x − C)3
.

Taking the first expression, computing f − 1 and equating the result to the second expression, we
obtain a system of 12 algebraic equation in 15 unknowns K , p, q, r, s, t, m, n, u, v, w, z, A, B, C.

The three remaining degrees of freedom correspond to the possibility of making a linear fractional
transformation of x. It allows us to choose certain parameters to our convenience. For example,
traditionally the center of the outer face is placed to∞, thus making the denominator of f equal to
(x − B)4(x − C)3. We may also put, for example, B = 0 (any other choice not equal to∞ would
also be possible), and to choose a value for one more parameter almost arbitrarily. However, one
must be careful since certain choices of values for unknowns may turn out to be contradictory.
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For example, if a map is centrally symmetric then the sum of the positions of black vertices is equal
to the sum of the positions of white vertices; hence, we cannot take one sum equal to 0 and the
other one equal to 1.

Galois action. Now it comes as no surprise that the coefficients of Belyi functions can always be
made algebraic numbers. (Of course, we could have a weird idea to take B = π instead of B = 0
and thus to spoil everything; but we will be wise.) This property of Belyi functions leads to the
most interesting aspect of the theory of dessins d’enfants, namely, the action of the absolute Galois
group Gal(Q | Q) (the automorphism group of the field Q of algebraic numbers) on the hypermaps.
We act on the coefficients of a Belyi function, replacing them by their Galois conjugates. In this
way we obtain another Belyi function which corresponds to another hypermap.

Unfortunately, we cannot develop this subject here since it needs a much longer exposition.
Therefore, we limit ourselves with few remarks concerning some combinatorial invariants of the
Galois action. The simplest and most obvious such invariant is the triple of cycle structures of
the permutations σ ,α,ϕ. Indeed, even from our brief discussion above it becomes clear that these
cycle structures represent the only information we used while writing down the system of algebraic
equations on the coefficients of the function. More advanced invariants are: the automorphism
group of a hypermap; its cartographic group; the triple of conjugacy classes of σ ,α,ϕ in the
cartographic group (a very subtle case is represented, for example, by the Mathieu group M22 in
which there exist two algebraically non-conjugate classes, 4A and 4B in the Atlas [4] notation,
with cycle structure 442212; note that hypermaps with σ ,α,ϕ all having the cycle structure 442212

are planar); and even some highly non-trivial information about the number field to which the
coefficients belong can be found in the character table of the cartographic group.

A less advanced but more combinatorial in nature is such an invariant as the property of a map
to be self-dual. It involves the operation of composition of which we will speak later. For other
types of invariants, such as certain diophantine relations between vertex degrees, see [9].

Plane trees and Shabat polynomials. A particular case of a hypermap is a bicolored plane tree,
that is, a planar hypermap with a single face, see Figure 11. If we put the single pole to infinity,
the corresponding Belyi function becomes a polynomial. These polynomials are called Shabat
polynomials.

Example 3.3. The two simplest trees are shown in Figure 12; their Shabat polynomials are:

• for the star-tree, f (x) = xn;
• for the chain-tree, f (x) = Tn(x), the Chebyshev polynomial (critical values, instead of being 0

and 1, are ±1).

One more example is given in Figure 13. The corresponding Shabat polynomial is

f (x) = 1

729
· (2x2 − 3x + 9)3(x + 1),

Figure 11. A plane tree.
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while

f (x)− 1 = 1

729
· x3(8x4 − 28x3 + 126x2 − 189x + 378)

(the vertex of degree 3 at the origin must be considered as white).

The whole construction leads to a very unusual property of plane trees:

Proposition 3.4. Every plane tree has a canonical geometric form.

Indeed, linear fractional transformations that don’t move infinity are affine transformations.
Therefore, the tree obtained via its Shabat polynomial can be rotated, translated, and undergo a
homothetic transformation, but all these do not change its geometric form.

Figure 12. The star-tree and the chain-tree.

1

1

0

2

0

Figure 13. A plane tree obtained as a preimage of a segment via its Shabat polynomial (courtesy of J. Bétréma).
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4 DAVENPORT–STOTHERS–ZANNIER BOUND:
AN APPLICATION OF BELYI FUNCTIONS

Let P, Q ∈ C[x] be two coprime complex polynomials. The question we would like to discuss is,
what is the smallest possible degree of P3 − Q2?

Denote deg P = 2n, deg Q = 3n, and let

P3 − Q2 = R.

In the paper [2] (1965), the authors have formulated two conjectures:

• deg R ≥ n+ 1;
• this bound is sharp; that is, it is attained for infinitely many values of n (as we will see shortly,

it is, in fact, attained for every n).

The first conjecture was proved by Davenport in the same year [6]. The second one remained
open for 16 years and was finally proved by Stothers [15]; later on, it was reproved once again
and generalized by Zannier [16]. It is this second, and apparently more difficult conjecture (the
sharpness of the bound) that we will prove now.

Let us denote

f = P3

R

and remark that

f − 1 = P3 − R

R
= Q2

R
.

The computational part of the proof is finished. Now we make the following

Assumption 4.1. Assume that f is a Belyi function.

What follows is just a translation of the initial problem data into combinatorial properties of the
corresponding hypermap.

• The numerator of f is P3, deg P = 2n; this means that the hypermap in question has 2n vertices,
all of them of degree 3.
• The numerator of f − 1 is Q2, deg Q = 3n; this means that the hypermap has 3n white vertices,

all of them of degree 2. It is a map! Forget white vertices and half-edges, let us speak of edges.
• For the number of faces F , the Euler formula gives

2n− 3n+ F = 2 ⇒ F = n+ 2.

Put the center of one of the faces to∞; then the deg R becomes equal to the sum of the degrees
of the remaining n+ 1 faces.

Summing up: in order to prove the statement, we must construct a planar map having 3n edges,
2n vertices of degree 3, and all its n+ 1 ‘‘finite’’ faces of degree 1.

We would like to underline the fact that up to now we did nothing: we have only translated the
initial problem into a combinatorial language. But now the problem becomes trivial: its solution is
shown in Figure 14.
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Figure 14. Draw a tree with all its internal vertices of degree 3 and attach a loop to each leaf.

5 COMPOSITION

Many operations with maps and hypermaps can be represented using a composition of functions:

h : X
f−→ Y

g−→ Z .

Here, at least in this section, X , Y , and Z all mean the complex sphere C but we use different letters
in order to clearly distinguish on which level our operations take place.

Dual map. Let f be a Belyi function for a map. How to find a Belyi function to its dual map? It
is very simple: we need to exchange vertices with face centers while leaving the (invisible) white
vertices at the same places. In the language of Belyi functions this just means exchanging critical
values 0 and∞while leaving 1 unchanged. The function that makes this operation is g1(y) = 1/y.
Therefore, the Belyi function corresponding to the dual map is h(x) = 1/f (x). The operation, of
course, remains meaningful also for hypermaps.

Doubling edges. For a map, we would like to replace every edge by two parallel edges surrounding
a face of degree 2. For a hypermap, a new face must surround each white vertex, and the degree of
this face must be equal to the degree of the corresponding white vertex. The degrees of all black
vertices become twice bigger than before; the degrees of all ‘‘old’’ faces are preserved. Note that
even for a hypermap the result of this operation will be a map.

Using the same reasoning as before, we understand that we need a function g( y) which would
send 0 to 0 (doubling the multiplicity),∞ to∞, and 1 to∞. And we easily find g( y) = y2/( y−1).
However, there is a mistake here. The function g creates a new critical value: g′( y) = y(2 − y)/
( y − 1)2 has two roots 0 and 2, and g(0) = 0, which is OK, but g(2) = 4. The function h = g ◦ f
thus constructed will have four critical values: z = 0, 1, 4,∞. The mistake is very easy to correct:
we must just take g2( y) = y2/4( y − 1).

A map together with its dual. We have a map, and we would like to draw it together with its
dual in the same picture. Note that now the white vertices become ‘‘visible’’ since they all acquire
degree 4. The function g we are looking for must send 1 to 1 doubling the multiplicity, and send
both 0 and∞ to 0. Such a function is g3(y) = 4y/(y + 1)2.

Medial map. Taking a map, we transform all its (invisible) white vertices of degree 2 into black
vertices of degree 4 by joining them successively by new edges inside each face. The face degrees
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remain the same while all black vertices are replaced by faces whose degrees are equal to degrees
of the former vertices. The corresponding transformation is realized by g4( y) = −( y − 1)2/4y.

Truncation. When applied to a polyhedron, this operation means ‘‘cutting vertices’’. For an
arbitrary map, it means replacing each black vertex by a face of the same degree, and inserting a
new black vertex of degree 3 inside each edge (thus, each edge gets two new vertices which are
placed near both its ends).

It is important to understand that the functions g1, g2, g3, g4 constructed up to now are themselves
Belyi functions. We leave it to the reader to draw the corresponding hypermaps. All the above oper-
ations can be understood in the following way: instead of drawing the segment [0, 1] on Y -sphere,
we draw there a simple hypermap H , which is sent to the segment [0, 1] on the Z-sphere by the func-
tion g. Then, the hypermap on the X -sphere is obtained as f −1(H ). A necessary condition for this
operation to be successful is the following one: the critical values of f , that is, 0, 1,∞ ∈ Y , must find
themselves among the g-preimages of 0, 1,∞ ∈ Z , that is, among vertices and face centers of H .

The case of the truncation is not an exception. In this case, the hypermap H on the Y -sphere
looks as is shown in Figure 15. The corresponding Belyi function is g5(y) = (4y−1)3/27y. (Thus,
the position of the black vertex is y = 1/4, and the position of the white vertex of degree 2 may be
easily computed: it is the double root of g5(y)− 1, which is y = −1/8.)

Remark 5.1. One can verify that g5 ◦ g4 = g5 ◦ g2. At first sight, this seems to be not very
surprising since g4 and g2 are Belyi functions corresponding to the same map which is only placed
in two different ways on the sphere. Hence, this fact represents an invariance of a function under
certain linear fractional transformations. Yes, but the invariance of which function? It is, in fact,
the composition which is invariant, and the map corresponding to it has a symmetry of order 3, but
neither g5 itself nor g4 or g2 are symmetric.

This is one of the examples of rational functions represented as a composition in a non-unique
way. The problem was studied by Ritt in [13], [14] but completely solved (in [13]) only for
polynomials. Essentially, only the polynomials xn and Tn(x) of Example 3.3 with n non prime
allow a non-uniqueness. For rational functions in general, as Ritt wrote, ‘‘there is a much greater
variety of possibilities’’.

Edge subdivision. In order to subdivide every edge of a map in n parts (that is, insert in it n− 1
new vertices) we must apply the Chebyshev polynomial Tn(y) (see Example 3.3) normalized in
such a way as to have critical values 0 and 1 instead of±1, namely, g6( y) = (Tn( y)+ 1)/2. Don’t
think that the parts in which an edge is subdivided are equal.

Rotational symmetry. The other ‘‘simplest’’ polynomial of Example 3.3 is commonly used in
another way. Suppose we have a hypermap on the X -sphere which is invariant under rotation through
the angles k(2π/n), k = 0, . . . , n − 1 around one of its elements (i. e., a vertex or a face center).
Note that this rotation center cannot be alone since a rotation of the sphere is always around an
axis that passes through two antipodal points. Then, putting one of these points to 0 and the other
one to∞, and applying f (x) = xn we obtain a reduced, or a quotiened hypermap on the Y -sphere.
After this operation, the degrees of the elements placed at 0 and∞ become divided by n while all
other elements of the initial hypermap are subdivided in blocs of size n (orbits of the rotation) and

0
*

1

Figure 15. If we replace the segment [0, 1] by this hypermap, its preimage will give us a truncated map.
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each bloc becomes represented by a single element of the reduced hypermap. Now we can apply a
Belyi function g(y) corresponding to this reduced hypermap.

A Belyi function of a cube. We are now able to attack a more complicated task and compute
a Belyi function for the map of the cube. Let us place the center of a face at 0, and the center
of the opposite face, at ∞. Then, applying the function x4 we get the map shown in Figure 16.
We recognize in it a truncation of a very simple map consisting of a unique edge [0,∞]. Incidentally,
the Belyi function of this latter map is g3. Summing up, we obtain a Belyi function of the cube as
a composition fcube(x) = g5 ◦ g3 ◦ x4. The result of the computation gives

fcube(x) = − 1

108
· (x

8 − 14x4 + 1)3

x4(x4 + 1)4
.

This function, as well as Belyi functions for the other Platonic maps were found by Felix Klein
in 1875, see [8]. In [10], we have computed Belyi functions for all the Archimedean maps. The
paper is a long series of exercises in composition, with two relatively more difficult computations
for chiral maps, and with a very difficult one for the only non vertex-transitive Archimedean map.

Not everything is that simple. Let us consider a family of maps with 6 edges, with vertex degrees
6, 3, 2, 1, and with face degrees also 6, 3, 2, 1. The first, and rather challenging question is to find
them all and to say how many of them there are. I never met a single person (including myself)
who would find a correct answer within 3 days.

In a paper format, I cannot keep the answer secret for 3 days, so here it is: there are 18 maps
with this set of vertex and face degrees. (Try to find them now!) For 6 of them the cartographic
group is A12; for other 8, it is M12; and for remaining 4 maps we get an imprimitive group. This
is why the family of 18 splits into three Galois orbits, of size 6, 8, and 4, respectively. One of the
maps with an imprimitive cartographic group is shown in Figure 17 on the left.

According to a famous theorem due to Ritt, a ramified covering with an imprimitive monodromy
group is a composition of two (or more) coverings. (Ritt [13] formulated this theorem only for
polynomials but it remains true also in a more general setting.) In our case, this means that the
Belyi function h of the map on the left in Figure 17 is a composition: h = g ◦ f . Does it jump to
the eye when you look at the picture? I bet it doesn’t.

But watch out! In this case the function f itself is not a Belyi function. Indeed, it has not 3 but
4 critical values. However, it turns out that these 4 critical values are two (black) vertices and two

8

0* *

Figure 16. A cube quotiened by a rotational symmetry of order 4.

f

Figure 17. A decomposable map, and how it covers another map. Little squares show critical values of f .
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face centers of a simpler map which is obtained via a Belyi function g. (In Figure 17, critical values
of f are marked by little squares.) Hence, g sends all the four critical values of f to 0 and to∞,
and also creates a new critical value 1. This is why the composition h = g ◦ f is a Belyi function.

We do not present the results of the computations. Don’t forget that this Galois orbit contains
4 elements; therefore, the coefficients of our rational function are themselves expressions involving
roots of an equation of degree 4.

6 BELYI FUNCTIONS AND JULIA SETS

Definition 6.1 (Dynamical Belyi function). A Belyi function f : C→ C is called dynamical if
it sends {0, 1,∞} to {0, 1,∞} (any of the 27 possible combinations is allowed).

Remark 6.2. We know that

f −1({0, 1,∞}) = {black vertices, white vertices, and face centers}.

Hence, a Belyi function f is dynamical if and only if the corresponding hypermap is positioned
on the complex sphere in such a way that the three points 0, 1, and∞ are ‘‘occupied’’ by black
or white vertices or face centers (any combination is possible). If this is not the case then we can
achieve this by using a linear fractional transformation which permits to put any three points of our
choice to any three positions.

The reason of imposing this conditions is that a composition h = g ◦ f of two dynamical Belyi
functions f and g is once again a dynamical Belyi function. Therefore, it is possible to iterate a
dynamical Belyi functions

f n = f ◦ f ◦ · · · ◦ f (n times)

and get as a result a Belyi function.

Definition 6.3 (Fatou and Julia sets). For a sequence of iterations f n the Fatou set is an open
set F ⊆ C such that for any x ∈ F there exists a neighborhood U of x on which the iterations f n

form a ‘‘normal family’’: for any sequence n1, n2, . . . and for any compact K ⊂ U there exists a
subsequence for which the iterations converge uniformly on K . The Julia set is the complement to
the Fatou set: J = C \ F .

Informally speaking, the Fatou set is the set of the regular behavior of the iterations, and the
Julia set is the set of their irregular behavior.

We all saw beautiful pictures of fractal Julia sets. Less attractive visually but interesting from
the theoretical point of view is the case of the so called ‘‘complete chaos’’.

Definition 6.4 (Complete chaos). The dynamical system f n, n ≥ 1, is completely chaotic if its
Julia set coincides with the whole sphere: J = C.

The following famous theorem due to D. Sullivan (1985), see [16], gives a criterion for a complex
dynamical system to be completely chaotic.

Theorem 6.5. If all critical points of f eventually (i. e., after some number of iterations) become
periodic but are not themselves periodic then J = C.
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For Belyi functions, critical points are under control; namely, they are black and white vertices
and face centers, though not all of them but only those of degree > 1. Sullivan himself gave the
following example:

f (x) =
(

x − 2

x

)2

.

Incidentally, this is a Belyi function corresponding to the hypermap shown in Figure 18.
Let us read the trajectories of critical points without using the formula but only looking at

the picture. There are only two critical points: the point 2 (a vertex of degree 2), and the point 0
(the center of the face of degree 2). The point 2, being a black vertex, by definition goes to 0. The
point 0, being a face center, goes—also by definition—to∞. The point∞, being a white vertex,
goes to 1. Finally, the point 1, being a white vertex, also goes to 1. Summing up, we obtain

2 �→ 0 �→ ∞ �→ 1 �→ 1.

Thus 1 is a periodic point, and both critical points 2 and 0 go to 1 after some number of iterations.
What is important is the fact that the point 1 itself is not critical: while being a vertex it is a vertex
of degree 1. Hence, the requirement of the theorem is satisfied: no critical points are themselves
periodic.

We would like to propose here one more example to Sullivan’s theorem, see Figure 19. Our
example is somewhat less explicit since we are unable to give an explicit expression of the rational
function in question. Nevertheless, we may affirm that the conditions of the theorem are satisfied
and that therefore this is a case of complete chaos.

Indeed, after the first application of the Belyi function all critical points go to 0, 1, and ∞.
As before, we can easily follow the subsequent applications of this function to these three points;
they give

1 �→ ∞ �→ 0 �→ 0.

Thus, all critical points of this function after several iterations go to 0 which is a periodic point.
However, this point, being a vertex of degree 1, is not itself critical. QED.

*
1 2 80

Figure 18. The hypermap corresponding to Sullivan’s example.

8

0

1
*

Figure 19. Iterations of the Belyi function corresponding to this ‘‘dessin d’enfant’’ create a dynamical system
with a complete chaos.
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We see that any hypermap having an element (a vertex or a face) of degree 1 permits to construct
a similar example, quite often even several examples. In principle, it should be possible to study the
behavior of the corresponding dynamical systems in a purely combinatorial and group-theoretic
way, though there remain many obstacles to overcome. And, sure enough, such a study must be
extended from Belyi functions to postcritically finite complex dynamical systems (see [11]) which
are also rigid and therefore defined over Q.

7 NON-PLANAR CASE

We remind to the reader that for every genus g ≥ 1 there are infinitely many non-isomorphic
Riemann surfaces (all of them are homeomorphic to each other as topological surfaces). Therefore,
for a bigger genus we must speak not about a Belyi function but about a Belyi pair.

Definition 7.1 (Belyi pair). A pair (X , f ), where X is a Riemann surface and f : X → C is a
meromorphic function on X , is called a Belyi pair if f is unramified outside the set {0, 1,∞} ⊂ C.

In the same way as in the planar case, the preimage f −1([0, 1]) is a hypermap embedded (in a very
specific way) in the surface X . The preimages of 0 are its black vertices, the preimages of 1, white
vertices, and the preimages of ∞ are the ‘‘face centers’’ (exactly one of them inside each face).
Also as before, the multiplicities of these preimages correspond to the degrees of vertices or faces.

In the opposite direction, for any hypermap (of any genus) there exists a corresponding Belyi
pair. Please, note: the hypermap specifies not only a Belyi function; it also specifies a Riemann
surface on which this function is defined. But it is better to formulate a more general theorem.

There are two ways of representing Riemann surfaces. We may represent them as complex
algebraic curves, i. e., sets of solutions of algebraic equations (one equation with two unknowns,
or two equations with three unknowns, etc.). Or, otherwise, we may represent them as ramified
coverings of the complex Riemann sphere C. In order to specify a ramified covering of degree n
we must specify two sequences:

• a sequence of k ramification points y1, y2, . . . , yk ∈ C (without any constraint imposed on them);
• a sequence of k permutations g1, g2, . . . , gk ∈ Sn which act transitively on n points and such

that g1g2 . . . gk = 1.

The permutations represent the monodromy: gi shows how the preimage x goes from a sheet of the
covering to another one when its image y = f (x) makes a turn around yi.

Theorem 7.2 (Riemann’s existence theorem). For any two sequences y1, y2, . . . , yk ∈ C and
g1, g2, . . . , gk ∈ Sn satisfying the above conditions, there exists a Riemann surface X and a
meromorphic function f : X → C such that y1, y2, . . . , yk are the ramification points (or, in
another terminology, the critical values) of f , and g1, g2, . . . , gk are the corresponding monodromy
permutations. Such a Riemann surface is unique up to an automorphism.

The surface X also does not change if we apply an automorphism of C, that is, a linear fractional
transformation. Doing that, we can put once and for all the three last critical values yk−2, yk−1, yk
to the fixed positions 0, 1, and ∞. The covering now depends discretely on k permutations
g1, g2, . . . , gk (in fact, on k − 1 permutations since gk can be computed out of g1, g2, . . . , gk−1),
and it depends continuously on k − 3 complex parameters y1, y2, . . . , yk−3. Thus, the following
question comes naturally:

Question 7.3. What happens when k = 3?

First, the case k = 3 corresponds to hypermaps, where g1 = σ , g2 = α, g3 = ϕ. Second, the
covering becomes rigid: it does not have any continuous parameters and can change only discretely.
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Is it possible to represent an arbitrary Riemann surface as a covering with only three ramification
points? The answer is no, but the class of representable surfaces is the most interesting one. Namely,
are representable in this way the surfaces defined over Q. The following theorem was proved by
G. Belyi in 1979 [1]. Grothendieck [7] wrote about it: ‘‘I do not believe that a mathematical fact
has ever struck me quite so strongly as this one, nor had a comparable psychological impact’’.

Theorem 7.4 (Belyi theorem). A meromorphic function f : X → C unramified outside {0, 1,∞}
exist if and only if the Riemann surface X is defined over the field Q of algebraic numbers.
This means that X can be realized as an algebraic curve with all the equations having algebraic
numbers as their coefficients. In this case, the function f is also defined over Q. This means that it
can be realized as a rational function in variables defining X , with its coefficients being algebraic
numbers.

Thus, the absolute Galois group also acts on hypermaps of higher genera via its simultaneous
action on X and f .

As for the computational aspect, the situation is hopeless. Generally, not only are we unable to
solve the corresponding algebraic equations, most often we don’t know how to write them down
explicitly. We can only guarantee that such equations exist.

However, some very special cases can be solved. A beautiful example is given in the next section.

8 FERMAT CURVE

Consider the curve

F = {(x : y : z) | xn + yn = zn} ⊂ CP2

and its projection on the first coordinate given by

f : CP2 → C = CP : (x : y : z) �→ (x : z).

The function f is not defined for the points x = z = 0, y �= 0, but, fortunately, these points do
not belong to F . The point∞ ∈ C is represented by (x : 0) ∈ CP. Above this point, the equation
xn + yn = 0 has n distinct solutions (x : ζx) where ζ takes n values of n

√−1.
Having stated that, we may now consider only the affine part of F , that is,

F◦ = {(x, y) | xn + yn = 1} ⊂ C
2

and its projection on the first coordinate given by

f : C
2 → C : (x, y) �→ x.

For a fixed value of x, the equation yn = 1 − xn considered as an equation on y, usually has n
distinct solutions. The exceptions are the nth roots of unity: when x = n

√
1 the number of solutions

for y is reduced to one. Therefore, f has n critical values, namely, the nth roots of unity. (As we have
said before,∞ is not a critical value of f since there are n distinct points of the curve F over∞.)

Now, applying the function g(x) = xn we push all these critical values to 1, and create two new
critical values: 0 and∞. Therefore, the composition

h : F
f−→ C

g−→ C : (x, y) �→ x �→ xn

is a Belyi function on F . Since deg f = n and deg g = n, the degree of their composition h = g ◦ f
is deg h = n2.
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In this case, it is more interesting to consider not the preimage of the segment [0, 1] but the
preimage of the whole real line. More exactly, we mark the points 0, 1, and∞ on C by •, ◦, and ∗,
and join them by the segments [0, 1], [1,∞], and [∞, 0]. In this way we get a triangulation of the
sphere, two triangular faces being the upper and the lower half-planes. Now, simple reasoning leads
to the following results:

• The graph embedded in F has 3n vertices: n vertices of the type •, n vertices of the type ◦, and
n vertices of the type ∗.
• The degree of each vertex is 2n; therefore, it is joined to every vertex of two other types. Hence,

the graph on F is Kn,n,n, the complete tripartite graph.
• Except 0, 1, and∞ (which are critical values of h), all other points of C are ‘‘repeated’’ n2 times

on F . Therefore, the map on F has 3n2 edges and 2n2 faces.
• The genus of F can now be easily computed:

2− 2g = 3n− 3n2 + 2n2 ⇒ g = (n− 1)(n− 2)

2
.

• All faces of the map on F are triangles; therefore, this is an embedding of the least genus of the
graph Kn,n,n.

The fact that the least possible genus of an embedding of the graph Kn,n,n is equal to (n − 1)
(n − 2)/2, was established by White in 1969 [17] and by Ringel and Youngs in 1970 [12]. They
would have been very much amazed had they known that their work was related to the Fermat
equation.

If, according to previous conventions, we consider the preimage of the segment [0, 1], we obtain
a hypermap which is a regular embedding of the complete bipartite graph Kn,n. The embeddings
of complete bipartite graphs are thoroughly studied by Gareth Jones. The construction using the
Fermat curve also belongs to him.

A more general construction. The above example is a very particular case of the following more
general scheme. Let f and g be two planar Belyi functions. Here the word ‘‘planar’’ means that
they are rational functions of one complex variable, and the hypermaps corresponding to them are
planar. Let deg f = m, deg g = n. Consider the algebraic curve

X = {(x, y) | f (x) = g(y)}.

Then the function on X given by h(x, y) = f (x) (or, equivalently, h(x, y) = g(y) since f (x) = g(y)
on X ) is a Belyi function.

Indeed, if z �= 0, 1,∞ then the equation f (x) = z has m distinct solutions and the equation
g(y) = z has n distinct solutions; therefore, the curve X contains mn distinct points (x, y) for which
f (x) = g(y) = z. Only for z = 0, 1,∞ the number of solutions may become smaller. For the
Fermat curve, f (x) = xn and g(y) = 1− yn.

What is even more interesting, the hypermap on X corresponding to the Belyi function h can be
constructed combinatorially, using only the information about two planar hypermaps corresponding
to f and g.

However, this direction is not yet properly explored.

Conclusion. We must finish this, already long but inevitably too short, exposition of Belyi
functions, dessins d’enfants, and related topics. We would like to conclude it by the following
remark: such a visibly simple object as a triple of permutations (σ ,α,ϕ) acting transitively and
satisfying the condition σαϕ = 1 (or, if you prefer, just a pair of permutations (σ ,α) acting
transitively) leads to a great variety of interesting mathematical structures, namely:
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• maps or hypermaps—with all their innumerable combinatorial properties extensively studied by
many researchers;
• cartographic groups—with a possibility of a pictorial representation of groups, and with groups

themselves being Galois invariants and character tables being a useful tool for enumeration and
other things;
• Riemann surfaces—with the underlying notion of complex structure, with their representation

as algebraic curves, etc.;
• number fields (finite extensions of Q)—with the corresponding Galois groups and other

properties.

Sure enough, all these structures are interrelated, and this is the most attractive quality of the
subject. I often recall the phrase once told by Littlewood about Ramanujan, that every positive
integer was one of his personal friends. I would say that working with dessins d’enfants leads to a
sort of an intimate acquaintance with many maps, while other branches of map theory often tend
to consider maps in huge herds whose members lack any individuality.
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